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| Abstract

This paper provides the basic tools required for an efficient use of the recently
proposed fast FIR algorithms. These algorithms allow not only to reduce the arithmetic
complexity but also maintain partially the multiply-accumulate structure, thus resulting in
efficient implementations.

A set of basic algorithms is dérived, together with some rules for combining them.
Their efficiency is compared with that of classical schemes in the case of three different
criteria, corresponding to various types of implementation. It is shown that this class of
algorithms (which includes classical ones as special cases) allows to find the best tradeoff
corresponding to any criterion.
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L. Introduction

A lot of algorithms are known to reduce the arithmetic complexity of FIR filtering.
The widely used ones are indirect algorithms, based either on the cyclic convolution or on
the aperiodic convolution using fast transforms as an intermediate step. Direct methods
without transforms were also proposed by Winograd [1].

Both direct and indirect methods require large block processing: they make use of
the redundancy between at least L successive output computations (L is the length of the
filter) to reduce the number of operations to be performed per output point.

Furthermore, the structure of the resulting algorithm has completely changed : the
initial computation is mainly based on a multiply-accumulate (MAC) structure, while the

fast algorithms always involve global exchange of data inside a large vector of size at least
2L.

These are the main reasons why the above fast algorithms are not of wide interest
for real-time filtering : Hardware implementations require pipelining the whole system
with many intermediate memories, which results in a large amount of hardware. On
another side, software implementations on Digital Signal Processors (DSP's) are not very
efficient, except for very large L, since those fast algorithms have lost the
multiply-accumulate structure for which all DSP's are optimized.

In other words, the usefulness of such algorithms was diminished because the
reduction in arithmetic requirements per output point was obtained at the expense of a loss
of structural regularity.

But structural regularity is difficult to quantify : Hardware implementations do not
require the same kind of regularity as VLSI implementations do and "structural regularity"”
is still another matter when thinking of DSP implementations.

Anyway, one fact remains: MAC structure is very efficient on any type of
implementation, including those on general purpose computer.

Recently, a new class of fast FIR filtering algorithms taking these considerations
into account was proposed [2,3,4]: These algorithms retain partially the FIR filter
structure, while reducing the arithmetic complexity. They allow various tradeoffs between



structural regularity and arithmetic efficiency, including all classical schemes as special
cases [10]. This flexibility in the derivation of the algorithms allows to find the best
possible solution in any type of implementation.

The purpose of this paper is to provide the basic tools required for the derivation of
algorithms meeting various tradeoffs in different implementations.

A brief description of these new algorithms is provided in Section 2. This
description allows to understand the structure of the new algorithms: Short-length FIR
filters with reduced arithmetic complexity where all multiplications are replaced by
decimated subfilters. Since the process can be reiterated on the subfilters, the short-length
filters are recognized to be the basic building tools of these fast algorithms.

Hence, Section 3 is concerned with the derivation of a set of algorithms. This
section is mostly based on Winograd's work. We bring some improvements in the
number of additions by recognizing that the FIR filtering, seen as a running process,
involves a pseudocirculant matrix [S] instead of a general Toeplitz one. Another advantage
of this presentation is the easy understanding of the transposition principle in the context
of multi-input multi-output systems, overlapping between blocks being naturally taken
into account. Using this pseudocirculant presentation, we can derive the transposed
version of all fast FIR filtering algorithms in a very easy manner.

Section 4 addresses the case of multifactor algorithms. Iterating the basic process
raises the question of the best ordering of the short modules and of the length where the
decomposition has to be stopped. We provide the rules for obtaining the ordering of
factors which results in the lowest arithmetic complexity. A comparison with classical
algorithms (FFT-based ones) is also provided in the case of real valued signals.

Section S concludes and explains some open problems.

2 General description of the algorit]

Let us consider the filtering of a sequence {x;} by a length-L FIR filter with fixed
coefficients {h;} : '

6y

L-1
Yn=.20%_lhi n=0, l, 2,....,°°
i=



In z-domain formulation, this convolution becomes a polynomial product :

()
Y(z) = H(z) X(z)

Where X and Y are of infinite degree while H(z) has degree L-1: In z domain, the filtering
equation, seen as a running process, is described by the product of an infinite degree

polynomial and a finite degree one.

Let us now decimate each of the three terms in eq.(2) into N interleaved sequences:

3
IN-1
H, ()= mzz‘,othﬂz'm 1j=0,1,..N-1
X, @= 2 %y, 2" ;k=01,.,N-I
m=0
Y@= Xy, 2™ :i=0,1,.,N-1
m=0
Eq.(2) then becomes :
)
N-1

. N-1 . N-1
2 Y, yzi= Z H, @ 23 2 X, & z’k
i=0 j=0 k=0

Eq.(4) is in the form of a polynomial product or an aperiodic convolution. The two
polynomials to be multiplied have finite degree N-1, and their coefficients are themselves
polynomials, either of finite degree, such as {H;}, or of infinite degree, such as {Xj} or
{Yi).

Let us now forget for a while that the coefficients of the (N-1)th degree
polynomials are also polynomials, and apply a fast polynomial product algorithm to
compute the polynomial product in eq.(4). It is well known, since the work of Winograd
[1] that the product of two polynomials with N coefficients can be obtained with a
minimum of 2N-1 general multiplicatirns. This minimum can be reached for small N,
while for larger N the optimal algorithm involves too many additions to be of practical
interest. In that case, suboptimal ones are often prefered. Hence, application of these
polynomial product algorithms to eq.(4) will result in a scheme requiring 2N-1
"products”, each one being in fact the product of a finite degree polynomial by an infinite



degree sequence, that is an FIR filtering of length-L/N.
Compared to the initial situation, the arithmetic complexity is now as follows :

Eq.(4) requires N2 filterings of length L/N, which is about L multiply-accumulates
(Macs) per output (it is only a rearrangement of the initial equation), while the fast
polynomial product based scheme requires (2N-1) filterings of length L/N, which is about
L(2N-1)/N2 Macs per output. Thus the improvement in arithmetic complexity is
proportional to the length of the filter, and this is obtained at a fixed cost, depending on N.
This means that, for large L, this approach will always be of interest. Precise comparisons
are provided in Section 3 for each algorithm.

Slight additional improvements can be obtained by further considering eq.(4): In
fact, eq.(4) contains not only the polynomial product, which allows the arithmetic
complexity to be reduced, but also the so-called "overlap” in classical FFT-based
schemes. By equating both sides of eq.(4), we have :

)

N-1
Yy =§«0 XN-1-i By

N-1 k
Y, =z‘"i_2k+lxN+k-iHi+ i}_:oxk_iﬂi 0<k<N-2

or in matrix form:

(6) H

_ - T .. H, .1, -
YN-] -NHO 1 N-1 XN-l
Yno z Hy, Hy . . X2
. H,

Y N -N. X
-0 4 | 27H, . . . Z Hy,Hy jt70 A

The right side of eq.(6) is the product of a pseudocirculant matrix [5] and a vector. Note
that {X;]} and {H;} play a symmetric role, hence can be exchanged in eq.(6). The equation
is clearly in the form of a length-N FIR filter whose coefficients are {Hj}, of which N
outputs {Y;} are computed. Following the notations of Winograd [1], we shall denote in
the following an algorithm computing M outputs of a length-N FIR filter by an F(M, N)



algorithm. Considering the FIR filter as a whole, and the fast FIR algorithm as the
"diagonalization” of the pseudocirculant matrix of eq.(6) results in some circumstances in
a reduction of the number of additions involved, compared with the usual approach which
separates the polynomial product and the overlap. This will be seen in Section 3.

With the explanation above, the proposed algorithms can be understood as a
multidimensional formulation of the FIR filtering, where computations along one
dimension are performed through an efficient F(N,N) algorithm, resulting in a reduced
arithmetic complexity, while the other dimension uses a direct computation, thus allowing
the process to be a running one.

Let us also point out that, if the FIR filter of eq.(5) or eq.(6) is computed through
an FFT-based scheme, and with the appropriate choice of N versus L, the usual
FFT-based implementation of FIR filters can be seen to be a member of that class of
algorithms. This is explained in [10], where it is shown that all fast FIR schemes
including FFT-based ones can be expressed as :

- decimation of the involved sequences (N on input and output, M on the filter)
- evaluation of the obtained polynomials at N+M-1 "interpolation points” {o};
- "dot product” (or filtering);

- reconstruction of the resulting polynomials and overlap.

All the algorithms differ only by the choice of N, M, and (oy].

Section 3 provides various short-length FIR filtering algorithms in the case of real
valued sequences.

3, Short-length FIR. filterine algori]

Let us first explain in some detail the simplest case : an F(2,2) algorithm, as given
in [2,3,4]: considering N = 2, {ay} = {0,1,0¢}, we obtain :

(al) 29 =Xg by =hg
2 =Xg + X, | by=hg+h
=X b2=h1

m; = 3, b;; i=0,12



Yo=mg +z2my
yy=my-mg-m;

When used in eq.(5) above, this algorithm results in the filtering scheme of Fig.1 where
the problem of computing 2 outputs of a length N filter is turned into that of computing
one output of three length-N/2 filters, at the cost of 4 adds per block of 2 outputs.

Comparison of arithmetic complexities are now as follows : the initial scheme has a
cost of L mults and (L-1) adds per output point, to be compared with

3/4 L mults per output
2 +32(/2-1)=3/4L + 1/2 adds per output.

It is seen that, excepted for very small L, both numbers of multiplications and
additions have been reduced.

Successive decompositions are feasible, up to the point where the desired tradeoff
has been obtained. Of course, this tradeoff depends on the implementation. On general
purpose computers where a multiplication and an addition require about the same amount
of time, the tradeoff allowing the fastest implementation will certainly correspond to a
decomposition near the one minimizing the total number of arithmetic operations. On
Digital Signal Processors, a multiply-accumulate operation will in general cost one clock
cycle, and an appropriate criterion is certainly to count a Mac as a single operation. A third
criterion of interest is the minimum number of multiplications. In the following, tables
giving the minimum numbers for these three criteria will be provided.

Nevertheless, in nearly all type of implementations, the situation is much alike: the
decomposition provided in Fig.1 reduces the arithmetic load in a manner proportional to
L, the length of the filter, at a fixed cost (initialization of one Mac loop, or one Mac loop
plus two adds). Hence the balance between the performances of algorithms depends on
the timing spent in the initializations. The precise N by which the splitting becomes of
interest therefore depends on the specific machine or circuit. Anyway, this type of splitting
will always be of interest for large length filters, or even medium-size ones.

The remaining part of this section provides the simplest F(M,N) algorithms that
can be used to reduce the arithmetic complexity of a length-L filtering. Different versions
are provided, resulting in various operation counts, and various sensitivities to roundoff
noise, a point which will not be dealt with in this paper.
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The following algorithm is an F(2,2) algorithm with interpolation points (o} =
{0, -1,%0). It has exactly the same complexity as the previous one :

(a2) 89 =Xg by = hy
) =Xp-Xy by =hg-h
a, = X, by =h
m;=2a;b;; i=0,12

Yo=mg+Zz2m,
y =mg+mp-my

For the sake of completeness, two algorithms computing F(2,2) with {o} = {0,1,
-1} and {0} = {1, -1, oo} are provided in Appendix B. They may be of interest as long
as roundoff noise is concerned, but they require 3 multiplications and 6 additions, that is
one more addition per output. Note that on some implementations (and essentially on
DSP's), this is not a real drawback, since these additions are now of the type atb, which
can be efficiently implemented in many cases.

It is well known in the case of the usual implementation of a digital filter that the
transposition of a graph provides a digital filter with the same transfer function. Winograd
has proposed an approach allowing to obtain short-length FIR filtering algorithms by
transposing polynomial product algorithms. We have shown that simple overlapping of
polynomial products in eq.(5) is sufficient to construct FIR filtering algorithms. The
transposition of polynomial products is not necessary. It only provides alternative
versions of the algorithms. In the context of pseudocirculant matrix, we can transpose the
algorithms in a much easier way, and we can prove that the total arithmetic complexity of
all these algorithms is not changed by the transposition operation (both number of
multiplications and additions). More details are given in Appendix A.

The following algorithms are the transposed versions of algorithms (al) and (a2).

@3) 3 =Xo-X; bo =hy
2 =Xy by =hg +hy
8 =22x) - X b=h

mj = ajb; ; i=0,1,2
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Yo=m +my

yi=m-my

(a) fo=%o+ X, by =ho
a; =Xp by =hg-hy
8 =22x; +x9 by=h;
m; = ajb; ; i=0,1.2

Yo=m; +my
Yi=mp-m

The use of (a3) in a large FIR filter is provided in Fig.2.

Iterating the above algorithms results in radix-2 FIR algorithms, with a tree-like
structure, as proposed in [4].

Higher radix algorithms can also be derived, and should be more efficient, as seen
at the end of Section 2, since the ratio (2N-1)/N2 decreases. However, an optimal F(3,3)
algorithm would require 5 different interpolation points, that is one more than the simplest
ones: {a;} = {0,1,-1, 7,00}, and the next simplest choices of the last interpolation point
{£2,#+1/2} result in an increased number of additions, and an increased sensitivity to
roundoff noise. This is the reason why it is advisable to use a suboptimal F(3,3) algorithm
which provides a better tradeoff between the number of multiplications and the number of
additions.

Such an algorithm can be obtained by applying twice the algorithm (al) as follows.
Let us remark that (al) is based on the following equation :
®

(xg + x; z’1) (hg+hy z’1)

=xg hg + Xy hy 22 + [(xg + x;) (hg + h;) - Xg hg - x; hy] z'1

Inspired by eq.(8) we rewrite the radix-3 aperiodic convolution equation as follows :
©

[xo+ (x; +xz )zl [y + (b + hy 2 1) 2]

= (xo + Fz'1) (hy + Gz'))

=xg hy + [(xg + F) (hg + G) - xg hy - FGlz'1 + FGz2
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Then, the algorithm in eq.(8) is once more applied to the computation of
(xg+F)(hy+G) and FG which are still radix-2 aperiodic convolutions. This results in an
aperiodic convolution algorithm requiring 6 mults and 9 adds (an optimal one would
require 5 mults and 20 adds [11, pp.86]). Overlap has then to be performed by merging
the terms z0 and z-3, and the term z-! and z4, with the appropriate delay. Hence, the
F(3,3) algorithm seems to require 2 more adds than the corresponding radix-3 aperiodic
convolution algorithm. Nevertheless, considering the redundancy during the overlap in
F(3,3) algorithm allows a further reduction of the number of additions to 10 adds, the
lowest number of operations to our knowledge.

@5) ag=xg b =ho
a; =X by =h
2y =Xy by =h,
a3 =Xg + X, by =hg +h,
a, =x; +X, by=h; +h,
ag=xg+2a, bs =hg+h; +h,
m; = a;b; ; i =0,1,2,3,4,5
o= mg-myz3
t, = m3 -m,;
t,= my-m,

Yo=tg+ 1273
Yi=t-t
y2=ms-t -t

The use of this F(3,3) algorithm to reduce the arithmetic complexity of a larger FIR
filter is provided in Fig.3, showing that the overall structure is that of a multirate filter
bank, where {H; + H,, H;, Hy + H;, H,, Hy, Hy + H; + H, ] are decimated FIR filters.

Ttansposition of algorithm (a5) results in the following one, which is depicted in

Fig.4.

@6) ag=x;-%, by = hg
a) = (xg X3 23) - (x; - Xo) b=h
3 =-29z3 by=h,

az = (x; - Xg) by=hg+h,;
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a4=(X0 -Xa 2'3) b4=hl +h2
a5 =Xy b5=h0+h1+h2
m; =3a;b; ; i =0,1,2,3,4,5

Yo = my + (my + mg)
y; = m; + my + (M, +ms)
y2=m0+m3+m5

When used in a length-L FIR filter, both schemes (a5) and (a6) require 2L/3
multiplications and (2L+4)/3 additions per output point, to be compared with L and L-1
operations respectively in the direct computation. This means that the computational load
has been reduced by nearly 1/3.

Careful examination of Fig.1 - 2 and 3 - 4 shows that the distribution of the
additions between the input samples and the subfilters' outputs is not the same in the initial
algorithms and their transposed versions: In all cases, transposed algorithms have more
input additions and less output additions. This fact should give them more robustness
towards quantization noise.

Another case, which looks interesting at first glance is as follows: why not
decimating the filter by a factor of 2, and X and Y by a factor of 3? This would be solved
by an F(3,2) algorithm, which requires 3 + 2 - 1 = 4 interpolating points, that is the very
number of the simplest interpolating points {0,1,-1,e0}. This means that F(3,2) or F(2,3)
are the largest filtering modules that can be computed efficiently with an optimum number
of multiplications :

@) ay=x;3-x by =hy
a; =x;+xy9 b, = (hg +h; )2
2, =X, - Xy by=(hy-h; )2
a3 =X - Xg by=h,

m; =ajb; i= 0,123

Yo=(m; +m;y)-my
y)=m; -my
y2 =mg + (m; +m, )



This algorithm looks promising, since the same performance as an F(3,3)
algorithm is obtained with a simpler one: F(3,2) requires 4 multiplications and 8 additions,
which means that it reduces of the number of Macs by 1/3, at the cost of 8 additions.
Nevertheless, problems arise when using this algorithm for speeding up the computation
of a large length-L filter. The overall structure is depicted in Fig.5, where the main
computing modules are a kind of 1/3 FIR decimators. Obtaining 3 successive outputs of
the filter requires the computation of 4 length-L/2 inner products plus 13 adds, to be
compared with algorithm (a5) which requires 6 length-L/3 inner products, plus 10 adds.
Therefore, (a7) and (a5) have nearly the same arithmetic complexity. But (a7) requires 3L
memory registers, instead of 2L registers in (a5), and a more complex control system,
since the inner products are not true FIR filters any more.

All aperiodic convolution algorithms can be turned into FIR filtering algorithms by
appropriate overlap. Suboptimal higher-radix(25) aperiodic convolution algorithms can be
derived using the approach in [12]. An F(5,5) algorithm based on this approach is given
in Appendix B. This algorithm, requiring 12 mults and 40 adds is not optimum as far as
the number of multiplications is concerned, but reaches the best tradeoff we could obtain.

All these F(N,N) algorithms are clearly similar to the ones proposed by Winograd
[1]. They differ essentially on several points :

First, the recognition that, by using decimated sequences, the arithmetic
complexity of an FIR filter can be reduced as soon as two ouputs of the filter are
computed regardless of the filter's length. Winograd's algorithms always require the
computation of at least as many outputs as the filter's order.

Second, a straightforward derivation through eq.(4) of the F(N,N) algorithms by
polynomial product algorithms which were extensively studied in the litterature.

Third, a reduction in the number of additions, which is made feasible by naturally

taking into account the “overlap” between two consecutive blocks of outputs (Hence the
use of the pseudocirculant matrix).

Fourth, a new interpretation, in the context of pseudocirculant matrix, of algorithm
transposition and a systematic method of obtaining transposed versions.(See appendix A)

4. Composite length algorithms



We have explained in Section 2 that the application of an F(N,N) algorithm could
break the computation of a length-L FIR filter into that of several length-L/N filters, in
such a manner that the arithmetic complexity is decreased. Nevertheless, the same process
can iteratively be applied to the subfilters of length L/N as well, leading to composite
length algorithms.

This section is concerned with the problem of finding the best way of combining
the small-length filters, depending on various criteria.

We first evaluate the arithmetic complexity of a length L = N;N,L, filter, when
using two successive decompositions by F(N{,N; ) first, and then by F(N,,N, ). Let us
assume that, with the notations of Section 3, the length-N; filter requires M;
multiplications and A, additions.

The first decomposition by F(N;,N;) turns the initial problem into that of
computing M, filters of length N, L, at the cost of A, additions. Further decompositions
of the length-N, L, subfilters using F(N,,N, ) require the consideration of a block of N,
outputs of these subfilters (hence a block of N; N, outputs of the whole filter). Each of
these subfilters is then transformed into M, filters of length L, at the cost of A, additions.

The global decomposition thus has the following arithmetic complexity:
N, A, additions + M, [ M, length-L, subfilters + A, additions].
Thatis :

(10) M=M,M,L,
(11) A=Ny A, +M A+ M M, (L,- 1)

Let m; = M)/N; and a; = A/N; where i=1,2. m; and a; are the numbers of
operations (mults and adds respectively) per output required by F(N;,N;). Since eq.(10)
and (11) are the arithmetic load for computing (N; N,) outputs, the numbers of operations
per output for the whole algorithm are :

(12 m=mmL,
(13) a=a;+mya+mmyL,-1)

An application of F(N,,N,) first, followed by F(N;,N,) would result in the same
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number of multiplications , and a number of additions which will be higher than eq.(13)
as long as :

(14) a;+m;a, <a,+mya; or (m;-1)/a; <(m,-1)/a,
or, equivalently:
(15) M -N/A; <(M;-Ny)/A,
Let us define
(16) QIFN,N)] = (m; - 1)/z; = M; -N; VA,
Q is a parameter specific of an algorithm. Its use has already been proposed in [8] for the
cyclic convolution. Eq.(15) means that the lowest number of additions is obtained by first
applying the short length FIR filter with the smallest Q, and then the one with the second

smallest Q and so on. Table.1 provides Q[F(N,N)] for the most useful short-length filters.
Two useful properties of Q[F(IN,N)] are as follows :

- A straightforward FIR filtering "algorithm™ has Q[F(1,N)] =1, whatever N is.
This means that, in order to minimize the number of additions, they must be located at the
“center” of the overall algorithm, as was implicitely assumed up to that point.

- Tteratively applying an algorithm F(p,p) to obtain F(pK pk) results in an algorithm
with the same coefficient Q:

(17)  Q[FE:,p")] = Q[F(p, p)]

The dcmonsuition is easily obtained by simply recognizing that applying first
F(pk,pX) and second F(p,p) or applying them in the reverse order results in the same
F(pk+1,pk+) .

Hence, as an example, an optimal ordering for L = 120 L; =23x3x5 L; would be :

F(G,5),FQ22),F22),F(2,2),F@33),F (L)

Of course, when it is desired to implement a length-L filter, it is very unlikely that
F(L,L) is the most suitable algorithm for a specific type of implementation, even in the
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case where L is composite. The best thing to do, is to search for the tradeoff minimizing
some criteria depending on the implementation.

It is not our propose here to perform such an optimization in a special case, but we
shall try to show, in the following, that improvements are feasible whatever the criterion
is.

Assuming that L =N;...N,...N,L, and that a fast algorithm F(N;,N; ) is used for
all N;, a straightforward one being used for Ly, the general formulae for evaluating the
arithmetic complexity per output of a length-L filter are as follows :

(18)

19)

i-1 r

a= ) a Hmj+ C,-1) [Im,

i=1 J=l i=1

A first criterion of interest would be the minimization of the number of
multiplications. Examination of €q.(18) shows that such a minimization is performed by
fully decomposing L into N;...N;...N/ L, and this results in the number of operations
given in Table.2.

All the operation counts are provided assuming that the signal and the filter are
real-valued, and the comparison is made with the real-valued FFT-based schemes [6,9] of
twice the filter's length. Table.2 shows that the proposed approach is more efficient than
FFT-based schemes up to L = 36, and very competitive up to L = 64 which covers most
useful lengths.

However, with today's technology, multiplication timings are not the dominant
part of the computations any more when a parallel multiplier is built in the computer, and a
very useful criterion is the sum of the number of additions and multiplications, i.e., M+A.

Table 3 provides a description of the algorithms requiring the minimum value for
such a criterion. It is seen that, although the basic F(N,N) algorithms do not improve the
criterion, all the composite ones can be improved, and are even more efficient than
FFT-based schemes up to N = 64. Consider N = 16, for example: FFT-based schemes
hardly improve the direct computation (29.5 operations per point versus 31), while
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F(2,2)-based algorithm requires only 19.6 operations per point.

The previous criterion is well suited for general purpose computer implementation,
where all operations are performed sequentially, but Digital Signal Processors still state
another problem. In fact, DSP's perform generally a whole multiply-accumulate(Mac)
operation in a single clock cycle, so that a Mac should be considered as a single operation,
which is not more costly than an addition alone.

Table.4 provides a description of the algorithm minimizing the corresponding
criterion: the sum of the number of Macs and I/O additions. Of course, this criterion is a
rough measure of efficiency, since initialization time of Mac loops is not taken into
account. Nevertheless, what Table.4 shows in that even this kind of criterion, taking
partially into account the structure of DSP's, can be improved using our approach : a
length - 64 filter can be implemented using this type of algorithms with nearly half the total
number of operations (Macs+ I/O adds) per output point, compared to the trivial
algorithm. And this is obtained with a block size of only 8 points. This shows that
moderate up to large length filters can be efficiently implemented on DSP's using these
techniques.

Two points should be emphasized here :

A lot of systems requiring digital filtering have constraints on the input/output
delay, which prevents the use of FFT-based implementation of digital filter. Our approach
allows to obtain a reduction of the arithmetic complexity whatever the block size is. This
means that our approach allows to reduce the arithmetic complexity by taking into account
such requirements as a constraint on the I/O delay.

Another remark, which is not apparent in the tables, is that for a given filter length
L, there are often several algorithms providing comparable performance, for a given
criterion. It allows us to choose among them the one which is the most suited for the
specific implementation.

3. _Conclusion
We have presented a new class of algorithms for FIR filtering, showing that the

basic building tools are short-length FIR modules in which the "multiplications”" are
replaced by decimated subfilters. |
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We have provided also the basic tools required for implementing these algorithms:

First, we propose short-length FIR filter modules of the Winograd-type with a
small number of multiplications and the smallest number of additions. Their transposed
versions are also provided.

Second, we give some rules concerning the best way of cascading these
short-length FIR modules to obtain composite-length algorithms.

Finally, we show that, for three different criteria, this class of algorithms allows to
obtain better tradeoffs than the previously known algorithms, which should make them
useful in any kind of implementation.

It is concluded that the presented algorithms allow not only to compute from
moderate to long length FIR filtering on DSP's in a more efficient manner, but also to
compute short-length (<64) FIR filtering more efficiently than FFT-based algorithms
when considering the total number of operations.

These algorithms also suggest efficient multiprocessor implementations due to their
inherent parallelism, and efficient realization in VLS, since their implementations require
only local communication, instead of a global exchange of data, as is the case for
FFT-based algorithms.

Appendix A
A.]1 Transposition of an F(N,N) algorithm

Let us consider an F(N,N) algorithm as an (N-input, N-output) system shown in
Fig.6(a). Its transmission matrix is pseudocirculant:

(20)
- H, H, ... Hy,"
Z-NHN-I H,
P(z) =
H,
_z'NH1 e z'NHN_l H; |

The transposed system (shown in Fig.6(b)) will have P(z), which is the transpose
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of P(z), as its transmission matrix according to Tellegen's Theorem for digital networks
[13].

Unlike (1-input, 1-output) systems, an (N-input, N-output) system's transpose
will not perform the same function as the initial one unless P(z) is symmetric, i.e., P(z)=
PYz). Owing to P's Toeplitz structure, we can manage to get the tranposed system
performing the same function as the initial one.

The transposed system is as follows:

@n y
- N . 1ol
"Y'y ] Hy, z Hy, . . z H, X'No1
Y'N-Z Hl PIO ‘ * X'N-Z
¢ . Z.NHN_I *
Yo J lw,, . . . m B [|tXol

If we permute the input elements {X';} and the output elements {Y';} in such a way that
their order is reversed, we will get the transposed system to perform the appropriate
function:

(22)
v, 1 [ Ho Ho... Hyilrx, -
Y'l z N-1 HO : : X'l
Hl
Y%l M, L 2N H PN

The above demonstration is general, so that all (N-input,N-output) systems whose
transmission matrix is Toeplitz can be transposed to perform the same function as the
initial system after permuting the inputs and outputs in a reversed order. Thus, it can be
applied to all kinds of convolution systems. Winograd has already proposed to transpose
circular convolution algorithms in the same manner [7]. We summarize this principle as
the following theorem.

Theorem: Having Toeplitz transmission matrix is sufficient for an (N-input,N-output)
system to be transposed and to perform the same function after permuting the inputs and
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outputs in a reversed order.

Hence, we can transpose an F(N,N) algorithm in a rather easy way. In fact, a fast
F(N,N) algorithm diagonalizes a pseudocirculant matrix:

(23) P(z) = Anym Hyon Bman
where Hy,\ is a diagonal matrix. Then the transposition of P(z) is
(24) PY{z)=B'H At

Permuting the inputs and outputs in a reversed order is equivalent to permute the
columns of At and the rows of B! in a reversed order. If we denote a matrix V after such
permutation of rows by V=, the following equation holds:
(25) P(@»)=@BYy"H @A™}

Therefore, we get the transposed version of (23).

Let us consider as an example an F(2,2) algorithm , as given in (al). It is
expressed in matrix form as:

A hy by ["1
Yo z'zh1 ho X0

therefore

a11-1 01
A=[ 2] B=|11
102 :

10

Following (25), we obtain the transposed version of (al):
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It is clear, following the above explanations, that the multiplicative complexity is
not changed by transposition. Let us consider the additive complexity in an
(N-input,N-output) system.

A digital network is composed of only branches and nodes. There are two kinds of
nodes: a (M,1) summing node that adds M inputs into 1 output, and a (1,M) branching
- node that branches 1 input into M outputs. A (M, 1) summing node can be splited into M-1
(2,1) summing nodes. A (1,M) branching node can be also splited into M-1 (1,2)
branching nodes. Then it is easy to transform the network to an equivalent one having
only (2,1) summing nodes and (1,2) branching nodes. After transposition, the summing
nodes become branching nodes and vice versa.

The number of additions in the initial network is equal to that of (2,1) summing
nodes, denoted by Ns. The number of additions in the transposed network is equal to that
of (2,1) branching nodes in the initial network, denoted by Nb. The additive complexity in
initial and transposed algorithms is identical if and only if Ns=Nb, and we show in the
following that this property holds for (N-input, N-output) systems.

Proof: For an (N-input,N-output) network, if we connect the N inputs to the N outputs
graphically, we get a closed network where every branch coming out from a node should
enter into another node. Then the number of outputs of all nodes is equal to that of inputs
of all nodes. A (2,1) summing node has two inputs and one output while a (1,2)
branching node has one input and two outputs. We get:

Nb+2Ns=2Nb+Ns

Ns=Nb

end of proof.
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! ixB S | short length FIR aleorii
F(2,2) algorithm with (3 multiplications, 6 additions), {a;} = {0,1, -1}.

(a8) a5=xy by = hy

al =x0+x1 bl =(h0 +hl )/2
a3 =Xg - X by =(hg - h; )2
m;=ab;; i=01,2

Yo = mg +zX(m +my -mg )
y) =m; -my

F(2,2) algorithm with (3 multiplications, 6 additions), {a;} = (1, -1, o}.

@9) ag=xg+X; bg = (hg +h; )2

a1 =X%g- X by = (ho-hy )2
a; =X by =h
m;=3;b;; i=0,12

Yo = Mg + my -m, +z-2m,
y) =my -my

F(5,5) algorithm with (12 multiplications, 40 additions). This algorithm is based on the
approach in [12].

(al0) co=2x9+x; o= (ho + )2
Cy=X)+X4 g1=(h; +hy)2
=X g82=hy 2
C3=Xp-X3 83 =(h3 - hy )2
Cq=X1-X4 84 =(hy-hy )2
Cs =Xy gs=-hy /2
839=Co+Cy+ ¢ bo=(go+8 +82)3
2 =Cg-C by =8 -8
a=¢;-C b=g1-&

a3=a,+a, b3=(bl+b2)/3
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84 =C3-C4 +Cs by =(g3-84+85)3

a5 =C3-Cs bs =(-2g3 - g4 + 85 )3
8g=C3+C4 bg = (g3 + 284 + g5 V3
a7 =C4 +Cs by =(g3-84-285)3
ag = Xg bg = hy

A =X - by=h;

aj0 =X bjo =hg

a5 =Xy by =hy

m;=ab;; i=0,1,.,11

Up =1m, - My

Uy =my - My

dg = my + 1y

dy =mg-ug-u

d; =mg +u

d3 = m4 - ms + 0y

dy =-my + mg + my
ds =m, + mg + mg
dg = mg +myg

fo=d;-ds
f, = d, - d,
f=dy-ds
fy=d, +ds
fy=d;, +d,
fs=do+ds

Yo=mg +2z5f5
y1=dg+23 (f- mg)
y2=f-my; + 25 (f, - d¢)
y3=f3+z5my,

Ya=14
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Table.1 Quality factors for several short-length algorithms.

Algorithms Q
F(1,N) 1
F(2,2) 0.25
F(3,3) 0.3

F(5,5) 0.175
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Table.2 Arithmetic complexity of an F(N,N) algorithm by short-length FIR and by FFT-based
cyclic convolution.

Short-length FIR FFT-based FIR Direct FIR
N M m A a MEfFT m AFFT 8 a
2 3 15 4 2 1
3 6 2 10 33 3 2
4 9 225 20 S 15 375 43 10.75 4 3
5 12 24 40 8 5 4
6 18 3 42 7 33 5.5 83 13.83 6 5
8 27 338 76 9.5 43 5.38 131 16.38 8 7
9 36 4 90 10 9 8
10 36 3.6 128 12.8 10 9
12 54 45 150 12.5 12 1
15 72 4.8 240 16 112 7.47 353 23.53 15 14
16 81 5.06 260 16.25 115 7.19 355 22.19 16 15
18 108 6 306 17 18 17
20 108 5.4 400 20 20 19
24 162  6.75 498 20.75 24 23
25 144 576 680 27.2 25 24
27 216 8 630  23.33 27 26
30 216 7.2 744 248 225 7.50 829 27.63 30 29
32 243  7.59 844 26.38 291 9.09 899 28.09 32 31
36 324 9 990 275 271 7.53 1084 30.11 36 35
60 648 10.8 2280 38 455 7.58 1955 32.58 60 59
64 729 11.39 2660 41.56 701 10.95 2179 34.05 64 63

128 2187 17.09 8236 64.34 1667 13.02 5123 40.02 128 127
256 6561 25.63 25220 98.52 3483 13.61 11779  46.01 256 255
512 19683 38.44 76684 149.77 8707 17.01 26627 52.01 = 512 511
1024 59049 57.67 232100 226.66 19459 19.00 59395  58.00 1024 1023
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Table.3 Minimum sum of operations (Mults + Adds). (mxn) means the decomposition by a fast
F(m,m) algorithm using optimal ordering followed by direct length-n FIR filters. (FFT) means
using FFT-based schemes.

N Decomposition M+A /N Block size

2 direct 6 3 1
3 direct 15 5 1
4 (2x2) 26 6.5 2
5 direct 45 9 1
6 (3x2) 56 9.33 3
8 (2x2x2) 94 11.75 4
9 (3x3) 120 13.33 3
10 (5x2) 152 15.2 5
12 (2x3x2) 192 16 6
15 (5x3) 300 20 5
16 T (2x2x2x2) 314 19.63 8
18 (2x3x3) 396 22 6
20 (5x2x2) 472 23.6 10
24 (2x2x3x2) 624 26 12
25 (5x5) 740 29.6 S
27 (3x3x3) 810 30 9
30 (5x3x2) 912 30.4 10
32 (2x2x2x2x2) 1006 31.44 16
36 (2x2x3x3) 1260 35 12
60 (5x2x3x2) 2784 46.4 30
64 (FFT) 2880 45.00 64
128 (FFT) 6790 53.05 128
256 (FFT) 15262 59.62 256
512 (FFT) 35334 69.01 512

1024 (FFT) 78854 77.01 1024
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Table.4 Minimum number of Macs (Length of scalar products + /O adds). (mxn) means
the decomposition by a fast F(m,m) algorithm using optimal ordering followed by direct
length-n FIR filters. (FFT) means using FFT-based schemes.

N Decomposition MAC /N Block size
2 direct 4 2 1
3 direct 9 3 1
4 direct 16 4 1
5 direct 25 5 1
6 direct 36 6 1
8 direct 64 8 1
9 direct 81 9 1
10 (2x5) 95 9.5 2
12 (2x6) 132 11 2
15 (3x5) 200 13.33 3
16 (2x8) 224 14 2
18 (2x9) 279 15.5 2
20 (2x2x5) 325 16.25 4
24 (2x2x6) 444 18.5 4
25 (5x5) 500 20 5
27 (3x9) 576 21.33 3
32 (2x2x8) - 736 23 4
36 (2x2x9) 909 25.25 4
60 (5x2x6) 2064 344 10
64 (2x2x2x8) 2336 36.5 8
128 (24x8) 7264 56.75 16
256 (25x8) 22304 87.13 32
512 (26x8) 67936 132.69 64

1024 (27x8) 205856 201.03 128
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Table.1 Quality factors for several short-length algorithms.

Table.2 Arithmetic complexity of an F(N,N) algorithm by short-length FIR and by
FFT-based cyclic convolution.

Table.3 Minimum sum of operations (Mults + Adds). (mxn) means the decomposition by
a fast F(m,m) algorithm using optimal ordering followed by direct length-n FIR filters.
(FFT) means using FFT-based schemes.

Table.4 Minimum number of Macs (Length of scalar products + I/O adds). (mxn) means
the decomposition by a fast F(m,m) algorithm using optimal ordering followed by direct
length-n FIR filters. (FFT) means using FFT-based schemes.

Figure captions

Fig.1 FIR filtering based on algorithm (al).
Fig.2 FIR filtering based on algorithm (a2).
Fig.3 FIR filtering based on algorithm (a3).
Fig.4 FIR filtering based on algorithm (a4).
Fig.5 FIR filtering based on algorithm (aS$).
Fig.6 (a) initial system; (b) transposed system.
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APPROXIMATE MAXIMUM LIKELIHOOD EXTENSION OF MUSIC FOR
- CORRELATED SOURCES

H. Clergeot * S. Tressens **

Edics 5.1.4 Permisson to publisy this abstract separatly is granted.

ABSTRACT

A new algorithm is introduced as an Approximate Maximum Likelihood Method
(AMLM) . It also takes advantage of the EigenValue Decomposition (EVD) of the covariance
matrix and can been seen as an improvement of MUSIC in presence of correlated sources. Using
previous results on the statistical perturbation of the covariance matrix the theoretical statistical
performances of both estimators are derived and compared to the Cramer Rao Bounds (CRB) . In
presence of correlated sources MUSIC is no longer efficient while our algorithm achieve the CRB,
down to a lower threshold that is carefully quantified.

We then derive a fast computation efficient Newton algorithm to find the solution of
the AMLM and we perform an extensive analysis of the convergence behaviour and of the practical
performance by Monte Carlo simulation.

The theoretical analysis is confirmed by the simulation results. At low SNR our
algorithm proves to achieve far better resolution properties than MUSIC . We introduce a
significant SNR "cross over level”, for which the theoretical standard deviation is equal to the
source separation . We demonstrate that the AMIM provides unbiased estimates and fits the
theoretical variance down the cross over, while MUSIC loosses resolution at a significantly greater
SNR ( by up to 20 dB or more) .

Another attractive feature of the algorithm is its ability to operate in presence of rank
defficient sample covariance matrix for the sources. In particular it is effective with a small number
of snapshots, even a single one.

* LESIR/ENSC ,61 Avenue Pt Wilson, 94230 Cachan, FRANCE
** CRPE/CNET ,38 rue du Général Leclerc , 92131 Issy-Les-Moulineaux,FRANCE
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APPROXIMATE MAXIMUM LIKELIHOOD EXTENSION OF MUSIC FOR
CORRELATED SOURCES

I INTRODUCTION

High resolution spectral methods are widely used in array processing for source
localization. One of the most popular is the MUSIC method for its ability to locate sources with
an arbitrary array configuration. The MUSIC method is based on the EigenValue Decomposition
(EVD) of the covariance matrix [1],[2],[3] . Butitis known that its performances are severely
degraded in the presence of correlated sources, and that in the particular situation of unitary
source correlation the localization fails [4] [S] [6]. In the case of localization with a linear array of
equispaced elements, the problem can be solved by the use of spatial smoothing [7] [8], but this
method cannot be applied to an arbitrary array geometry .

Another interesting approach can be obtained by the Maximum Likelihood
Criterion . Under very general conditions, above some Signal-to-Noise Ratio (SNR) threshold,
this method achieves the Cramer Rao Bounds (CRB) for the estimatiun variance. Several
maximization algorithms have been proposed, but they involve complex non linear iteration, and
are very sensitive to initialization [9] [10] .

The aims of this article are first to present an algorithm [5] {11] [12]derived as an
Approximate Maximum Likelihood Method (AMILM), and then to give its comparison with the
MUSIC method. For this purppose the analytical expressions of the variance are calculated for
both methods and related to the CRB. Note that since our first publication [11, 12] a similar
form has been suggested in (6], appendix .

The proposed method achieves the CRB, at high SNR, even in the case of
unitary correlation between sources. It tuns out that this AMLM method reduces to MUSIC in
the case of decorrelated sources . This is coherent with the fact that MUSIC is optimal in this
particular situation {3] [4][6][11][12](13].

To derive the AMLM method , a reduction of the Log-likelihood function is
introduced . The same approach was used by the authors to derive a simple form of the CRB
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[13].

In the case of M sources, the solution for the AMLM requires the minimization of
an M variables function . But compared to the exact Maximum Likelihood method, our algortihm
takes advantage of a very simple form of the gradient and Hessian,which enables fast
convergence with a Newton-like method . In its initial formulation , the method relies on an
estimate of the covariance matrix of the source powers. A variant taking account of a recursive
update of this matrix is proposed, and proves to have superior convergence properties and better
statistical behaviour at low SNR . Assuming proper initialization, it remains effective if the
signal matrix is rank deficient or for a small number of snapshots (even a single one).

In section II the signal model, the basis of EVD methods and MUSIC are
recalled. In section III, the reduced log-likelihood and the AMLM method are presented .
Section IV is a recall of the derivation of the CRB and of the statistical perturbation on the
covariance matrix . These results are used in section V for the theoretical variance calculation,
- for MUSIC and AMLM . The minimization algorithm is presented in section VI,together with a
demonstration of its fast convergence in simulation . Statistical performances are checked on

Monte Carlo simulation (section VII) .
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IT SIGNAL MODEL

II A- SIGNAL MODEL

For an arbitrary propagation model and array geometry in the presence of additive
noise, the signal on an N element array resulting from M sources may be represented by an N
vector X(q). We assume that we have Q observations (snapshots). For the snapshot g, the
observation vector can be written as:

X(Q) = [X,(@)-re Xy(@] M<N

(1)

M
X(q =2, gm(Q) Sm +B (Q)

m=1

I =1

where g, is an amplitude parameter associated to source m, and S, is the corresponding "source
vector" which may be interpreted as the transfer function between source m and each array element.
For a given propagation model and array geometry, Sy = S (8) is a known vector function of a
position parameter 8 . B (q) is an additive complex gaussian noise . We assume that the covariance
matrix of B is:

Rg=E[B Bf]1=0621 (2)
E[B B']=0

The noise vectors are assumed independent from one snapshot to the other. The amplitudes g, are
considered as uknown deterministic parameters. Calculation will be made for an arbitrary source
model § (0) . The special case of a linear array will be considered in the last section, for
simulations .For generality, it will be assumed that the source vectors and the vector function S (8)
are normalized to one : | |S,(6) | |2=1,
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From (1) the vector X(q) may be written as:

X(@)=X(q)+B(q) (3)
and the vector noiseless observation Y(q) as :

M .
Y(@=2 gn(Q) S =S G(q) @)

m=1
where S and G(q) are defined as :

S=[S1 S7....Sm] i M<N
(5)
G@=1[g1(q) .....em(@1t

A classical identifiability condition is that matrix S isrank M. This is assumed in what follows.
From (4) , Y(q) lies in the M-dimensional subspace §M spanned by the source vectors S,
Sj....Sy called source subspace . Conversely, if there is no deterministic relation between the
amplitudes gip(q) and if Q>M, the vector Y(q) will span all the manifold &M . The complementary
subspace will be named “noise subspace” ,&g.

The projectors on &g and &g will be noted [1g and [Tg with [1g + [1g=I, the
identity matrix. The projector [Ig may be written in terms of the source matrix according to :

[Mg=I-g=S(sts)lst (6)
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which is a known function of the position parameters { 8 ). Invertibility of ( S tS)is
guaranteed by the fact that S is rank M.

The sample covariance matrices of X(q) and_Y(q) are respectively :

Q
R =17 !
x 6q=1 X(q)X(q)
)
1 $ t
R, == 2.Y(QX(q)
y qul

A

The additive noise only is considered as random . The expectation of matrix Ry is, according to

(2):
R,<E [R, |= R,+Ry=R,+0’l ®)
Using (3) and (4) , the sample covariance matrix Ry of the signal may be written:

Ry =S P st ©)

e

1 2 +
P= 520G (QG(qQ
P
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The structure of matrix P plays an important part in the discussion of optimality .
The diagonal elements are the average power pyy, of the sources,while the off-diagonal elements are
the sample cross correlations . They may be normalized by the powers p,, to introduce the
coherence coefficients between sources pmpp . Let :

Q
Poam =Pm = GI'ZI m(q)l
(10

g -1/2

Q
&gmg;)(pmpn)
i=1

Rolier

Matrix P can be factorized in terms of the source powers, and the coherence matrix p which
reflects the intercorrelation between sources only:

(11)
P4= diag (py..--pMm)

It is important to note that we have used only ensemble average on q for all
definitions concerning the second order properties of the amplitudes. The results is that our further
derivations will be valid in the small sample case,even for Q=1. This is not so in the most
commonly used approach, in which the amplitudes are considered as random with given
covariance. The results concerning the CRB on the variance would then be valid only in the
asymptotic case Q--> oo,

Another very common hypothesis is that P is diagonal. According to the previous
remarks,in the random case ,this will be true not only if the amplitudes are decorrelated, but also if
Q is large enough ( so that the sample average is close to the expectation) . In such an asymptotic
case matrix p becomes equal to the identity matrix.

On the other hand, in (11) matrix p would be singular whenever there exists some
deterministic relation between the source amplitudes .
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II B- BASIS OF EVD METHODS

These methods consits in first estimating the signal subspace g by EVD and then
estimating the positions from &g or&p, according to the source vector model $(6) .

The estimation of &g is related to the fact that in general , for Q>M, the manifold

{ Y(q) } spans the whole subspace §S [ 7,8 ). Then matrix Ry is rank M, i.e., it has M non
zero eigenvalues, and the corresponding eigenvectors constitute an orthonormal basis for &g . The
N-M other eigenvectors, corresponding to the degenerate zero eigenvalue, constitute an
orthonormal basis for &pg.

In the presence of white noise, according to (8), Rx and Ry have the same
eigenvectors. The eigenvalues of Ry are raised by 02 - The signal eigenvectors are identified as
those corresponding to the M greatest eigenvalues.

The eigenvalues will be denoted by 1j for Ry and A; for Ry , and are assumed to
be in order of non increasing values.The eigenvectors are denoted by Uj and the projectors on &g
and Eg by g and I1g  We obtain the following relations:

(12)
M + N +
Mg=IUU  flg= X UL

The position estimation is based on the orthogonality of any vector A of &g to the
signal subspace , and in particular to all source vectors:

v me(LM], vV Aek, S A=S@m.A=0 (3

We may now introduce the following discriminating function:
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fA(0)=1S (6)T-A12 (14)
Relation (13) states that the source locations 6, are zeros of the discriminating function f(8).

II C- MUSIC ALGORITHM

Any eigenvector UJ; of Ry for i >M belongs to the noise subspace and may be used
as the vector A in(14) . Robustness with respect to the noise and spurious zeros in f5 (8) is
obtained by the use of an average on all these vectors{1,2].The corresponding function is:

£(8) = i I.SI(Q)l.lil2 (15)

i=1+M

According to (12) this function may be written in terms of the projector IIg on the noise
eigenspace:

f(8)= S (8)T Tpg S(8) (16)

A A
For actual data I'p is replaced by its estimate Ilg given by EVD of Ry according to relations (12).

The "MUSIC spectrum” is the plot of f (8)-lwhere the positions of the sources,
due to inversion, appear as sharp peaks corresponding to the minima of f (8) .
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1 D - SOURCE AMPLITUDE ESTIMATION

The sample covariance P of the source amplitude, is easily calculated by the
inversion of relation (9):

-1 -1

p=(s's) s'r,s(s's)

or:

p'=s'R\s | an

The second shorter expression is valid only if Ry is rank M . Matrix R“y » pseudo inverse of Ry ,
is obtained from the EVD of Ry or Ry using :

M
,%uu.=2

i=1 Yoim ]

tv1z

(18)

-

" For the evaluation of P from actual data, §, A, Uj, 02 are replaced by proper

A
estimates . The estimates of U; and A{ are obtained by EVD of Ry  The estimate of S is

deduced, according to the sources model $(8) , from the position estimation given by MUSIC (or
any other position estimation method) . The noise variance estimate is obtained by an average over
the noise subspace eigenvalues :

2_ 1 A
s viD IR (19)
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III THE MAXIMUM LIKELIHOOD APPROACH

I A - THE LOG-LIKELIHOOD AND ITS REDUCTION

For given unknown values of { g1,(q),02,0., }, assuming a gaussian additive
complex white noise, the probability density of the observation is easily found to be given by:

Q
Log [p(X(q)] = — NLog (276") - ;%qg [X(9) - sG@)ff (20)

where S and_G(q) are defined in (5) as a function of { gm;(q).6 }

A AA
Given an observation X(q),candidates G (q).9,0, are tried for the exact unknown

values of the parameters G (q), §, 6 by substitution in the expression (20). We obtain the
likelihood function:

A 4 al Q
V(G (©.8,0) =~ NQLog (21 G )~ —13 )y k- G(q)”

(21)

A A
where the candidate values of parameters appear in S and G(q). The Maximum Likelihood

estimates Gy (@).9nvg..OM1, are selected by maximization of this function.

A first reduction of the likelihood is provided by a separate maximization with
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A
respect to the amplitudes [12]). For a given value of matrix S it is easily found that the
A

corresponding signal estimate Yy g (qQ)=S Gpp(qQ) is the projection of X(q) on &g:

A A
XY, @=8SG  (q)= I3 X(q (22)

A A
[T is the projector on the subspace &g, function of the source position parameter § . Then :

0, @]-fi-fxol-fi, x0)
“X(q)-S.GML (q)= - T )X(q)jf = T, X(q) (23)

Substitution of these values in (21) gives the reduced expression of the Log-likelihood, function of

A A
Qand o orly:
A 2
A A Q 4 A
V,(8,06)=-NQlog(2r ) - =3 Tr( I Ry)
A
c
(24)
A 13 t
R.=3 X X(Q)X(q)
q=1
A A

where[]g is parametrized in function of §.

The exact ML solution @y for the source position would then be obtained by the
maximization of (24).

Note that (24) has a direct interpretation in terms of an alternative model,which is of
some interest for later discussion. Obviously no separation can be made between the signal and the
projection of the noise on the signal subspace, so that we may consider the sum Y+[IgB as the
unknown signal to be estimated, with an additive noise [[gB . The corresponding Log-likelikood is
similar to (24) ( N being replaced by N-M in the first term). Strictly speaking the CRB, as derived
in section IV A, is valid for this model .
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[ B- THE AML

AA
Let us consider the expectation of the Log-likelihood function V3( 0,0):

A A a2 Q A
E(V,(8,5)]=- NQLog (t G ) - ?Tr(na R,) =
(o)
AZ Q 4 2
- NQLog (t 62 ) - ;’iT’(”B (R, +0 I)) (25)
(o)

According to (9)

- s? AN Q a t
E[vz(g,o)1=—NQLog(no)-(-,,—)Q(N—M)——;(TrnBSPS) (26)
o A
o]

A A A A
It is easily verified that for 8 close to § the difference between S'TIRS and STTIRS is the order

A
of 11 §—8 I13[13] . We then obtain the approximation:

o8 s’ o2 Q A’r a
E[V, (8,0)]=-NQlog (r © )—(—) QN-M)- STr(ST SR @D

i)

c

This suggests the expression of an approximate MLM, by making the same transformation in the
likelihood (24) as was made in the expectation in order to derive (27).

According to (24) the exact ML solution for § is obtained by the minimization of
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A A
Tr([TgRx]. Then, by induction from (27) the proposed criterion [10,11] is to minimize the
expression :

A Af,\ A
f(8)=Tr(S NI SP)

sTr(ﬁsz,)-(N—M) & (28)

A A
where l'lB is the projector estimated from the EVD of Ry.

The statistical properties of this estimator will be derived in section V , in which we
demonstrate that it achieves the CR bounds at high SNR, even in the presence of correlated

sources.Compared to the exact MM, the advantage is that expression (28) is quadratic with
respect to the source vectors:

A M A
£(8)= 2, PonS (6, )
m 1

n=

1S

A
S(8,) (29)

(o
—

B

This allows the easy implementation of the Newton Gauss algorithm in order to find the minimum,
assuming a correct starting value 8. In practice, matrix P will be replaced by an estimate of the
amplitude covariance matrix updated recursively according to (17) (see sectionV] for a discussion
of convergence).

Relation (29) appears similar to a generalization of MUSIC . In fact in the special
case when P is diagonal it can be easily seen that the minimization gives the solutdon of MUSIC.
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A
IV CRAMER RAO BOUNDS AND STATISTICAL PERTURBATION ON Rx

With reference to a previous study [13], we recall some theoretical results
concerning the CRB and the statistical perturbation of Ry which will be used in the next paragraph
to discuss the optimality of our new method, and its connection with MUSIC.

IV A - CRAMER RAO BOUNDS

The same reduced likelihood expectation (27) was used in [5,13] to derive an
expression for the CRB.
The matrix bound [CRB] is given by the inverse of the Fisher information matrix

[9]
- 2 A
(cre)” =-—2 _glv.(89)] (30)

It was demonstrated in [13] and it may be easily verified from (27) that :

-1 Q oT 3
[CRB]m‘n=G—2 2Real|S M8 Py, (31

where S, denotes the derivative of the vector function S(8) for 9=6m :

«  [3aS® '
Sm=[ 3®) ] (32)
6=6
m

The CRB can be written in terms of a "modified coherence matrix". For this
purpose the diagonal elements in (31) will be normalized to one, by the use of two diagonal
matrices, the matrix Py of the source power (11) and the following sensitivity matrix:
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.t [ ] .f L] |
W=djag[(5_ 1nle)....,(§ MnBsM)] (33)

Using this definition in (31) the matrix [CRB'l] may then be written :

- 2
[CRB] l='§'(Pdw)mpcrt (Pdw)m ~ (34)

the normalized matrix pcg being defined by :

[Pcrl__ = IPmalcos (= ma)c0S(B mo) (35)
where :
.f L]
S mnB 5n
cos (B mp) = X . 3 . (36)
(§ ny§ 18 nys 1"

which may be interpreted as the angle cosine between vectors Mg Sm and 1'113_5_n . Theangle a_
in (35) is defined by :

t t o,

* [ ]

<mn=ag(8 My S Pyp)=arg(§ Tg$§ )+arg(Pom) (37)
It is then directly connected to the average phase difference between sources m and n, given by the
argument of Py

By inversion of (34) , on the diagonal, we obtain the expression of the bound on the
frequency variance:
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2 2
E[(8-0,) ]CR S G+ Per] (38)
2Qp m(‘s mnB Sm)

Note that the diagonal elements of p and pcy are equal to one. For decorrelated sources, p and pcg
are the identity matrices. Matrix pcg is always "closer” than p to the identity, due to the
weighting in (35) by factors less than one, which provide a "pseudo-decorrelation” . In particular,
pcr mMay be invertible even if p is singular .

IV B - STATISTICAL PERTURBATION ON THE SOURCE SPACE ESTIMATE

Expressions for the eigenvalue and eigenvectors variances in the presence of
additive noise are classical [14] . To characterize the perturbation of the signal subspace,our
method is to consider only the component 81J;, of the perturbation of the signal eigenvector
orthogonal to &s  [5, 13].

Using a first order perturbation we found that if U; is eigenvector of Ry , Uj + 8U; |

A
is eigenvector of Rx with :

8‘u'i.l. =Pui

(39)
P= HB(B ¥t>R:

bx) -4 3 ax
X! =3 XBQX @
q=1
in which Ry¥ denotes the pseudo inverse of Ry.
Relation (39)being valid for any vector of the basis U;...Upq of &g to any vector S € & we may

associate the vector S+ 83 of &g with :

831 =PS (40)
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This expression will arise in the derivation of the variance of the usual estimators.
The covariance for the random vectors 8 S, | has been calculated in [13] in a more general

context . The derivation in the simple case when vectors B(q) are decorrelated is recalled in the
appendix A . From (A.9) :

E(ss s )= %2- [s' {r(sps'+ oD R" }s _n, 4D

or according to (9) :

t __0'2 t # 2 #2 ]
E[ssmssnj:—d{sn ®R'+a?R)s_|n, (42)

Assuming that matrix P is regular, according to ( 17):

s'R}s =P
(43)
2
s'R} s= (ps'sp)™!

Then (42) can be written as :

Eos_ s |= S’Qz-{[r‘]m + oz[P‘l(s*s)-lP“]m “} I, (44)

In this relation P may be replaced by (11) in terms of the coherence matrix p.The second term of
(44) can be normalized by the diagonal matrix Py and written as :

-1 -1
~1( 1 ol —l{ 172 -15-1/ t -1/2 -1 1/2} -1
p'(s's) pl=pl P e s"s] PRl pp

(45)
-1
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with
~1 -1 s-l -1 t
DMU cMU MUcMU
1[2 -1/2 AY
CMU--Pd pP, (46)
At
S,y =S'S

Matrices Cpq; and S)yqy are dimensionless normalized matrices, with diagonal elements equal to
one . Cpqy reduces to the identity matrix for decorrelated sources; it is influenced only by the
correlation and power ratios between sources . The source vectors being assumed normalized to
one Sy =STS is the matrix of the cosine between sources vectors and reduces to the identity
matrix for well separated sources; it reflects the geometry of the antenna and source pattern.

Using (44) and ( 46) , we may write:

2
[SS SS'LL] PmPn ( —1) + 'V:mpn (D-N:U mn] HB (47)

This expression highlights the effect of a bad conditioning of p or S'S, corresponding
respectively to strong correlation or to sources with small angular separations : the determinants
become very small and the variance increases drastically (due to the inversions p-1 and Dygy ).
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IV C- PERTURBATION OF THE SIGNAL PROJECTOR

A
From the previous results, in the first order approximation, vectors Uj=Uj+8Uj |
A

form an othonormal basis for &g . Under this approximation and according to relation (39) the
estimated projector is given by :

A - M Al _ t
HS=I'IS+8HS= -Eluiui=ﬂs+?‘ﬂs+ns?
i=
(48)

_ t
SHS——SHB=?I'IS+HSP

The corresponding perturbed noise projector will be noted:
A
My=M +8My (49)

The previous results will now be applied to the derivation of MUSIC and AMLM
theoretical variances . '
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'V VARIANCE OF MUSIC AND AMLM COMPARED TO THE CRB

VA- MUSIC ALGORITHM

. A
When the exact projector I'IB is replaced by the estimate HB in (16), the function

f(8) is non longer equal to zero for 8, , but has a minimum close to 8, - This minimun

corresponds to a zero of the derivative f' (8) =df/d0 . Using a first order Taylor expansion of

f' (8), near 0, we get :
£'(8m) =F'(8.) + (8 =0 ) (B ) (50)

using notation (32) and (49) we obtain for the first and second derivatives of (16) :

o
(0 ) =§m (HB+ SHB)_$m+ cc

(&2
“T .T [
£'(0 ) =§m (HB+ BI'IB)Sm +cc +2 Sm (I’IB+ SI'IB) Sm
where cc denotes complex conjugate .
From the fact that [Ig S;,=0, we deduce from (51) that :
O
f(0,) =2Real( §m SHB_Sm)
(52)

.T *
£'® ) ZEIf'(0)]=25_TI,S_
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By substitution of (48) and (40) in the expression of f(8), from the fact that Pf§m=0 we obtain :

BM1,S =-PS =-85
(53)

o
£(0,) = 2Re al(_Sm ssm)

From (50) and the derivatives expressions(52),(53) it results that a zero of £(8) is obtained for the

A
value 8, of the variable 6 given by :

of
Re al(S_m ) Sm)

A
On—-0p,= T

(54)

According to (39),(40), dSp, is a linear combination of random circular variables,

and so is S,Tm 3Sm - We may then apply the results of appendix B to calculate the covariance of

(54), and we obtain :

E[(Bn-0m)(8.-0,)] =3 Red l:f :1[ mlLi{? (55)
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By substitution in this relation of the perturbation 8Sm, | covariance (47), we obtain, for m=n :

A 2 2 2 -
H(3n-0) |, s {0 E0R) ] o0
2Qp .S _My$

m

where p is the coherence matrix and Dy is defined in (46).This form is very similar to the CRB
(38) .A detailed comparison will be made in section V.C.

V B VARIANCE OF THE AMLM

Using the vector variable §=( 0 1,..., 8 M)t a derivation similar to the case of

MUSIC is used to obtain the variance of the AMLM.
The functon (28),(29) to minimize is:

A ATA A
f(@)=Tr{S Tl SP
7

a N A 8
f(8)= 2 |PynS_TI,S_
m

,n

For the local minima of this function the gradient V¥ f is zero. Such a minimum must occur for a
A
value of § close to the exact value of the parameter vector. We may then use the first order

A
Taylor expansion of the gradient V_f( 8 ) near 8 ,given by :



62

, :
Zf(ﬁ) = ¥ (Q) + Af(8)68 '
(58)

In this expression Af(8) is the Hessian . The gradient and Hessian components are defined by :

A
76e) = agg‘i)
(59)
()
MO, = 00,00,

For the minima , V f must be equal to zero . The corresponding solution of (58) for 88 is the
solution of :

Af(.Q)S.BE—Zf(a) (60)

In this relation , from (57) the components of ¥V f and Af are :

of A
V(@) =2Re al(ZPim s T, s)
m i m l/
(61)
.f A L] ..T A
Af(8) =2Rea||S, T1;5 +S_ TIgS 8, Pon

where 8., is the Kronecker symbol.

From (48) (40), using the fact that [13§;=0 and PTS_FQ we obtain in the expression of the
gradient :
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A
1,8 =8M,S =PI S =385

m

R
_Yf(_Q)m=2Rcal(ZP. S_ Ssu) (62)

A
In the first order approximation the Hessian may be approximated by its expectation, i.e Ilg is

replaced by its exact value I1g. Then we obtain:

.f L ]
M@, =E8 €O 1= real§ 11y 3, Pun) (63

By comparison with (31) we can see that the Hessian is proportional to the Fisher matrix .It will

then be assumed regular.From (60) using the reduced notation V f and Af for the gradient and

Hessian:

s Elsasa]ar=lvrvse']
or: (64)

Els950 ] =ar" Hvrve] ar

This covariance calculation is made in appendix C and gives the following results

(C.14):
A 2 2 -
E[(em -0,) ]M = — {[p-clk]er %[Di]m} (65)
2Qp S'm nasn

Where pey, is the modified coherence matrix introduced in (35) and D) _is defined by a relation
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similar to (46) : ,
DM]_'L':CW"ISW"I Cw_'l (66)
Matrices Cyq and Sy are related to the corresponding matrices inroduced in (46) by:

[Cyp)mn=[C MmulmncosBmn
(67)
Sy mn=ISpmu! Imn€0SBmnCOSTmn

t -1
A L ] L]
Yman = arg(§_m I-IB 'Sn [Sts]mn)

where cosBmp is the cosine of the angle between I1gSm and ISy , defined in (36).
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VC COMPARISON OF THE THEORETIC STATISTICAL PERFORMANCE
VC 1 - Preliminary discussion

The analytical expression of the variance for the two methods and the CRB are
summarized in Table I
Remember that statistical perturbations are only first order approximations, in the

order of em=02/(me) according to (47) . All higher order terms in this variable should be

meaningless . In particular the correcting terms proportional to 0%/pm are valid only asymptotically

for Q >> 1 so that the corresponding terms in €, can be ignored.

To clarify the discussion we will first consider two limiting cases: the case of
decorrelated sources, and the high SNR limit .

VY C 2 -Decorrelated sources

In this particular situation (P diagonal ), both MUSIC and AMLM give the same

A

estimate O, . It is easily verified that the expressions of the variance in table I are identical .

Matrices p and pg reduce to the identity matrix, so that the variances reduce to:

2 2 _ o[ t] }
E[aem]MU = E[ae,,,]AML = CRB{I + 3;[5 s]
(68)
o2 1

T2, o .
S_Tys

CRB

m

The two estimators then achieve the CRB at high SNR ( 6%/p— 0). The threshold
under which they lose efficiency is equal to the value of [STS] ™1, connected to the separation

between sources . For well separated sources the source vectors are orthogonal , STS reduces to
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the identity matrix and the tareshold i§ equal to one (SNR =0db ).

The effect of smaller separation is best illustrated in the case of two sources; then
the SNR threshold is : |

Po ____1 (69)
S |

st s)

For sources with small separation, IS5 | becomes close to one and the threshold may occur for

SNR values well over 0 db ) . The variation of S| S as a function of source separation is

represented figure 1 (dashed line) in the case of a linear array. This curve represents as well the
ambiguity function for the conventional beamforming.

VC 3 -High SNR limit

In this case ( 02/pm— 0) the correcting terms in the expression of the variance

vanish . It is readily seen that the AMLM achieves the CRB; for MUSIC, the only difference is that

Pcr’!is replaced by p! . Generally speaking PcRr is better conditoned tor inversion, due to the

weighting of the off diagonal elements by factors less than one, according to (35) . In particular

pcr Will be invertible even in the case of full correlation, when p is singular. This may be seen in

the simple case of two sources:

[p™], =lp ‘] —1 (70)
b
while :
- - 1
pel =[] = 70b
[ crl [Pcn 2 2 (70b)

1'|914 cos?ec cos?B
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In the presence of strong correlation (1py7 I<1), the first expression may be very
large. The second will remain close to one either for well separated sources (cos B,=0), or

according to the average phase relationship between sources (see (37)) if a9 = [/ The effect of

source separation on cos By is represented figure 1 (solid line), compared to the ambiguity

function in conventional beamforming (dashed line) for a linear array. The variable is the reduced
frequency,normalized to have the first zero of the ambiguity function at f=1 . The curve for

cos PByo=1 is wider, with a first zero at f=2 . The maximum at {=0 is very flat.

vC4 -Comp;arison at lower SNR

Under an SNR threshold given by the ratio of [Dyy- 11y to [p‘I]mm the

variance is dominated by the second term between brackets, and becomes proportional to

(/Q( prf/0? )%
In the factorization (46) of D)y it can be noted that Sy, depends only on the

sources/ antenna pattern, while Cyq is a function of the power ratos and correlatons .

For the AMLM, due to the fact that again p“ is replaced by pg-1, the variance will in general be

smaller than for MUSIC .
All the previous discussion will be now ilustrated in the case of a linear array.
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1

VC 5 -Theoretical variance for two sources and a linear array

The theoretcal variances have been calculated for a linear array of N=10 equispaced
elements. We have used the position parameter

8=2[1(d/A)cos®

where A is the wavelenght, d the spacing between elements and ¢ the bearing of the source.
The separation between sources is best characterized in terms of the corresponding
reduced frequency:

f=0/(21IN)

the Fourier resolution in conventional beamforming corresponding to f,-f; =1 (see figure 1) .
Two cases have been considered,the first one corresponding to the Fourier limit
f5-f) =1, and the othar one to sources with small separation f;-f; =0.064 .

According to (1) , the source vectors Sy, 7 are normalized to one.

We suppose that py=p2 . The SNR is defined as lOlog(pI/oz); due to the

normalization of the source vectors this corresponds to the SNR for one channel (and not for one
element). The number of snapshots is Q=100 .

The thecretical variances as a function of SNR are represented in figures 2,3,4,
together with the results of Monte Carlo simulations concerning the total estimation error and the
bias. The Monte Carlo simulations will be discussed in section VII . On the variance plots, the
horizontal dashed line corresponds to the level where the standard deviation (std) becomes equal to
the source separation,which will play an important part in this discussion .

The case of decorrelated sources is represented figure 2. As expected both
estimators give the same results and achieve the CRB at high SNR . In the first case ( f5-f} =1 ) the

SNR threshola is just a little higher than 0 dB. For small source separation the SNR threshold is
much higher, in the order of 30 dB (fig 2¢).

For correlated sources (p=0.9, figure 3 and 4 ) the AMLM achieves the CRB at
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high SNR . It can be scen that for @=90° the variance is the same as when p=0. For other values of

the phase difference, the threshold is a complex function of @, but the variance is always greater.

For comparison with MUSIC two factors play a major part: the values of cosa ,
cosP and their "decorrelating effect”, which appears in (70b) for instance .
For | cosa]= 1 ( sources in phase, or in opposition),only remains the value of

cosP. If we refer to figure 4, for ( f,-f; y=0.064 .cos2B,, is much closer to one than p2=0.81(in

fact coszﬁlz =0.995) : the decorrelating effect is negligible. Indeed in figure 4a and 4e the results
of MUSIC and AMLM are identical.

When the separation between sources increases, cos2B becomes smaller. For
fo-f) =1 itis in the same order as pz, and this explains the relative degradation of MUSIC in figure
3a and 3e . The degradation could be much greater, either if the correlation p is closer to one or if
the separation between sources increases a little more ( see figurl the variation of cosP ).

For | cosa | =1 an additional decorrelation appears which culminates for a=I1/2
(fig. 3c and 4¢) .

Note that this decorrelation connected to & can be introduced in MUSIC by the use
of Forward Backward averaging [13] . But this is possible only for a symmetric array and it has
not been introduced here,since the paper deals in general with an arbitrary array geometry .
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VI THE MINIMIZATION ALGORITHM

Two formulations are given for the algorithm. In the basic form, matrix P in
expression (28) to be minimized is considered as constant . Usually the algorithm is not very
sensitive to small deviations in P, so that any reasonable estimate may be substtuted for it .

This is no longer true when P is singular, i.e. when sources are fully correlated .
Matrix P may then be updated at each iteration according to (17), but the basic algorithm
convergence rate is slow . In the improved algorithm the dependence of the estimate of P with
respect to the parameters is taken into account. The modification is quite straightforward and a fast
convergence is restored. This modified version will be retained as the "AMLM" algorithm in the
following .

VI A- BASIC ALGORITHM
VI A.1 Gradient and Hessian

The gradient and Hessian have been already calculated and they are given in (61).

An alternate compact form is obtained if we define matrices S and S by :

§=[$,...._§ ] ,'s':[is:l,...,:s:M] (1)

1 M

and if we denote by © the element by element product of matnices. Then (61) may be wrinten:

01’ A
Yi=2Re al[diag (S_ @) ngs (Q)P)]
(72)

daA AN
Af=2Re al[(ﬁ (@) M, S(@)BP"+ S (8) M1, S(H)P 91)]

where, for any matrix M, diag(M) denotes the column vector formed with the diagonal elements
of M and M* denotes the complex conjugate of M .

Note that for the exact values of the projector and the source matrix, [1gS=0, so

that in the expression of the Hessian the second term will be deleted. This guarantees that Af is

non negative. Furthermore, by comparison with (31) we can see that it is proportional to the
Fisher information matrix and is invertible,unless the parameters are not identifiable.
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VI A2 Algorithm

The basic Newton Gauss recursion is then given by :

-1
Bk+1=9k—[Af] yf (73)

The recursion is in two steps : update of the power estimate from 8} using relation
(17), and the calculation of 6y . by (73)

-1

-1 R
aep 1:P, =[s'@ )50 )] s'@)R,se  s'e se)] ao)

-1
step 2: th=9k—[Afk] ka

v, =2Realdiag (§ (0,)f1,5(8,)P,) ]
(75)
af, =2Reafs (0 f1,5(8,)0P ]

VI B -Improved practical algonthm

According to the update equation (74), Py is now considered a function of 8.
Then by the substitution of (74) in (57) :

f@ = Te[f1, Mg @R, T @] (76)

-1
I, @ =sw [s'@s®)] s'@



72

It is proved in annex D t'hat near the convergence point the gradient and Hessian
can be approximated by the following expressions (D.5),(D.10), very similar to (72) :

® A
¥f, = 2Re alfdiag (S (&) M, @) T1,58, )P, )|
(77)
af, = 2Real S (@) My @)T, T, @) S @ )0P;]

-1
m, @ 21-s@ls's] s'@

The recursion is the same as in (74),(75), the expressions of the gradient and
Hessian being replaced by (77) .

VI C -Convergence study

Three main points are of interest: the speed of convergence, the existence of
secondary extrema and the resolution of close sources in presence of noise.

On these points the comparison has been made in simulation between three
algorithms. The first one is the practical algorithm defined by (73) an (77) which will be refered as
"AMLM"; the second, introduced only as a theoretical reference, is obtained by substituttion in the
basic equation (75) of the exact power P instead of Py. In practice it could not be implemented
since P is unknown. But it is interesting for comparison by simulation because,strictly speaking, it
is in this case that the theoretical variance analysis apply. It will be named "RAML" . The third
algorithm is again a straighforward variant of the basic algorithm, used to find the solution of
MUSIC: as already noted we just have to substitute for Py in (75) any diagonal matrix. We have
used diag(py1,P2.- Pm ). The algorithm is refered as "MUSIC" .

The simulation have been made as previously in the case of a linear array of 10

elements, with two sources of equal powers py = pp =1 . We will analyse only the case of two
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close sources 81 =-0.02 , 85 =+0.02 (Af=0.063) for which the convergence problems are most

critical.

VI C1 -Contour plots without noise

For the RAMLM and MUSIC algorithms the function minimized are given by
(57), P being replaced by the identity matrix for MUSIC (pj=p3=1). For the AMLM the function

is (76). The contour plots of these functions gives a good insight of the occasional problems of

convergence. They are displayed figure 5 for p=0.9, a15=0, [I/2, I1.For aty; =I1/2 the contours

are independent of p so that figures Sc and 5d are valid for p =0 . For MUSIC the contour plot is
independent of & and p and it is identical to figure 5d.
Obviously if (-6(,0) ) is solution (80,-8g ) is also solution, which explains the

symmetry of the plots with respect to the axis 6;=0, .

A first important remark is that the AMLM,but for this symmetry, has a unique

minimum, while the other ones have a spurious minimum on the axis 61=92 . The consequence is

that whatever the initialization, the AMLM will always give the right solution (-0.02, 0.02 ) while
the others ones may converge to the spurious minima (-0.02, -0.02 ) or (0.02,0.02).

Three initialization points, far from the "well behaved” central part of the contours,
have been tried to test the speed of convergence. The convergence path are represented figure Sa

and Sb . The corresponding variation of 6] and 8, as a function of the iteration index are plotted

figure 6a and 6b . It can be observed that convergence is obtained in at most S iterations. But for
RAMLM and MUSIC it goes to the wrong mininum if the initialization is outside the quadrant

91.92 <0.
A surprising feature is that, in the noiseless case, the convergence path are

independent p of and a : the contours are very much distorted, but this is exactly compensated by
corresponding modifications of the Hessian .
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VI C2 -Typical contour plots with noise

Typical contour plots corresponding to an SNR of 50 dB and an average on 100

snapshots are represented figure 7. For the current small source separation and p=0.9 , this
correspond more or less to the resolution limit of MUSIC.

For the AMLM the general shape remains the same as in figure 5, with only a
small random deviation of the extrema.

For MUSIC, compared to figure 5d, figure 7c, 7f, 7i are typical occurrences of the
contours that can be obtained at the limit of resolution, with either one single minimum (7¢) or four
ones, but usually closer (7f) than without noise.

Concerning RAMLM, for a=0 the "good” minima have been enhanced (7b
compared to 5f) while only the "bad” ones remains for a =I1 (7h compared to 5f), in which case
the sources are non longer resolved. For a=[1/2 , the symmetry is lost: this is because the

algorithm "knows" P and expect the source at 8 to be in quadrature before 85 which is true in the

half plane 6; <64 and wrong on the other side.

The main conclusion is that the AMLM convergence properties are far less
affected by the noise than that of the two other methods. This is confirmed by a more extensive
Monte Carlo analysis given in figure 8, which represents the convergence points obtained for 100
independents trials, at the same SNR, the algorithms being initialized at the exact position
(-0.02,0.02) .

The AMIM exhibits good performance with repartitions of the dots centered on the
exact position, with shapes reproducing the corresponding contours in figure 7 a, 7d, 7g .

The RAMLM has a good results for a=0 and a=[1/2 but is very bad for a=[1,with

a numbers of points along the axis 8] =0, corresponding to unresolved sources.

For MUSIC, in accord with figure 7¢, 7f the results are bad for a =0 or =[1/2 with

a lot of estimates biased or unresolved, while for a =[] the estimation remains correct.
As a conclusion the fact that the AMILM algorithm rely on a weighting matrix
Pg(8 ) reestimated at each point (81, 8, ) seams to improve significativly the resolution . The

secondary minima are "rubbed out” in the same way as spurious solutions may be eliminated
afterwards in other methods on the basis of the corresponding power estimates amplitude .



75

VII STATISTICAL PERFORMANCE ANALYSIS BY MONTE CARLO
SIMULATION

The three algorithms, AMLM, RAMLM, and MUSIC have been compared in the
two situations considered for the calculation of the theoretical variances in subsection VC3 ; linear
array of N=10 elements, Q=100 snapshots, reduced frequency separations Af=1 and Af=0.063 ,for

correlation p=0 or p=0.9 with a=0, [/2, IT.

For each set of parameters we have computed, by an average on 100 independent

trials, the total mean square deviation of the estimates of 8 and 85 and the average values of the

estimates.

These estimates are the values obtained by the 3 algorithms, initialized at the exact
value, after 10 iterations . No sorting has been done to eliminate the large estimates or the cases of
non-resolution .

We may expect substantial deviation from the first order theoretical analysis at least
when the theoretical standard deviation becomes equal to the separation between sources . The
corresponding level is represented by horizontal dashed line in figures 2, 3 ,4 of the theoretical
variance, where the results of the Monte Carlo simulations have been represented for comparison .

VI A COMPARISION FOR p=0

In the case of Af=1 (fig.2a,2b) the cross over point (between theoretical variance
and source separation) is for an SNR of -10 dB, at the lower limit of the figure.

For the AMLM the deviation from the theoretical error is small . For MUSIC and
RAMLM a deviation appears under 5 dB . The bias remains small for the three methods.

In the case of Af=0.063 (figure 2c,2d) the cross over point is for an SNR of
30 dB. At this point the AMLM sharply departs from the theoretical curve and an important

positive bias appears . For MUSIC and RAMLM (identical for p=0) a deviation from the theory
appears 20 dB higher, for an SNR of about 50 dB .This corresponds *0 an important negative bias,
resulting from a loss of resolution : very soon the sources are non longer resolved in about 100%
of the cases under 35-dB of SNR .
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VII A -COMPARISON FOR p=0.9 ,Af=1

For a=[1/2 (figure3) the variance for the MLLM and RAMLM is the same than for

p=0 with the cross over point at SNR=-10 dB . The theoretical results remains in good agreement
with a small bias . For MUSIC the cross over point is 0 dB and this is the point where appears a
bias and a deviation of the varaiance .

For a=0 and a= [T the AMLM is good up to the cross over of -5 dB , where a

positive bias appears.

There is a loss of resolution for MUSIC, a=0 and RAMLM,a=[T about 10 dB
over the corresponding cross over points .

VII C-COMPARISION FOR p=0,9 Af=0.063

Again, for the RAMLM a strong positive bias and a deviation from the theoretical
curve appear at the cross over point .

For MUSIC and AMLM a loss of resolution appears very early, for values of SNR
10 to more than 20 dB over the cross over point, the source being very soon unresolved (average
values egal to zero) .

For a=0 the degradation affects MUSIC before the RAMLM while for a=[1 the
RAMLM gives the worst results .

It may be noted that the RAMLM makes significant incursions under the CRB .
Do not forget that this is a quite unrealistic algorithm, since it relies on the exact value of the power
matrix P . In fact the CRB corresponding to the case of a known matrix P is well under the value
represented figure 4 . When the first order approximation used to establish the theoretical curve is

non longer valid, do no be surprised if the deviation is under instead of over the corresponding
value! .
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V11 D-PERFORMANCE OF AMLM FOR ONE SINGLE SNAPSHOT

A significant advantage of AMLM is its ability to resolve fully correlated sources,
and to operate on a single snapshot.
Monte Carlo simulation have been made in this last case, for Af=1, using two

exponentials of unit amplitude and a phase difference of a=0, II, I1/2 in additive noise. The

results for a=0 are represented figure 9, compared to the CRB.

The performance are similar to the previous cases: the variance fits the theory

down to the cross over point. The same observations have been verified for a=[1/2 and a=[].

VI E -CONCLUSION ON STATISTICAL PERFORMANCES

The analysis of the previous Eases confirms that the cross over SNR
corresponding to the point when the theoretical standard deviation equals the separation between
sources is an important element in the interpretation .

For the AMLM no loss of resolution appears when the noise increases. On the
contrary there is a tendency to over-estimate the source separation for SNR under the cross over .
The theoretical results for the variance hold approximatly down to the cross over .

For MUSIC and RAMLM a loss of resolution appears for the values of the SNR
that may be more than 20 dB over the cross over point, with a corresponding increase in the mean
square estimation error . Over this value of SNR, the variance is also in perfect agreement with the
theory .

For a linear array it is well known that root MUSIC achieves a better resolution
than conventional MUSIC at low SNR. It has not been considered here since the paper deals in
general with an arbitrary array geometry in which case root MUSIC cannot be applied.
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VIII GENERAL CONCLUSION

Starting from a modified form of the log-likelihood we have suggested an
approximate maximum likelihood estimator of the source bearings [12], which may be considered
as a generalizaton of MUSIC to the case of correlated sources.

Making use of previous statistical analysis [13] we could derive the theorical
performance compared to MUSIC and to the CRB, and quantify the improvement that could be
expected from our method .

A Newton-Gauss algorithm has been derived for a computation-efficient
implementation of the basic algorithm an a practical variant of it, relying on an estimate of the
power matrix instead of the exact theoretical one.

An extensive simulation analysis has, on the one hand, confirmed the theoretical
improvement of the variance at high SNR with respect to MUSIC, and has on the other hand
demonstrated superior convergence and resolution performances, down to some significant "cross
over SNR" . In the case of two sources this cross over corresponds to the SNR for which the
theoretical variance becomes equal to the separation between sources. Down to this value of the
SNR, for AMLM, the bias is negligible and the total mean squares error fits the theoretical
prevision, while for MUSIC a significant loss of resolution and a variance increase appear for
values of SNR that may be more than 20 dB larger .

Another advantage of the AMLM algorithm is its ability to providz cfficient
estimation even for one single snapshot. This opens a way for efficient recursive estimation
schemes .
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APPENDIX A : PERTURBATION 8 §; COVARIANCE

To any vector § of §g may be associated the vector § +8 S of the perturbed subspace

A
&g with, according to (39) and (40) :

55, =m,(BxR}s (A.])

For two vectors S i, and S, using (3) and (39), we obtain with simplified notation ( Y. and B are

implicitly indexed by q,and Y'and B’ by q’):

t t t
’ 1 f ’ 7
E[SSMSSM]E ?HB{E‘- E[B @+RY_V (Y+B)E }}nB
(A.2)
Xm gR:Sm ’Xn gR:Sn

In the expectation only the noise is considered as random , with zero mean gaussian distribution .
The components of the noise vector B are assumed complex circular, i1.e., the real and the
imaginary parts are decorrelated with the same vanance .Then :

E[B B'*] =ol 8

elar']=0

As a consequence the odd order moments are zero and there remain only two terms in the

(A.3)

development of (A2):

BB+my v (Y+B)E =By vV ¥ 5]

t ., f
+ E[§ B'vV BF ] =2™order + 4"order (A.4)
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These two terms will be referred as "2nd order " and "4th order". For the second order we easily
obtain :

2™order = (.lt XX.Xf l) E[B* Bj

t t
=8 RYYYR}S o’15_.

For the fourth order let us introduce the zero mean random circular gaussian variables:

(A.5)

vie, viv'w (A.6)

m m

ne
e

v

Using the usual properties of Gaussian complex variables, we then obtain :

4Morder = E[_Ev;v' Bi] = E[ﬁv‘]E[\/gﬂ+ E{_B BﬂE[v‘v’]

=(c’Dy mML(czl) + Sqq.(ozl)_\l;(ozl)im
(A.7)

4.4 t st 9
=c R,8 S R +0o SnR,SmSQ.

Note that the first term has no contribution when substituted in (A.2), due to the fact that
ﬂBR#y =0. The remaining terms in (A.4), resulting from (A.5) and (A.7) are then zero for q=q’,

so that the double sum on q and q' reduces to a single sum on q, with g=q'.With explicit indexes,
in the summaton on the second order term (A.S), from (7) and (9) :

&2 Y(@Y (@)= SPS =R, (A.8)
q

By substitution of (A.5),(A.7) in (A.2) according to (A.4) and (A.S), we then obtain :

2
E[ssmzss*u] = S s {R)lsps'+ o?R) }s 1, (A.9)
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APPENDIX B: REAL COMPONENT COVARIANCE FOR COMPLEX RANDOM
VECTORS

We want to demonstrate two propositions:

proposition 1: if Z is a complex zero mean random vector such that:

E[zz']=0 B.1)

then the following property holds:
E[Rea(2)Re al(2)] = TRealE [z 271 ] (B.2)

r iti . if the components of a vector Z are linear deterministic combinations of the

components of a vector B which are random circular decorrelated variables, then the propernty
(B.1) holds .

In the paper, vector B_will be the concatenation of the noise vectors for the
different snapshots:

t t t
8'=[8"q)....B' (@] (B.3)
The demonstration of these propositions is quite straigthforward :

Real(z] = 3z +2'] (B.4)
so that :
Real[Z]Re al(Z]' = %{zzh (zZ) +z22+(z22) "}

= 3{realz 2]+ Reallz 21} (B.5)
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'

n on both sides, relation (B.2) results if the condition (B.1) is satisfied .

Taking expectatio
For proposition 2, if there exists a linear relationship it may be written in matrix form:
Z=QB8 (B.6)
with Q a deterministic matrix .Then :
elzz]-0da 8]0 (B.7)

and the property (B.1) holds for Z if it is verified for B_: indeed it is true for random decorrelated

circular complex variables,which demonstrates proposition 2.
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APPENDIX C

In (64), let
n 2 elyeye ] (C.1)

We verify that Vf is the real part of a vector which satisfies the conditions of

appendix B : in (62), according to (39) (40) 8S | is a linear combination of the components of B .

By apblican'on of relation (B.2) the elements of matrix H are then given by :

1

N
. L] T ®
H,,=2Re al{Z,Pmi P8, 58,8 gp]gn} €.2)

By substitution of (44) in (C.2) we obtain :

Creal§, 1, 8 )Z [ e
_ a0 -1 201 t -1 .
Hmn—2QReal(§m My S iiji o (s's) P PR (D)

The summation on i and j may be interpreted in terms of matrix product, so that :

2 .T [ ] [ T —1] .? L]
H_,= 2O—{Re al(Pmn S T §_n)+02Rcal( (s's) 8 T _s_n)} (C.4)

From (63) the first term in the brackets is equal to Afppp so that (C.4) may be written :



84

2
H= %—[Af + 20211

(C.5)
-l .T [ )
H = Rcal{[(s*s) ]mgm My S, }
The variance expression using (64),(C.5), is then:
t 2 - 1w -
E[Sﬁ&ﬁ]:%{w‘wczu‘ﬂﬁ‘] (C.6)

In function of the coherence matrix, using the definitons (36),(11) of diagonal

matrices W and Py, the Hessian (63) may be written :

1/2 1/2
Af=2(WP) Pp(WPy) C.7)

where pcR is the modified coherence matrix (35).

By substitution of (C.7) in (C.6) the second terms may be written:
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-1,.7 —]__1- -1/ -1 -1/2_.» —112 -1 -1
s = L we ) Mok we oy H(WR ) T (WP )

1/2

1 oy, -1/25-1 12 -1 o-1/2 12y 7xy =112 -12_-1 -1/24, -1
=7W Py {(Pd PcrPa )(W H'W )(Pd PcrPy )}W Py
(C.8)
Let us define the two matrices:
CML‘1= Pd'l pCR-l Pd'l
(C.9)

Sy 1=(W)y 12 H (W 172

Then from definition in (C.8) of H' and (34) of cosBmn the elements of SML'I are :

t L
-1 S g3 v e
S =Real L {s S]mn s S]mn.cos B mnCOS Ymn

M:Lmn 01. . oT .
.- ‘Sm n'B"Sm S'nnB‘Sn

(C.10)
of ° -1
Ymn = arg{sm nB Sn[SfS]m“}
Using these definitions in (C.8) we find :
Aer? =l 1ep=125-1n-1 p-lww-1/2
Af HAS =Z-W PdDMLPdW (C.11)

with :
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Dy 1= Real { €y 18y T ) (C.12)
By substitution of (C.7) and (C.11) in (C.6) we then obtain:
els088' )= %(P W) ok + PO P P W) (C.13)
or, on the diagonal :
E[(/ém -6 m)z]AML = }’2 - {[p& ¥ —;’;{D;}L]m] (C.14)
2Qp m(s m, sm)
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APPENDIX D
Using a derivation very similar to that of the basic algornithm, we find:

915 \a
me=2Red{Tr[hB(§§-—S)Ry I, (B)]} @.1)

3y , 3Ny T
Afmn=2Rca‘{T'[ha{aes flvaes + 3530 R, T, (B)H} -2

A

or, according to the fact that, at convergence, [1s[Tg=0

M o oM
Afmscham[hB 5o Ry 35

| o

Let us compute the derivative of [15( 8). After reordering the terms, it can be written in the

following form (variable € is omitted for clarity) :

t . -1
) s, (s's) s

am -1,
S ofct
T =s(s's) S_(1-1mg+(1-

(D.4)

-1
M, =s(s's) s

_ 98

Sn= 36,
By substitution in (D.3) and considering that, at convergence STrs=0 only one of the two terms

of each derivative remains in the expression of Afp, so that:
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. -1 -1 oT
Afmn = 2Re a{n[ﬁa(x -1, 8, (s's) s"R,s(s's) s, (I—ﬂs)]}

A

Af o = 2Re a{ T T (1- 11,) ém’ﬁén(l-ns)]} (D.5)

-1 -1
p=(s's) s'R,s(s's)

Introducing an approximation in the gradient is more questionable since it may modify the
convergence point. Neverthless let us substitute (D.4) in (D.1) . We find ( after conjugation of the
2nd term):

. -1 -1
¥f,=2Re al{TrI:f]B(I -1, 5, (s's) s'k,s(s's) s*}
(D.6)

-1 -1
+2Rca1{1*r[fz,(1—ns)sm(s*s) s'i,s(s's) s“}}

In order to save computation time, we have considered that the second term could be neglected
without loss of performance . The justification is that for a small perturbation of [1B, the first term
turn out to be of the 15t order in the perturbation, while the other one is of the 374 order. Let us
demonstrate this point shortly .

We denote by U the N.M matrix of the M first source eigenvectors, and D the
diagonal matrix of the first M eigenvalues:

U=[U,..1,]
(D.7)
D = diag[1,,...1,,]

According to the analysis of section IV. B, in the first order approximation, the matrix U of the M
perturbed source vectors may be written:

U~u+sU,
(D.8)
M8U, =0
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The small perturbation 8U may always be written in terms of a2 normalized matrix A defined by:

8UL=eA

Tr(aY] =M
(D.9)

Mga=0

e<<l

where € gives a measure in radian of the average random rotation of the eigenvectors .

Using these notations we etablish that:

ot
1- 00 =n,- d(ua'+ au")]

>
i

B
(D.10)

?

R,=0UbU =upu+eupa’+ apu']

We will calculate the gradient at the exact sources position so that [15(8)=I1s . Note that:
s'f1,s = s'T1 f1,5 = eX(s'u) a’a(u's) (D.11)

By substitution in (D.6) after all reduction and reordering we find for the two terms the

expressions:

. -1
¥f,=2Re al{Tr[— efiy s, (s's) (s'w) 1, DA*]}
| (D.12)

o -1
+2Re al{Tr[e3f'IB s, (s's) (s'u) a'a DA*]}

The two matrices are almost identical, the MM identity matrix Ip4 being replaced by the MM matrix

ATA ,with the same norm equal to M according to (D.9). The difference is in the coefficient, -€ for
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4

the first, €3 for the second . This justify our approximation of the gradient by the first term of (D.6)

which may be written:

vt = 2rea{Te[s1y(1-119) S PJ}
(D.13)

-1 -1
p-(s's) s'r,s(s's)
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FIGURE CAPTION '

Table I- Theoretical variances.

Fig.1 -Variation of cos B, as a function of source separation compared to the Fourier

resolution.

Fig. 2 -Theoretical variances for p=0 . Comparison with Monte Carlo results.

Fig.3 - Theoretical variances for p=0.9, A f =1. Comparison with Monte Carlo results.

Fig.4 - Theoretical variances for p=0.9, A f =0.063. Comparison with Monte Carlo results

Fig.5 - Contour plots without noise for AMLLM, RAMLM, p=0.9 . For p=0: the same as in

cand d (a =[12) . For MUSIC, any p for a: the same asd.

Fig.6 - Convergence of MUSIC, RAMLM,AMILM for three initialization points.

Fig.7 - Typical contours plots in presence of noise (Af=0.063 , SNR = 50 dB , p=0.9)

Fig.8 - Distribution of (8, 8, ) estimates for 100 Monte Carlo trials ( p=0.9, SNR= 50
dB, Af=0.063)

Fig.9 -Performance of AMLM for one snapshot (Q=1).
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ARTICLE 3
An asymptotically unbiased estimator for the poles of a rational

transfer function,
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AN ASYMPTOTICALLY UNBIASED ESTIMATOR FOR THE POLES

OF A RATIONAL TRANSFER FUNCTION
Sylvie Mayrargue
CNET/PAB/RPE
38-40 rue du Général Leclerc
92131 Issy-les-Moulineaux
France

Abstract A recent correspondence compares several methods aiming to decrease the bias in the
Kumaresan-Tufts (KT) algorithm for estimating the parameters of rational transfer functions in
additive white noise [1] . By means of Monte-Carlo simulations, it was shown that the best method
in most cases was the so-called "Bias Compensated KT method" (BCKT) .

We show that another variant of KT, the Improved Pisarenko (IP) method [2] is
theoretically asymptotically unbiased. We also show that the difference between KT and IP is that a
linear system is solved in the least square (LS) sense for KT, and in the total least square (TLS)
[3],[4] sense for IP.This last result was already partially shown in [5].We show that BCKT and IP
are asymptotically identical.We present simulation results for the three methods. '

I-INTRODUCTION

This paper deals with estimating the parameters of damped exponentials, or equivalently
the poles of ratlonal transfer functions, when the signal is buried in white noise.

. Several methods performing this esnmanon exist, among which the KT method [2] [6]
However, it has been acknowledged that this method is biased. Several attempts have been made to
decrease the bias, giving rise to a number of variants. A recent correspondence compares these
variants [1]. By means of Monte-Carlo simulations, the best method in most cases was shown to
be the "Bias Compensated Kumaresan and Tufts method" (BCKT) [7]. o

In this correspondence, we first prove theoretically the existence of the bias of the KT -
method. We show that it is due to the use of LS method for solving a linear system both sides of
which are corrupted by noise. We then recall the IP method [2], which is a variant of KT and was
not included in the comparisons of [1]. We show that it is asymptotically unbiased due to the fact
that IP solves the same linear system as KT, using TLS instead of LS.That TLS could be applied to
solve the linear system in KT was already noticed by [5]. However, the authors did not realize that
the resulting method was the IP method of [2]. Then we use properties of TLS [4] to show that IP
is asymptotically identical to BCKT.

We compare KT, BCKT and IP by Monte-Carlo simulations, using the example given in
[1]. As expected, KT is biased, while BCKT and IP are both almost unbiased. |

II-PROBLEM POSITION

Let us assume that N data points of the following form are given :

Y =hyg + & 1<k<N

where € is a zero-mean Gaussian noise with variance 62, and hy is the impulse response
of the rational transfer function



106

M-
dzM1t + .. +dy d(z)
H(z) = M-1 = ™M @
z + alz + ... + aM

[z-u)
i=1

(note that the poles J; are assumed to be simple).

Since the degree of the numerator is smaller than the degree of the denominator, we can

write, with A; the residue of H(z) at ; .
M A

Hiz) = 2, —

i=1 (Z "l»li)

We have :
M o
- -1\0n
Hz) = 2 Az 2 (w2
i=1 n=0
M k-1
Hence , h = ) )‘iui

i=1
Thus we can see that the initial problem of retrieving the poles of a rational transfer function from a
finite sample of its impulse response embedded into white noise is identical to the identification of
damped exponentials embedded into white noise. Since H(z) is assumed to be a stable filter, the iy
will lie inside the unit circle so that the by are samples of damped exponentials.

- III-TUFTS AND KUMARESAN'S (KT) METHOD

ITI-1 Description of the Method
KT method applied to damped exponentials has been presented [2], [6]. We briefly recall
this method.
~ Consider the following linear system ( backward direction), with M <L <N-M :

(Y5 Y3 Vi |[By ] (Y1 ]
. Y3 Y4 YL+2 .
—_ - = ] 2a
N-L N-L (22)
Y N-L+1 yn JBL] Y N-L]
or : Ab =-q (2b)

(The reason for the normalization factor 1/VN-L will appear later ).
Without noise, this system would be

_ -7 .07 ~ -
3 h4 hL+2
1 1
— = —— (3a)
N-L N-L
0 h
PNCLe by | B, | IN-L
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or : Agb0=-ay (3b)

It is well-known that A has rank M. Hence A, is singular. Therefore (3) has an infinite
number of solutions, from which the one with minimum Euclidean norm is selected by the KT
method:

bt = - Ag* o ( # : pseudo-inverse).
T I
—_ +
Let Ay = k§=)1 oL UL vy

(* means conjugate transpose)
be the singular value decomposition (SVD) of A . 60 are the singular values, vi0 and u 0 the

right and left singular vectors, respectively. Since op 1% = ... = OinfaN-L)° =0, we can
write
4 0 ,0,0+
A, = kz=:1 G UL Vi
and ber = — 3 00 (@t o) Ve
Let b =[ B;XT, ..... , BrXT1, and consider the polynomial B(z) given by

B(z) =zl + B{KT zL-1 4+ .. + B KT.
B(2) has exactly M roots outside the unit circle (i.e. { ! }). The remaining L-M roots
. lie w1th1n the unit circle.
In the case of n01sy data, A is generally full rank In order to take 1nto account the
underlymg rank M structure of A, A is replaced by the nearest (in the Frobenius sense) rank M

matrix, which is (Eckart-Young theorem) :
A =
T4 kU Vi

where Op are thc M largest singular values of A, vy (resp. uy )the assoc1ated right (resp left )
singular vectors.

(2b) thus becomes Ab=-a @
The minimum-norm solution of (4) is given by
ber = - Yo (" o) v &)

A polynomial ﬁ(z) is built as above using the coefficients of /BKT. The M largest roots are
selected . They are taken as estimates of { ! } and denoted by {-ﬁk'l I3

IT1-2 AbKT is an asymptotically biased estimator of by
Let us first provide another expression for f)\KT . From the definition of SVD, we know that

u= Avy/oy
R M

Thus : ber = -3 %‘;— vi (A*e) (6)
k
(Note that  Dgp=- (A*A)¥A*a = - (A+*A)*A+ar )

We prove in Appendix A that , when the amount of data N tends to infinity :
Ato - A0+ g
Vi o v k=1,..,M almost surely (a.s.)



but sz -

(O'ko)2 +02

/N
so that bKT 7é bKT

A
II}KT is thus an asymptotically biased estimator of bk, and the roots of B(z), the associated

polynomial, are biased estimates of 1. Note that here "asymptotically” means that the number of

~ samples N tends to infinity , while L (the length of b) remains a constant.. This may seem

contradictory to the assertion of Kumaresan [8] and other authors , who prescribe to choose L

proportional to N in order to optimize the variance of the ;. However, this contradiction is only

apparent, since L is anyway limited by the computational load that
untractable for large L.

The existence of a bias in the solution of (2) is to be related to a known result for linear regression ,
namely that the LS solution to a linear system with "errors-in-variables" (i.e. with noisy

measurements on both sides) is asymptotically biased [4],[9].

IV;IMPROVED PISARENKO (IP) METHOD

The IP method was first presented by Kumaresan [2], [10]. Let us give an outline of the method.

The range of L is again chosen between M and N-M.

Consider the following homogeneous linear system :

or

(Y1 Y,
Yo Y4
| YN-L

yL+l

Y2

Y'm

Ab'=0

-
Py

L

=[0] (7a)

(7b)

where A’ denotes the augmented matrix [ a| A] with oo and A the variables of Section ITI .

Throughout this paper, a vertical bar will be used to separate submatrices or vectors components.

Without noise, this system is :

-hl

by

_h N-L

or A)b'=0,
with A'g=[ag| Ag]
A’p has rank M , hence is singular. Its nullspace is (L+1-M) dimensional. The solution b'[p is

h
h

2
3

L+1

1
Py

P

= [0] (8a)

(8b)

taken as the minimum-norm vector having first component equal to 1, lying in this subspace.

would become quickly
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Let v'0, be the right singular vectors of A'y, with indices k such that { v, k=M+1, ..., L+1}
span the nullspace of A'.
It is easy to see that the solution provided by the IP method is given by [2], [10]

L+1 M—-
STV e- Xviam
b'w = k=M+1 = k=1
Ip L+1 2 M 2
> Vil =X
k=M+1 k=1

where
v'0, (1) is the first component of v', , the horizontal bar denotes complex conjugation and
e,;=[1,0, .. ,0]T where T means transpose.
LetbpT=[1 | bpT].
The definition of b'fp as the minimum-norm solution of (8), leads to

bp= bgr.
In the case of noisy data, A' is full-rank. A' is replaced, as was A in Section III, by its nearest
rank-M approximation

A= é\c’k u'p Vit
where G'y are the M largest singular values of f&', V', ( resp.u’y) are the associated right (resp.
left) singular vectors.With this modification, (7b) becomes

Av=0 e
. The minimum-norm solution of (9) is givenby ‘
L+1 , M
2 Viive o= TV (v
B-IP — k=M+1 - k=1 (10)

L+1 5 M ' 2

X M |? 1= 3 v

k=M-+1 k=l '

! A
(Remark : lﬁt/t;n) be defined by bpl=[1 | l?lp T ./t;rp is not equal to /BKT )

Reasoning as in Appendix A, we can show that vy = v a.s. when N tends to infinity.
,g[p is thus an asymptotically unbiased estimate of byp.

Solving the homogeneous linear system (7) as performed above, is by definition solving
the linear system (2) in the Total Least Square (TLS) sense ( see [3],[4] for definitions and
properties of TLS, [5] for application of TLS to this present problem.)

V-RELATIONSHIP BETWEEN BCKT AND IP

Let us describe BCKT.
BCKT is derived from KT and uses the fact ( Appendix A) that
o - 0’2 +0? a.s. , in order to reduce the bias.

Firstly, an estimate of ¢ 2 is computed by

2 1 L
& =1 - z 02k
k=M+1

(This is a consistent estimate of 62 [4],[9])
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A
Then, bgr of Eq.5 is replaced by

o

A K +

bpexr = - ) oz (v
k=1 o -6

Let us show why/t}BCKT can be expected to be a less biased estimator of b than gxcr
Indeed, letting ug = A vy /Oy, we obtain

beckr = - % —29](7 L Vi (ATo)vy =~ %Al —2&77 vk (ATa) (11
' k=1 Oy —0~ Ok k=1 Ox —C
We can compare (11) to (6).
Since Ato - Agtag
cl-02 _, o 02 a.s.
Vk - v

/BBCKT is asymptotically unbiased.
~ ~
Note that byeyr = - (A+ A - 82 A*a = — (A+ A - 21, )* A*a , (where I, means the
L-dimensional identity matrix).

We are going to establish that /B,P can also be approximated by - (1/5:+ A- o2l ¥ A+t
It has been proven that (A+ A - 62I}) glp = — A*a under the assumption that the L+1-M
smaller eigenvalues of A+ A' be approximately equal to 62[5]. In this case, we can consider

* . that A*A -02l has rank M, and is thus equal to A+ A - 621, .We show in Appendix B that b is

indeed the minimum-norm solution of (A* A - 62I}) bp =— A*a .
VI-SIMULATIONS RESULTS

We use the example given in [1].

_ 0.5 0.5 . _ )
H(Z)_Z—H+z—ﬁ , with u=0.72 +j0.54
z—0.72
H(z) = 12
@ 22 —1.44z+0.81 (12)
Thus, with the notations of Section I, a, =-1.44 a, =0.81

In the following, we will be interested in the bias and standard deviation of a; (resp. a,),
which are the estimates of a; (resp. a,) obtained by the different methods.

The number of data points is assumed to be N = 40.

The order L of the polynomial B(z) is assumed to be 8.

The noise root mean square ( r.m.s.) value ¢ is given the different values 0.05, 0.1, 0.2
a~d 0.3. For each value of ¢ , we ran 500 Monte-Carlo simulations, first with the original KT
method, then with BCKT, and eventually with IP.

The biases and standard deviations of the estimates of a; and a, are shown in Table I.



TABLE I

Performance Comparison of KT, BCKT and IP methods for example (11)

c Method Bias a; Bias a, Standard
Deviation a,

0.05 KT 0.69x 10-2 0.88x 102 0.0134
BCKT 0.28x 1073 0.54x 103 0.0136
IP 0.30x 103 0.57x 103 0.0135

0.1 KT 0.26x10-1 0.34 101 0.0277
BCKT -0.2x 104 0.11x 102 0.0289
IP -0.33x 103 0.77x 103 0.0280

02 KT 0.97x10! 0.14 0.200
BCKT 0.46x 102 0.18x 101 0.155

IP -0.46x 102 0.12x102  0.0719

Standard
Deviation a,

0.0122
0.0126
0.0124

0.0235
0.0261
0.0250

0.116
0.072
0.0528

We can see that BCKT and IP exhibit very small bias, even for small size of the data set ,which is
not the case of KT. The variances of the three methods are similar for 6 =0.05 and 6 = 0.1, and

BCKT and IP improve upon KT when 6 =0.2 .

APPENDIX A
Let  E=A-A, be the noise matrix

e = O -0y be the noise vector corrupting o .

1) Let us first prove that At - > Aptoy a.s.
Wehave Ata =Ajtoy+ Etog+Agte +Ete

Consider any element of E* o, . It is of the following form :
1 N-L
N-L 2 Eixb

=1 i+k 1

for some k21

To prove the convergence to zero of the above expression,we use a Large Numbers Law,

described in the following theorem [11]:
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Let X, be independent variables, with E(X, ) = 0 (where E means expectation) .

(- -2 2
| (S E(X) , then Xpt e X > 0a.s.
n=1 n

Let X, = hn €4k Recall that the noise was assumed to be zero-mean and white, so that the &,
(and thus the X, ) are independent variables. Obviously, E(Xp) = 0, and
since |hn2 <= Ikl | |2, the above series is convergent, and the theorem is applicable.

We thus have
1 N-L
'ﬁzlel_,_kh T) 0 when N — o
1=

(Note the importance here of the normalizing factor 1AN-L).

A similar demonstration results in
Agte— 0 a.s.

As to H*e, any of its elements has the form
1 N-L
N L i§18i+k8i for k=1 (A
Let X; = €; €,x- We have E( X; ) = 0. We cannot use the Strong Law of Large Numbers [11]
straightforwardly since the X are not mdependent However let us partition the (X; }intok

subsequences {X; (l)} as follows :
Xl 0) = _]+(l~1)*j j =1, cees g k .

For a given j, the X; ) are independent and equidistributed, hence the Strong Law of T.arge
Numbers holds, so that

Xl 0+ X2 O+ ... + XN @

N

Since this is true for all j from 1 to k , summing (A2) over the k possible values of j gives
X1+Xo+ .. +XN

N

which completes the proof.

> 0 a.s. (A2)

-------- >0 a.s.

2) Let us now prove that

ol 0’2 +02 a.s.
i o % '

Wehave A*A-02 - AytAg=E+Ayg+AgtH+E+*E-0G2L

As we saw above , E*Agand AgtE tend to zero a.s. when N tends to infinity.

As to E+E - 021, the off-diagonal elements are of the form of Eq.(1) , hence they tend to zero.The
diagonal elements have the following form: 1/(N-L) X (g2 — ¢2). The Strong Law of Large
Numbers ensures that these quantities tend to zero a.s. when N tends to infinity. Hence,

A+A -02l- Ayt Aytends to zero a.s. when N tends to infinity. Let x«(N) be an upper bound
for its elements. x(N) ----- >0 when N ----> oo,

Using a theorem of [12] about symmetric perturbations of symmetric matrices, we can assert that
lo2-02 -0, 02 | <L x(N). Thus o2 0’2 +02 a.s.
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A theorem of [8] about perturbations of eigenvectors associated to simple eigenvalues, ensures that
Vk — vglas. fork=1, .., M. In fact, in the case when some of the o0 would not be distinct,
the demonstration of [8] can be generalized. This completes the proof.

APPENDIX B
A" A'- 621 ,, has approximatively rank M, and can be written as V' (Z2-021Iy) V't
where Vis=[Vv] | ... |V'M ] and X =diag (0;,..., Oy ). Remembering that

+ +y o el +
ATA -6l = [Z+] [a Al-o’l ={z+o; ° :+2 _ czlL]
we can write A*A - 62 = VT (£2-621y) V' T+ (where V'(T means V'y deprived from its
firstrow) and- Ato=- V'ST (Z32-02)wt (where w = [v'{(1), ... ,viu(D)] ).

Note that w is a row vector.

Since A+ A -o% = A+A- o1}, we have

-Ar A -ou)* Ara=— (VT E2- 2Ly (VT VT (E2-02 L) w+

=- VT (VT VD1 E2- 02 L) (VT VDIV TV T (22-02 Ty ) w+

=- VT (VT VD lw+=V T Qy-wrw)lw+r=-V T (Iy+ wrw/1- Hwl2)w+
(inversion lemma) _

=- V'ST wt/(1- [ wi B) =ng (see Eq. (10)) , which completes the proof.
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ABSTRACT

We present a general block-formulation of the LMS algorithm
for adaptive filtering. This formulation has an exact equivalence with
the initial LMS, hence retaining the same convergence properties,
while allowing a reduction in the arithmetic complexity, even for
very small block lengths. Working with small block lengths is very
interesting from an implementation point of view (large blocks
means large memory and large system delay) and allows nevertheless
a signifiant reduction in the number of operations. Furthermore,
tradeoffs between number of operations and convergence rate are
obtainable, by applying certain approximations to a matrix involved in
the algorithm. The usual block-LMS (BLMS) hence appears as a special
case, which explains its convergence behaviour according to the type
of input signal (correlated or uncorrelated).
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. INTRODUCTION

Adaptive filters are widely used in many applications,
including system modeling, adaptive antennas, interference
cancelling and so on [1,2,3]. Some of these applications require large
FIR adaptive filters (straightforward adaptive acoustic echo
~ cancellation would require filters of about 4000 taps), and it is
therefore important to reduce the computational load of these tasks.

Usually, this has been performed by block processing, in
which the filter's coefficents remain unchanged during a chosen
number of samples N which is the block size. Reduction of the
arithmetic complexity is obtained by making use of the redundancy
between the successive computations, -using the same techniques as
the ones used in the fixed coefficient filtering.

Several techniques are known to reduce the arithmetic
-complexity of fixed coefficient FIR filtering. The usual ones are
based on FFT's (most of them) or on aperiodic convolution (possibly)
as an intermediate step. The main drawback of these methods is that
they requie large block processing : N is usually twice as large as
the filter's length, which becomes very large for the very
applications where a reduction in the arithmetic complexity is
required.” Furthermore, these classical fast algorithms involve a
global exchange of data inside this large vector, a situation always
difficult to manage with in actual implementations. On the contrary,
the initial computation is a multiply-accumulate operation, which is
very efficiently implemented, either in software or in hardware. In
some sense, the fast algorithms have lost the structural regularity of
the filtering process. Nevertheless, a new class of fast FIR filtering
algorithms taking these considerations into account was recently
proposed [9,12,13] : for a given block length, which may possibly be
small, these algorithms allow a reduction of the arithmetic
complexity (of course, the larger the block size is, the smaller the
computational complexity per output point is), while retaining
partially the usual FIR filtering structure : The multiply-accumulate
operation is still a basic building block of these algorithms [19].
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And indeed, all the above techniques were already used in the
adaptive case, from the classical ones [7,8] to the most recent ones
[15] or, even, more exotic ones [18]. The implementations in the time
or frequency domain [6], although proposed independently were early
recognized to be equivalent [14].

Nevertheless, the requirement for these techniques to be
applied in an adaptive filtering scheme (i.e. the "blocking" of the
coefficients during N samples) results in a different behaviour of
block adaptive algorithms compared to the sample-by-sample LMS,
excepted in the very special case of uncorrelated inputs. Indeed, we
illustrate on an example in this paper that the block-LMS (BLMS)
algorithm has a smaller convergence domain than the LMS algorithm
in the case of a correlated input, resulting in a slower overall
convergence to ensure stability (this is the reason of the well-known
divided by N adaptation step).

In this paper, we show that this drawback is removable, and
that the availability of small-block processing techniques allows the
derivation of computationally efficient block-adaptive algorithms
which behave exactly ke their scalar version. Some additional
degrees of freedom exist that can even make the block algorithms
converge faster than the non-block version.

This paper concentrates on the LMS algorithm, in the FIR case.

First, by working on a simple example, we prove that we can
reduce the arithmetic complexity of the LMS algorithm without
modifying its behaviour : the algorithm obtained is mathematically
equivalent to LMS.

This is generalized in section Ill where it is shown that the
LMS algorithm on a block of data of size N can be turned into a "fixed"
filtering with some corrections, plus an "updating" part which
generates the next taps. This algorithm is only a rearrangement of
the initial equations of the LMS. Using the method "fast FIR filtering"
for the fixed FIR part results in a so-called "Fast Exact Least Mean
Square" (FELMS) algorithm, in which the total number of operations
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(multiplications plus additions) is reduced whatever the block size
(N) may be. For example, with N = 2, the number of multiplications
can be reduced by about 25 % with a little increase of the number of
additions, and this without any approximation. Furthermore,
considering larger blocks results in a "mixed radix" LMS adaptive
fiter with increased arithmetic efficiency, the reduction in the
number of both multiplications and additions being commanded by the
block size.

On the other hand, we prove that the usual BLMS algorithm [8]
is a special case of the FELMS algorithm, with an approximation on a
matrix involved in the updating of the coefficients, which is the
origin of the difference between the convergence rates of BLMS and
LMS for correlated inputs.

Other approximations on that matrix lead to new algorithms
(Fast Approximate Least Mean Square - FALMS) where the
convergence rate is almost that of LMS with a number of operations
still reduced compared to FELMS.

A table comparing the number of operations of the various
algorithms is provided.

Finally, we show that this technique can be applied to several
variations of the LMS algorithm (such as normalized LMS, sign
algorithm).

All these points are illustrated by simulations of an acoustic
impulse response identification.

. AN EXAMPLE OF AN LMS ALGORITHM WITH REDUCED NUMBER
OF OPERATIONS

An LMS adaptive structure has the overall organization
depicted in fig.1, where :
(1)
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9mwf§xm—nhmn=ﬂmwﬂm=Hmem)

L being the length of the filter, X(n) the observed data vector at time
n:

The algorithm for changing the weights of the LMS adaptive
filter is given by :
(2)
a)
e(n) =y(n)-X'(n)H(n)

b)
H(n +1)=H(n)+ pe(n)X(n)

where p is a parameter that controls stability and rate of
convergence, and e(n) is the system error at time n.

It is well known [4] that if the adaptation constant Lois
chosen such that :

2

0 _—
e ne (]

where E[ . ] denotes statistical expéctation, then the mean of the

weight vector H(n) will converge to the optimal solution of Wiener -

Hopf.

Our aim in this section is to provide, for a simple example, an
exact equivalent of the algorithm of eq. (2) requiring a lower number
of operations per output point. It is hoped that this will be obtained
by working on small data blocks, in such a way that the overall
organization of the algorithm is simple. Let us consider the simplest
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case : a block size N=2.

Let us write equations (2) at time n - 1 :

(3)
e —1)=y(n -1)- X' ~1)Hn - 1)
(4)

H(n)=H(n - 1)+ pe(n - )X - 1)

substituting (4) into (2) a), we obtain :

(e5<31)=y<n)—X‘(n>H<n—1)—ue(n ~1)X'(n) X(n - 1)
=y(n) =X (n)H(n - 1) -e(n - 1)s(n)

with :

s)=pX'(n)X(n-1)

Combining eq. (3) and (5) in matrix form results in :

(6)
- t — —
T R A SRR PR e

or
yn -1 [X'n-1],,
[y(n) } [Xt(n) ]H(n 1)

FS(”) (1)][222)— 1 )]

hence :

(7)
o ot STy o]

The second term of this equation appears to be the
computation of two successive outputs of a fixed coefficient filter.
Thus, we can apply the same technique as explained in ref. [9] :

(8)
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hy ]
h
X n - 1) x(n=1)x(n -2).....x(n-L) 7 1
L(t(n) }H(” 1)=[ x(n) x(n=1) ... x(n—L+1)}; (n-1)
-hL-1_
hy ]
h2
AL
x(n =1)x(n =3) .. x(n-L+1) x(n-2)x(n-4)...x(n -L) (n-1)
_[ x(n) x(n-2)..x(n -L) x(n—1)x(n—3)...x(n—L+1)_h
’
h3
-hL—1_

in which the even and odd numbered terms of the invoived vectors
have been grouped. Furthermore, in order to obtain a more compact
notation, let us suppose L to be even, and define :

=[x(n-2) x(n -4)...... x(n-1L)
t
Ho(n—1)=[h0 hy oo h  ,l(n=-1)
t
H1(n—1)=[h1 h3 ...... h _4T(n=1)
Equation (8) can now be rewritten as :
(9)

X' - 1) [A1 Az}[”o}
H(n - 1) = 1
I:Xt(n) } (=1 Ay AylH, 0=7

The same kind of work can be performed for the updating of
the filter taps. First substitute (4) into (2) b) :
(10)
H(n+D)=HMm-D+ue(n)X(n)+ue(n—-1)X(n-1)

or, with the above notations :
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H H Al - [A
{H?](n +1) =[H?}n -1)+ ue(n){}\f} pe(n -1 ){Aﬂ

The following set of two equations is now seen to be the
exact equivalent of the initial definition of LMS given in (2), for a
block of 2 outputs :
(12)

-e(n—l)] |: 1 O] [y(n—l)] [Al AZ][H ]
a) = - (n-1)
L e(n) —s(n) 1][{y(n) Ay A, || Hy
[H, _[Ho A} Aj {[e(n—1)
® _Hl](nﬂ)_[Hl](n_m”L; A;]L(n) ]

Now, the reduction in arithmetic complexity can take place,
by rewriting (12) as :
(13)

2 'e(n—l)]_[ 1 0} [y(n—l)]_[Al(H0+H1)+(A2-Al)Hl](n_l)
le(n) | [-sm) 1]][y(m Ay (Ho+Hy)— (A - Ag) Hy

_ : ) o
? b :l(n_”) |: 0}(n_1)+u Aj(e(n-D+e(n))—(A;—Ag) e(n)
L H Al(e(n-1)+e(m)+(A, —A)) e(n—1)

—

Considerations similar to the ones in [9] will allow to
evaluate precisely the number of arithmetic operations involved in
(13) :

The filtering operation Aj(Hg + Hy) is common between the
two terms of (13) a), and the overall arithmetic computation is now
that of 3 length N/2 filters, instead of 4, like in eq. (12). Two of them
are applied on combinations of the input samples, namely :

(14)
A —A (n=-2)=-x(n-1),...... X(n—-L)-x(n -L +1)]

=[x
=[x(n-1)-x(n),... ... X(n=-L +1)=-x(n -L +2)]

The apparent number of additions involved in (14) can be
reduced by noticing that the previous set of scalar products
(XY¥(n-2)H(n-3), XYn-3)H(n-3)) already required nearly the same



operations, which were stored in the filtering process and that only
two new additions are to be computed : (x(n-2)-x(n-1)) and

(x(n-1)-x(n)).

This results in the overall organization of the algorithm as
depicted in fig. (2).

Note also that s(n), although being defined as a scalar
product of length L, can be computed recursively from s(n-2) as :

(15)
s(n)=s(n-2)+pu[x(n —=1)x(n) +x(n -2))
-x(n-L-1)x(n -L)+x(n-L -2))]

The second expression in the brackets was already calculated
at time n-L, thus (15) requires only one multiplication and three
additions. Furthermore, if the adaptation step p is chosen as a
negative power of 2, multiplication by p will be considered as a
shift, instead of a general multiplication.

The comparison of the arithmetic complexities is now as
follows

Computation of the LMS algorithm, as expressed by (2) and (3)
for two successive outputs requires :

4 L multiplications

4 L additions,
the proposed algorithm, as expressed by (13) requires :

3 L + 2 multplications

4 L + 8 additions
for the same computation. This means that the number of
multiplications has been reduced (about 25 % improvement) with only
4 additions per output more, and without any approximation in the
initial equations describing the LMS algorithm.

The above approach is different from the one that has been
used previously for describing block adaptive algorithms [8,15]. In the
usual approach, the initial equations are rewritten in vector instead
of scalar form without changing anything else. We shall see in the
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following that this fact has a number of consequences on the
behaviour of the resulting algorithms. On the contrary, in our
approach, the reduction in the number of operations is obtained only
by a rearrangement of the initial equations, and there is an exact
mathematical equivalence between the initial algorithm and our block
version of it.

lll. GENERALISATION TO ARBITRARY N

The algorithm explained above for two successive outputs can
easily be generalized to an arbitrary block size N. We shall proceed in
the same way as in section |l : we first establish an exact block
formulation of the LMS, on which a reduction of the arithmetic
complexity is performed. '

l1.1. Ex lock formulation of the LM lgorithm

Let us assume that the block length N is a factor of the length
of the filter : L = NM (for a filter length that is not divisible by N, it
is zero extended to the smallest multiple of N to satisfy the
assumption), and let us write the LMS error equations at time n-N+1,

(16) _ _

re(n =N+ 1)7 [y = N+1)] X'(n -N+1) fe(n =N +1)7
en-N+2)| [yin-N+2)| |x'n-N+2) e(n -N +2)
- | H(n =N+ 1) - S(n)|.

e(n-1) yin-1) Xt(n ~1) e(n -1)
e(n) ver ] gy etn)
Nx1 Nx1 NxL Lx1 NxN  Nx1

with matrix S defined as follows :
(17)
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0 0
s,(n-N+2) 0

S(n) = 2(n—N+3) s1(n—N+3)
[Sn-1() SN -2(M)

where :

s.(n)=pX' ()X (n -1 =12, N1,

The filter weight will then be updated once per data block
(instead of once per data sample) in such a way that these weights
are equal to those that would be found in the initial LMS algorithm at
the same time. This will be performed by the following equation :

(18)

Hin +1)=H{M =N+ 1) +p[X(n =N +1) X(0 =N +2)

Lx1 Lx1 _ LxN

e(n — N +.1 ]
en -N+2)

e(n) |
Nx1

Both equations are stated in a more convenient form as

follows :
(19)
a) e(n)=yn)-X(nH({M -N+1)-5(n)e(n)

b)  H(n+1)=H(n =N+ 1) +uX'(n)en)

eq (19) a) can be rewritten as :
(20)
[S(n) +1]e(n)=y(n) - X(n)H(n =N +1)

) -
e(n) =[S(n) + 1T [y (n) - X()H(n =N +1)]
=G(n)[y(n) -X(n)H({N -N+1)]

Obtaining G (n) may seem intricate to compute, but, recalling
that G (n) is lower triangular, it is easily seen to be obtained by :
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G(n) GN_1(n)GN_2(n)......G1(n)
with
(21)
1 0 w0 0
0 1 :
H : b
Gi (n)= -si(n N+ +1) -s i_1(n -N i+t ). - s1(n =N ++1 ) 1 Helinei+1
0 0
: : 0

And, as a result, eq. (22) is now seen to be an exact block
representation of the LMS :
(22)
a) g(n)=Gn)[y(n)- X(n)H(n-N+1)]

b) H(n+1)=H(n =N+1)+pX (n)e(n)

Eq.(22) a) is easily seen to contain a fixed coefficient
filtering, during the period N.

Using the techniques described in [11], we can therefore apply
a reduction of the arithmetic complexity of this filtering during the
time its coefficients remain unchanged. This is obtained by first
performing a proper reordering of X and H :

Let us define :
(23)

Aj=[x(n -}) x(n =N-j) ...... x{n = Ni-=j)..... x(n—-L+N-=j)]

a row vector (1 x L/N), forj = 0,1,.......2N-2; i=0,1,....... ,(L/N)-1 and
(24)

H (n-N+1)=[h
for k=0,1,...... ,N-1.

-N+1)
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Then, X(n) expressed in terms of these polyphase components
turns out to be a block Toeplitz matrix.

(25)
Ay Ay e e e e Ao PonoTHy T
AN—2 N-1 '?2N—3 f-l1
X(MH(n-N+1)=|, . (=N 1)
A, Av M=
A, Ao oo eeveesiessins e Ans Ava [Hua

This block-Toeplitz matrix can be seen as the representation
of length-N FIR filtering where all the coefficients involved (x and h)
are replaced by blocks. Hence, fast FIR filtering, as explained in [9]
can apply. Note that, in the context of block-adaptive filterihg, all
the fast FIR algorithms should be used in their overlap-save version,
rather than overlap-add (in other terms, following [9] they should be
used in the version based on the transposition of polynomial
products). This is due to the fact that any reuse of partial
computations that has been performed in the previous blocks is to be
avoided if it involves a filtering.

Let us now consider more precisely the computation of each
term of eq. (22) :

As explained for the example N = 2, the computation of
S(n)= {sj (n)} can be performed recursively as follows :

A first equation (26) provides the expression of the first
column of matrix S (sj(n - N+i+1)) in terms of the last row of this
matrix (sj(n-N)) during the previous block :

(26)

i
si(n—N+i +1)=si(n -N)+pu[ X xin-N+i-j+1)x(n-N-j+ 1)
j=0

2 x(n-L-N+i-j+1)x(n -L-N-j+ 1)]
i

L=

for i=0,1,...... ,N-1



132

and eq. (27) provides the computations to be performed along the
sub-diagonals :
(27)
si(n +1)= si(n)+ pix(n +1)x(n —i +1)
-x(n—-L+1)x(n-i-L+1)]

Taken altogether, there are N(N - 1)/2 such equations,
requiring a total of N (N - 2) multiplications and (3/2 )N (N - 1)
additions.

Note that one multiplication can be saved in eq. (26) because
x (n - N +1) appears twice. This fact has been taken into account in
our operation counts.

It is also possible to show in eq. (22) that the combinations
of the input samples required by the fast FIR filtering process in eq.
(22) a) can be reused for the updating of the filter coefficients
(22)b):

In fact, all fast FIR algorithms can be seen as a
"diagonalization” of the filtering matrix as follows : If M is the
number of multiplications required by the length N (short) length FIR
filter, eq. (22) turns to :
(28)

a) ¢g(n)=G(n)[y(n)-A

Xd(n)(BH(n -N+1))]

b) Hm+1kﬂﬂn—N+U+u§x;myNgm)

where A is an N x M block - matrix, and B an (ML/N) x N matrix, both
of them involving only additions. X4(n) is block - diagonal, each
"block-coefficient” involving linear combinations of the
sub-sequences defined by (23). Eq. (28) clearly shows that the update
of H(n+1) involves the same input combination X!4(n) as the
computation of the error vector.

Let us illustrate these points on the special case N = 3 :
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The error vector is provided by :

(29)

e(n - 2)] [1 0 0 0 ofry(n -2 [X'(n-2)
[e(n_”}: i f0)-s(n=1) 1 0}ly(n ~1)|-|X'{n-1) Hn-2)
e(n) =S,(n) —s(n) 1o 0 1]ly(n) X' @)

and the computation of the second term of (29) is performed by a
length-3 fast FIR filter, as given in [19] :

(30)

X'(n -2) Ay Ay AH,

Xt(n—1) (n-2)= A Az A3 H1 (n-2)

X'(n) A0 A A, H,

Ay(Hy+H, +H,)+(A, - A )(H1+H )+ (A, =AgH,

| AyH +H, +H, )= (A, - A)(H +H)+(A —A)(H+H ) -[(Ag=A,) - (A, - AH
Ay(Hy+H, +H,) - (A, -A)X - (A=A

The equivalence with eq. (28) is as follows :

11000
A=110110}
10010 1

)_{d(n)= diag[A,, A, ~A A -ALA, -A, (A, -A,) - (A, -AL) A, —AO]
(resulting in an 6 x (6L/3))

SN DR
o 1 |

O O |

B=\_ _I o

O -1 O

-1 O ©
((6L/3) x L)

| and O being identity and null matrices of size (L/3) x (L/3).

The elements sj(n) are computed recursively, as explained in
the general case by eq. (26) and (27) :
(31)
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s1(n -1)= s1(n -3 +pu[x(n -2)(x{(n -1)+ x(n - 3))
: -x(n-L-2)x(n -L-1)+x(n -L -3))]

s1(n)= s1(n =1+ p[x(n)x(n -1)
-x(n-L)x(n -L - 1)]

sz(n)=sz(n =3) +u[x(n -2)(x(n) + x(n -4))+x(n = 1)x(n - 3)
-x{n =L -2)(x(n-L)+x{n -L-4))-x(n-L -1)x(n -L -3)]

Now, we adjust the weight vector as :

(32) t t t

0 Hy As At Polrgrn -2y
Hiln +1)={H, [n-2)+ulA] A} Al [e(n—1)}
H H, Al Al Al e(n)

4 3 2

H0 \ e(n - 2)
=/H, i(n —2)+uBth(n) At{e(n —1)}

H, e(n)

-Atz(e(n)+e(n -1)+ e(n—2))—(A2—A1)t(e(n)+e(n—1)) ]
- (A= A,)e(n)
H
0 Aj(en) +e(n -1)+e(n - 2))- (A, - A)' (e(n) +e(n - 1))

=|Hyn -2)+p

H +(Ay —A)) (e(n - 1) +e(n - 2))- (A, -A,)' - (A, - A))e(n - 1)
Atz(e(n) +e(n -1)+e(n-2))+ (A3 - A2)t(e(n -1)+e{n -2))
+(A, -Ay)'e(n -2)

This algorithm requires, for three successive iterations 4 L+7
multiplications and 5 L + 23 additions instead of 6 L multiplications
and 6 L additions for the LMS algorithm.

Note that, compared to the case N = 2, working with 3 outputs
at a time is now seen to be more efficient : the total number of
operations (multiplications plus additions) has been reduced by 25 %.

The main result of this section is that, provided that some
caution is taken (the S matrix of eq. (17)), nearly any fast FIR
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filtering algorithm can be used in an LMS algorithm to reduce the
arithmetic complexity, without modifying its convergence properties,
since there is an exact equivalence between both versions of the
algorithm.

lll.2. Two special cases of interest

.2.1. N = 2h

This is an important case, since simple and efficient
fixed-coefficient fast FIR filtering algorithms are known for this
type of length. A significant reduction of the arithmetic complexity
is thus feasible, even with small to moderate block lengths.
Straightforward application of the results of section Ill.1. results in
the following operation counts for a block of N = 20 outputs of a
filter of length L=NM.

Total number of operations :
(33)
2 (3/2)h L + 20 (3 2N - 5)/2 +1 multiplications

(34)
2 (2 (3/2)N - 1) L + 2n+1 (2N - 3) + 4 30 additions,

or, if we consider the number of operations per output :
(35)
2 (3/2)h M + (3 2N - 5)/2 + 1/20  muiltiplications

(36)
2 (2 (3/2)0 - 1) M + 4 (3/2)N + 2 (20 - 3) additions,

to be compared with 2 L multiplications and 2 L additions per output
required by the LMS algorithm.

It is easily verified that, as long as M > 2, FELMS will require
fewer operations than LMS. Note also that the second term of (35) and
(36) involves N=2N, instead of NM in the LMS. This term (2N) is due to
the computation of matrix S(n). This is the point where the
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availability of small block-processing made this approach feasible :
In fact, if N was of the same order of magnitude as L, FELMS would
require even more operations than LMS. The important point now is
that arithmetic complexities involve a term growing with N (updating
of S), and another one diminishing with N (fast FIR). Hence, eq. (35)
has a minimum : the zero of the derivative of (35) results in the
following "optimum" which provides the least number of
multiplications

(37)

Nopr=-0.6+0.7logoL

Table 1 provides the number of operations required by both
LMS and FELMS for various filter lengths, and a blocksize of the order
of the one given by (37). It is seen that an adaptive filter of length
128 can be implemented with half as many operations per point than
the LMS algorithm, with a block length of only 16. A reduction by a
factor near 4 is obtained for a filter of length 1024, and a block
length equal to 64. Compared with classical fast algorithms [14] our
approach offers an easier implementation, and compared with other
recent approaches [15], it allows a faster convergence in the case of
correlated inputs, at the cost of a sliynt increase of the
computational complexity (see table 1).

Note that the most interesting case in our approach is found
when the block size is smaller than the filter's length. This is clearly
seen from eq.(37).

The same kind of approach can be applied to different criteria
(e.g. total number of operations...) as was performed in the fixed
coefficient case [19].

.2.2. EFT- based implementations

One of the possible fixed-coefficient FIR schemes uses the
FFT as an intermediate step [12, 10], in which case matrices A and B
in eq. (28) turn out to be parts of Fourier matrices. Note that, in this
case, the Fourier transform is used only for "block - diagonalizing”
the block Toeplitz matrix of eq. (25), and that the usual constraint of
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the size of the FFT being twice the filter's length does not hold. With
the notations of this paper, the length of the FFT is twice the block
size.

The important point is that some of the properties of FFT are
known to be useful in the context of block - processing [15,16,17]. In
particular, the possibility of increased speed of convergence by using
different adaptation steps on the Fourier coefficients of the impulse
response of the filter is usually thought to be linked with the
orthogonality property of the DFT [21]. Hence, these possibilities of
increased rate of convergence should be kept in the implementation
proposed in this section, by using different adaption steps for each
subfilter (there are several possibilities for this task and a paper is
in preparation).

I11.3. Simulations

The above algorithms have been programmed for an acoustic
impulse response identification, in a scheme as depicted in fig. (3).

The system to be identified is described by an impulse
response measured in a real room (500 ms duration, sampled to
16000 Hz) with a slow movement of a reflector during the
experience. The model is an FIR filter of length 1024.

Fig. (4) provides the error curves of several algorithms in the
case of white noise input, and fig. (5), (6), (7) in the case of USASI
noise input (USASI noise is a correlated noise with the same
spectrum as speech). For the purpose of drawing, error samples are
averaged over 128 points to smooth the curves and normalized by the
corresponding input energy.

I.3.1. EELMS versus LMS

Curves of fig. (5) a) and (7) a) refer to both LMS and FELMS : In
both cases of simulations, they exactly superimpose. Since they have
an exact mathematical equivalence, this is not astonishing.
Nevertheless, this gives an indication on the accuracy issue of FELMS:
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the updating of coefficients sj(n) being performed recursively, one
may wonder if this computation could introduce any major drawback.
Curves of fig. (5) a) and 7) a) show that, after 9000 iterations, for a
simple precision (32 bits) floating point implementation, the two
curves could not be distinguished. It is further shown in Appendix A
that, in the case of fixed point implementations, this way of
computing only result in a slight increase of the residual error. It is
also shown that, in any realistic case, these errors cannot result in
an instability of the algorithm.

i1.3.2. EELMS versus BLMS

FELMS and BLMS are both block adaptive algorithms. The
number of operations of the first one is hardly greater than the
second one (see table 1). The question now is about their relative
convergence :

Simulations were first performed with the same adaptation
step u for both algorithms (the same n as used in the LMS). Note that,
compared to the adaptation step recommended in the classical paper
on BLiiS, this p is N times larger.

In the uncorrelated case, the convergence curves were almost
identical for any block lengths from'N = 2 to N = 128, exhibiting only
tiny differences : fig. (4) b) depicts the first BLMS curve that can
visually be distinguished from the LMS - FELMS case (curves for
FELMS are of course always identical to the one of fig. (4) a)
whatever the block size N may be).

In the case of USASI noise input, the situation is much
different : fig. (6) provides the error curve of BLMS with the same
step u as LMS and FELMS algorithm (fig. (5) a)) : Divergence is seen to
occur quickly. The solution to this problem is well-known : the
adaptation step in BLMS should be N times smaller than in LMS in
order to ensure stability. In this case, the algorithm converges, as
shown in fig. (5) b). Nevertheless, it is seen that the convergence is
now slower than in the LMS case, this drawback being stronger for
increasing N (see the N = 16 curve of fig. (5) ¢)).
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From these simulations, it is clearly seen that BLMS performs
best for uncorrelated inputs, in which case it is equivalent to LMS
provided that the adaptation step is chosen N times larger than
usually. Correlated inputs result in a reduced convergence region. The
"better” convergence of BLMS reported elsewhere [7] in the case of
frequency domain implementation seems to be due only to the use of a
different adaptation step on each coefficient, which is also feasible
for the proposed algorithm (see section 111.2.2.).

This has to be compared with FELMS which always has the
same error curve as LMS, whatever the input signal and block size
may be. Eq. (22) is used in the next section to explain precisely why
this behaviour of BLMS occurs.

IV. TRADING CONVERGENCE_ _SPEED FOR__ARITHMETIC
COMPLEXITY '

In fact, (22) can be seen to be the same set of equations as
the definition of BLMS [8,15], but for the term G (n) : Taking G(n)=lI,
the identity matrix, turns FELMS to BLMS, together with an eventual
change of u. The role of this matrix (or matrix S(n) in eq.(19)) is thus
seen to be crucial in these algorithms.

IV.1. Interpretation _of matrix S

A straightforward calculation shows that, under the
following conditions :

- the input signal is ergodic
- the filter's length L is large enough to provide acceptable
average of the statistics of the signal.

We have as a result :
(38)
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L=
s1(n)=u'2; x(n—i)x(n -1-i)>puL E[x(n)x(n -=1)]=pnLlr(1)
i=
L -1
sN_1(n)=u.Z x(n —i)x(n =N+1-i)->pLE[x(n)x(n-=N+1)]=pLr(N-1)

i=0

where r is the autocorrelation function of the input signal.
Hence, S converges to :

(39)
0 0 PP ¢
r{) 0 :
r(2) r(1)

SA=p.Lf r'(2)
r(N=1) r(N=2)......... r2) r(d) o]

Note th;lt since :
O<pu<2/Lr (0
and :
r0))|r() vi=0
we obtain :
plir() (2 Vvi=0
which gives an indication on the range of the s;.

IV.2. Various approximations on S :
Iv.2.1. BLMS
We have already seen that BLMS can be seen as an FELMS

where the S - matrix has been taken equal to zero. The results of
section IV.1. explain why this does make sense whenever the input is
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uncorrelated, since in this case the autocorrelation coefficients are
equal to zero. ’

Nevertheless, when the input is correlated, this may be a
drastic approximation : fig. (6) shows that, when used with the same
adaptation step as the initial LMS, BLMS diverges soon, even for such
small blocks as N = 4.

IvV.2.2. EALMS

Hence, the difference between FELMS and BLMS is seen to
depend only on the statistics of the input signal. In many cases, if N
is large enough, it will not be necessary to take into account the high
order correlations of the input signal. It is therefore reasonable to
keep only a few sub-diagonals in matrix S, up to the point where the
correlation coefficients are known to be small enough. This will
result in a Fast Approximate Least Mean Square (FALMS) algorithm
which will have a faster convergence compared to BLMS, and an
arithmetic complexity still reduced compared to FELMS. Tabie 1
provides the corresponding number of operations, in the case where
logoN subdiagonals are kept. Note that this number of sub-diagonals
should not be used as such : The number to be kept clearly depends on
the correlation of the input signal. This rule-of-thumb was used in
our example to provide a precise evaluation of the number of
operations.

We have simulated this so-called FALMS algorithm under the
same conditions as previously. Using USASI noise input, logoN
subdiagonals were enough to make FALMS behave much like LMS : fig.
(7) a) gives the adaptation curve of FELMS for N = 64, which is
exactly the same one as would have been provided the LMS algorithm.
Fig. (7) b) provides the error curve of FALMS for the same
blocklength, and the same adaptation step i, but using only six
subdiagonals. Both curves are seen to be quite similar. The error
curve of BLMS, with an adaptation step ensuring stability would be
completely out of scale, and has not been plotted.

Let us point out that the main motivation for using an
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approximate S-matrix is not so much with arithmetic complexity,
since it is seen in table 1 that FELMS, FALMS, and BLMS require
comparable number of operations. Main advantages should be lower
memory requirements and easier organization of the resulting
program.

Table 1, together with fig.7 shows that FALMS is a good
tradeoff between algorithm complexity and speed of convergence.

Let us also point out that in the simulations of fig.7 BLMS
saved 60 % computation time compared with LMS, but with a slower
convergence, while FELMS saved 50 %, with exactly the same
behaviour as LMS - These timings should not be taken as definitive
ratios, the best implementation of FELMS is a subject of further
study.

Another remark is that FELMS keeps another advantage of
BLMS: the filter weights are updated once per data block, which
reduces the amount of data flow. This is useful in DSP or VLSI
implementations.

IV.2.3. Blocking the S matrix

An important practical situation is the case when one knows
that the input is stationary, but one does not know its statistics.

FELMS can be used to obtain the signal autocorrelation, and
when the values of S are stabilized, the recursions on the elements s;
can be stopped, and the remainder of the algorithm will use the
obtained values.

Fig.7-c provides such a simulation where the s; were
estimated during 2048 samples (twice the filter's length) using the
FELMS equation (19) and then blocked to the obtained values. The
resulting error curve is seen to behave much like the initial LMS.

V. VARIATIONS OF THE LMS ALGORITHM

Our purpose in this section is to show that, although derived
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for the straightforward LMS algorithm, the technique described above
is of more general application. As examples, we have chosen the
normalized LMS and the sign algorithms. Of course, we do not fully
derive the algorithms, but only provide their block formulation, on
which the fast FIR algorithms can easily be applied.

V.1. The normalized LMS algorithm

In this algorithm, the adaptation step is normalized by the
input energy, and this results in a better convergence rate compared
with the initial LMS. The normalized LMS equations are :

(40)
H(n +1)=H(n)+ p(n)X(n)en)

e(n)=y(n)- X' (n)H(n)

=——%—— with 0 2
r(n) Xt(n)X(n) wit (al

And, using the techniques described above, it is possible to
obtain an exact block formulation of the normalized LMS :
(41) |

re(n =N +1)7 [y(n =N+1)] X'(n =N +1)] e(n =N +1)]
en-N+2)| |yn-N+2)| |X'n -N+2) 2(n =N +2)
= - H(n =N+ 1) - S(n)

e(n - 1) y(n-1) Xt(n—1) e(n -1)
L O o)

S(n) being defined as in eq.(17), but with a different
definition of sj (n) :
s.(n)=X"(n)X(n —i)

e(n) and u(n) aredefined asfollows:
42)

~—~

é(n)=u(n)e(n)

— a —
pu(n) = Xt(n) X(n) SO(n)




144

The block - adaptation is as follows :

(43)
re(n - N+1)]

H(n +1)= H(n =N+ 1) +[X(n =N +1) oo .. X(0)][:

[&(n) i
Note that a slight change of notation has been necessary, compared to
the LMS, (1 is no more included in the S matrix) , in order to allow
the same techniques to be applied : recursive computation of sj (n)
and fast FIR computation, that can be partially reused in the updating
of H.

V.2. ian_algorithm

The purpose of this algorithm is not to increase convergence
rate, but to reduce the number of operations to be performed for
updating the coefficients :

(44)
H(n +1)=H(n)+ psgn(e(n)) X(n)
e(n) =y(n)-X'(n)H(n)
where:
sgn(®)=+1 if 620
=-11if 68(0

The block formulation of the algorithm is performed exactly
in the same manner as for the LMS, with e(n) replaced by sgn(e(n)) in
eq. (22).

Note that the resulting fast algorithm involves some terms of

the form :
2 sgn(e(n))

which are no more equal to +1. A multiplication by such a quantity is
nevertheless much simpler for small N than a general multiplication.

Other variations of the LMS, such as delayed LMS, can be
treated by the same techniques
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In fact, all these techniques are of much more general
application than even the variations of LMS, since we were able to
derive an exact block formulation of the Constant Modulus Algorithm
(CMA),[17] which was thought to be impossible by the usual
techniques. This work will be reported elsewhere [23].

V. CONCLUSION

In this paper, we provided an algorithm allowing a reduction
of the number of operations required by the LMS adaptive filter,
without modifying any of its convergence properties. This reduction
is significant whatever the block size may be, the usual relationship
between the length of the filter and the block size not being
compulsory any more. However, we showed that for a given filter
length L, there is an optimum block size which is always smaller than
L. This is an important point that makes the implementation of this
algorithm efficient.

Furthermore, we showed that different approximations on
some matrix led to a whole family of algorithms, the BLMS being one
of its members. This fact has been used to explain precisely the
convergence behaviour of BLMS. In the case of correlated input signal,
our algorithm was shown to converge faster than the BLMS, with only
a slight increase of the computational complexity.

Although explained in the special case of the LMS algorithm,
these techniques can be applied to many different algorithms in the
LMS family. We provided an outline of their application to two
variations of the LMS.

We also applied these tools to the Constant Modulus
Algorithm [23].

Work is continuing to implement this new algorithm in
frequency-domain and to improve its convergence rate.
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APPENDIX A Errors due to finite precision arithmetic

The theoretical analysis of the errors due to finite precision
arithmetic in an adaptive algorithm is usually based on the
assumption that the input samples are zero mean uncorrelated white
Gaussian random variables. Nevertheless, in this case, the.
"autocorrelation" matrix S is zero, and there is no difference between
FELMS and BLMS algorithms. So, a detailed analysis of FELMS is very
difficult, and we shall only provide in the following some indications
on the behaviour of FELMS under fixed point arithmetic.

Throughout this appendix, we use unprimed and primed
symbols to represent quantities of infinite and finite precision,
respectively. Another assumption is that a scalar product is
computed with full precision, and quantized afterwards. This
corresponds to the kind of implementation that is found in many
digital signal processors.

We address separately the problem of computing the updating
of the filter taps and that of the recursive computation of sj. Another
limitation of our analysis is that we consider only the influence of
finite precision on the adaptive aspects, and assume that the fast FIR
technique is applied in such a way that the resulting accuracy is
comparable with that obtained in usual implementations. Preliminary
results show that this is obtained by using (1/2)logoN additional bits
in the fast FIR computation [22].

Let
0%( .

be the input signal power, and
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o5(n)

the error power at time n. Based on [20], the condition for the ith
component of the weight vector not to be updated in the LMS
algorithm is :

(A1)
-B
lux(n —i)e(n)| (2

tms !

where B pms is the number of bits used for representing the
coefficients. Squaring both sides of (A1) , and with the assumption
that n is large enough, so that the filter is near convergence, [20]
shows that a reasonable approximation of (A1) is

A2

(2 ) 2“23LM3
% °2eLMs(”) (S

Hence :

(A3)

By (-2 [100,(k%62) +|og2(o2. (M) +2]

Concerning the FELMS algorithm, the same kind of calculation
holds : (A4) is the condition for the ith component of the weight
vector not to be updated in the FELMS algorithm :

(A4)
N-1 -B
uJZ x(n-j-i)e'(n-j|(2

Feums

which gives :
(A5)

WENo% ol () (%

Hence :
(A6) 1
Breuws ¢~ 3 [10g,(k (1?2 +log, (o5 m(n))+log2(N)+2]
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A scaling by 1/N in (A4) has not been taken into account, the
multiplication by p (which is very small usually ) playing more than
necessary this role.

And, if both algorithms converge, we have as a result :
(A7)

B N)>B

1
retus 27199, (N) 2B g

It is seen that, from the strict point of view of adaptation,
FELMS would require (1/2) logo N bits less than LMS.

Nevertheless, the main problem in FELMS is certainly the
recursive computation of s;j (n), and a necessary condition for
stability of FELMS is the stability of sj , because their computation
is independent of the remainder of the algorithm.

Let
d:(n)=s.(n)-s,(n)

where d'jis the error between the fixed-point estimate s'; and the
true (infinite precision) s;.

A straightforward computation shows that :

(A8)
N
A = o2
-2b
where o'%= 212 ,

b being the number of bits used for the computation of s;.

The worst case is seen to occur for s1 , in which case :
(A9)
2, (n)=n o%

ds

We have seen in section IV.1. that
sy(n)=uLr(h)

for large n (r being the autocorrelation function).
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Furthermore, it is well known that

(A10)
[r(i)|<r(0) Viz0

So, we can write the condition such that, at time t, the time
of convergence of the algorithm, the recursive computation of sj(n)
will meet inequality (A10) :

(A11)
(9] <hL o

which can be rewritten as :
(A12)
|s'1(t)—s1(t)|s2uLo§

And, taking the expectation of the square of (A12) :

(A13)

to2Bs4(uLc§ )

2

Hence :
(14)

]
bz§|ogz(t)-|og2(uLo§)-3

This number of bits, required for eq. (A11) to be met, is to be
compared to the number of bits required for a usual implementation
of LMS, as given in [5] :

(A15)
b s = 2+ 100, (=) +10g, (Gg) + = log, (1
2 2 02y 278/ T 27792

with the assumption that

%2

where

%
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is the reference signal power, Gg2 the system gain :

(A16)
2 E[y2(n)]
Gs = E(e?(n)]

t being the time of convergence of LMS, which is the same one as
that of FELMS, if the system is well designed.

Comparison of (A14) and (A15) shows that the use in FELMS of
a number of bits equal to that of LMS, as provided in (A15) never
results in errors greater than the difference between the
correlations coefficients.

In summary, the (few) results we have obtained for the
analysis of FELMS under finite precision arithmetic are :

- from the strict point of view of the updating of the
coefficients, FELMS should require (1/2) log2 N bits less than LMS for
representing the coefficients,

- from the point of view of the quantization noise at the
output of the filter, FELMS should require (1/2) logo N bits more than
LMS for representing the data. '

- updating the sj with the same number of bits as that used in
the LMS never results in unrealistic values of the correlation
coefficients, even if the recursive computation is performed up to
the time of convergence. Furthermore, we have seen (fig. 6.e) that
this recursive computation could be stopped much earlier in the case
of stationary inputs without modifying the convergence of the
algorithm. '

Note that, as usual, all these results are asymptotic.
As a conclusion, we think that FELMS can be implemented

with same number of bits as LMS, FELMS exhibiting possibly an
increased residual error.
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Note also that these finite precision problems should always
remain manageable, since our approach requires the use of very small
block lengths : Implementing efficiently a filter length 210=1024 by
our algorithm requires only a block size equal to 26=64.
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Figure captions
Figure 1 : LMS adaptive structure
Figure 2 : An FELMS structure for block length N=2
Figure 3 : Adaptive structure used for system identification

Figure 4 : The error curves of LMS and BLMS algorithms when the
input signal is a white noise and with the same adaptation step :

a) LMS algorithm

b) BLMS algorithm with a block size N=128

Figure 5 : The error curves of LMS and BLMS algorithms in the case
of USASI noise input, p being chosen to insure convergence :

a) LMS algorithm

b) BLMS algorithm with N=4. pn is divided by N

c) BLMS algorithm when N=16 and with p divided by 16

Figure 6 : Error curve of BLMS, N=4, in the case of USASI noise input,
the adaptation step is the same one as in the LMS case

Figure 7 : Error curves of the proposed algorithms in the case of
USASI noise and with the same p than LMS. The block size N is equal
to 64 :

a) FELMS algorithm

b) First approximation (computation of matrix S only with 6
subdiagonals instead of 63 )

c) Second approximation (blocking of the S matrix after 2048
samples)

Table caption

Table 1 : Comparison of the number of operations per output point
required by the various algorithms
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LMS algorithm FELMS aloorfithm FALMS algorithm BLMS algorithm
Tilter block number of number of number of number of number of number of number of number of
length length additions multipli- additions multipli- additions multipli- additions multipli-
L N cations cations cations cations
32 8 64 64 70 37 63 32 56 27
64 8 128 128 116 64 109 59 102 5S4
128 16 256 256 192 103 173 88 162 81
256 32 512 512 315 167 267 131 253 122
512 32 1024 1024 542 289 494 252 480 243
1024 64 2048 2048 865 458 756 376 739 365

Table 1 : comparison of the number of operations per output point

required by thewarious algorithms

991
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A Description of The Central Result of TAM (Toeplitz Approximation
Method), Leading to an Improved TAM

S. MAYRARGUE and J.P. JOUVEAU

CNET/PAB/RPE
38-40, rue du Géneral Leclerc
92131 Issy-les-Moulineaux (France)

ABSTRACT :TAM is a recently developed high-resolution method for harmonic
retrieval . TAM was inspired by the state-space representation in system theory. A
demonstration of the central result of TAM is given, without resorting to control
theory, thus relating TAM to other high-resolution methods.This demonstration leads
to a modification of TAM resulting in the disappearance of spurious peaks when
estimating two very close frequencies.

1.INTRODUCTION

Time series harmonic analysis is a crucial problem in a number of practical situations.
Very often, data lengths are short, so that the separation between the frequencies to be
retrieved may happen to be less than the Fourier resolution limit. "High-resolution" methods
are thus needed. Various such methods have been devised ( for instance [1], [2], [3]) . One
of the most recent is S.Y.Kung's TAM ( [4], [5]).

TAM was inspired by the state-space identification problem in system theory : if a linear
rational model (i.e. an ARMA (auto-regressive, moving-average) model ) is assumed for a
system, how to identify the model from the impulse response samples ? Classical
algorithms ([6],[7]) exist to solve this problem. They make use of a Hankel matrix (H) built
from the impulse response samples and compute the state-space parameters from this matrix.
Indeed, the rank of this matrix is equal to p, the number of poles of the model. It can thus be
decomposed into a product of two factors ( the observability (O ) and controllability (C)
matrices), each factor having one dimension equal to p. The poles are then determined from
any of these two matrices, for instance O : it has been be shown in ([6],(7] ) that they are the
eigenvalues of a matrix F, itself solution of a multidimensional linear system, both sides of
which are obtained from O by deleting resp. the first and the last row.

In the case of noisy data, H becomes full rank. In TAM, the determination of the
number of poles, and of the observalibility and controllability factors is obtained by a
Principal Component approach, i.e. by a Singular Value Decomposition (SVD) ([8]) of H
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giving a low-rank approximation of H. The principle of the method remains unchanged. Note
that the idea of combining SVD with algorithms such as ({6],[7]) dates back to ([9]).

Another application of the above method is the retrieval of damped sinusoids from noisy
data, since such a signal can be viewed as the impulse response of a system with poles inside
the unit circle.

As to the harmonic (i.e. undamped sinusoids) retrieval problem, TAM uses the fact that
a sum of sine waves can be viewed as the impulse response of a special ARMA model whose
poles lie on the unit circle . Moreover the poles are directly related to the pulsations : if the
pulsations are {1, W2,......... Wy}, the poles are { eloy ... , el®p}. It is also possible
to use a Toeplitz matrix R built from the covariance sequences instead of the Hankel matrix of
the data samples. In this case, and for noisy data, a (non-Toeplitz) low-rank approximation
of R will be obtained , hence the name TAM (Toeplitz Approximation Method).

Note that TAM can also be applied in the context of antenna arrays ([10]).

In this paper, we first give a slightly different presentation of TAM, without calling for
any reference to system theory, thus relating TAM to other high-resolution methods : we note
that the low-rank approximation of H (or of R) obtained by SVD leads to the computation of
the so-called "signal subspace" of high-resolution methods.

In the second part of the paper, we modify TAM in order to improve the miss ratio when
retrieving very close frequencies. The idea is to artificially increase the frequencies spacing
by multiplying each frequency by n, n being a prescribed constant.

In this aim, we modify the multidimensional linear system whose solution was F :
instead of deleting resp. the first and last row of O, we delete resp. the first and last n rows.
We show that F is thus replaced by FT, and the eigenvalues of F, i.e. the { ei® } by those
of F ; { ein®; }. Of course, this method works only if the data are oversampled, which is a
realistic hypothesis in this kind of problems.

Tufts-Kumaresan's, TAM and improved TAM methods are compared on
simulated data, as well as on experimental data. In both cases, improved TAM gives the
smallest number of outliers.
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2. KUNG's TOEPLITZ APPROXIMATION METHOD

We present the method, following the lines of the demonstration given in [11].

2.1 The Noiseless Case :

Let y be a signal composed of a sum of m complex exponentials , observed on N
samples :
yl =Ecexplj(ok+ o), fork=0,.. N1 O
where c;,®; and ¢; are the amplitudes, pulsations and phases of the i-th complex
exponential. The c;and ¢;'s are real-valued , while the w; 's are either real-valued in the
case of undamped sinusoids, or complex with a negative imaginary part for damped
sinusoids. The w; 's are assumed to be distinct.

Let Y be a LxN-L+1 Hankel matrix built from the samples , both dimensions of Y being
required to be greater than m, the number of complex exponentials . L is moreover required
to be strictly greater than m :
m+l1 <L, and m<N-L+1, ie. m+]l <L < N+1-m

( the reasons for the additional constraint on L will become apparent below ):

- —

Yo b4l ¥n-L
Y Y2 YNn-L# ”
Y= ‘
= Yn-1

Let Sg be the Kxm Van der Monde matrix :

T ... 1 ]

e']w 1 jw m

JK-1w i(K-1
. 1 eJ( Yo
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Y=8.D SnpnT 2)
where the superscript T means transpose
and D = diag( c;exp( ;)

It can be shown that

The conditions on L compared to the number of exponentials and the fact that the w, are
distinct ensure that Sy and Sy ,; both have rank m. Hence, Y being the product of three
rank-m matrices has also rank m, and its columns span the same subspace as those of S;.

On another hand, we can write the SVD of Y ( see ([8]) for definition and properties of
the SVD): .
Y=UXV*=X o;u;v; *
where the superscript ¥ means conjugate transpose, U (resp.V) is the unitary matrix
containing the left (resp. right) singular vectors u; (resp.v;), X a LxN-L+1 "diagonal”
matrix containing the singular values G; in decreasing order.
Since Y has rank m , only m singular values are non-zero, which enables us to rewrite
the decomposition of Y as follows :
Y=X ojuv; = UsZgVs* (3)
where Ug is the Lxm ( Vg the N-L+1xm )matrix containing the m left (resp.right) singular
vectors associated to the m non-zero singular values , and Zg is the diagonal matrix of size m
containing these singular values.The columns of Ug span the so-called "signal subspace”
well-known in high-resolution methods. '
The columns of Y thus span the same subspace as the columns of Ug .Since (as was
seen above), these columns span the same subspace as those of S;, we can therefore write
S.=UgP @)

with P a non-singular mxm matrix.

Let us now write the fundamental relationship :

S

ST

1 ... 1 T o o .
1 m
oo o0 jo, © e
e g?i%n
H(L-1)o i(L-Do
L2, I L-D0g L€ ' e’ ® ]
L . (5)
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Let us note that S4 (resp. ST ) is obtained from S| by deleting the last (resp. first)

row of S;.
Deleting the first (resp. the last ) row of Eq.(4) gives rise to two new equations :
Si=UslP (6)
and ST=UsTP )
Expressing (5) in terms of Usd and UsT with the aid of (6) and (7) gives
Us! (PDP-1) = UsT (8)

This last equation is the crux of TAM. Indeed, TAM can be summed up as follows :

in the noiseless experiment, a linear relationship exists between Usd and UsT :
Usd F=UsT ©)
and the eigenvalues of F are the { e/®i }.

Since Us can be computed by Eq. (3), F and therefore the { eJ®i } will be known
provided that the linear system (9) is not under-determined. The m columns of Us{ being
independent, a sufficient condition for (9) not to be under-determined is to have at least m
rows : this is the case, because L was assumed to be at least equal to m+1. The unique
solution F of (9) is then givenby : F= Usd#UsT . ( # means pseudo-inverse) .

2.2 The Case of a Noisy Signal

If noise is added to the signal y , we obtain a noisy signal x :

x(k) = y(k) + n(k) k=0,..,N-1

n(k) being a complex, zero-mean, circular gaussian white noise of variance o2.
We define X analogously to Y :

Xy X, XN-L

Xy X, XN-L+1
X =

| XL Xn-1 ]

Because of noise on the data, X is now full rank.

However, X being a perturbed version of Y, m of its singular values will be far larger
than the other ones, and the left singular vectors associated to these singular values will
provide an estimate Us of Us. (It can be shown that the<e properties are asymptotically
true, even for low signal-to-noise ratios, and moreover that Us is an asymptotically unbiased
estimate of Us when N tends to infinity (see [12])).
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An estimate of F will then be given by the Ims solution of the equation OslF = UsT ie.
Usl#U sT .The eigenvalues of F will be approximations of {ei®1, ..., e/®m}.

2.3 Remarks ;

1) The above reasoning can be applied as well to the retrieval of damped or undamped

sinusoids, as explained in the introduction.

2) In the case of undamped sinusoids, the same approach works with the data reversed and
conjugated. Hence, more accurate results will be obtained by considering simultaneously

both sets of data. This means using the matrix X' defined by :

Xy X, Xn-L XL-1 Xnoi

X X2 XN-L+1 XL-2 XN-2
X' =

XL_l XN_I X1 XN-L
instead of X.

This is the well-known Forward-Backward approach.({13]).

3) In the case of stochastic data ( for instance if the ¢; are random variables), and if the

autocorrelation function of the signal is perfectly known, (hypothesis H1), it is possible to
replace the y(k) by the correlation coefficients ry(k) . Indeed, it is easily shown that in this

case :

ry(k) = f c;2exp [j (k)] (10)
A Toeplifz matrix is then built :
[1,(0) 1, (-1) ry(L-1)]
(1) 1, 0) r,(L-2)
R, =
(L= r(L-2) 1y (0) |

Since it clearly results from (10)  that

Ry = Sy diag (¢;2 ) S.*
it is easily seen that the same reasoning as was held with Y still holds with Ry.
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If the data are noisy, the noise n(k) being defined as above, we will have :
rx(k) =ry(k) fork=0
rx(0) = ry(0) + &2.

Let Ry be a Toeplitz matrix defined similarly to Ry . Ry is full rank. Its eigenvalues are
equal to those of Ry, translated by 62. The eigensubspaces of Ry and Ry are equal. The
above reasoning still holds, provided that the Ug are now taken to be the eigenvectors of Ry

associated to its m largest eigenvalues.

If the covariance has to be estimated, i.e. if only an approximation Ry of Ry is known,
then the eigenvectors of Ry associated to its m largest eigenvalues will be taken as estimates
Us of Ug (as was done above when dealing with X instead of Y).

It is to be noted here that estimating the autocorrelation of a signal obeying hypothesis
(H1) is untractable, since it implies the knowledge of different realizations of the signal
(corresponding to different realizations of ¢;, which is clearly impossible. This hypothesis
is nonetheless classically made, in order to give a sense to the computation of the
autocorrelation of the signal given by Eq. (1), since such a signal is not stationary. However,
the autocorrelation of y can be given a different meaning, involving the "second-order
ergodicity” of y : indeed, define ry(k) as

N ymy(@=K)

lim _—r - 11
Nooo r;( N-L+1 (1D

We prove in Appendix A that the two definitions of ry (k) are identical. This

g INYNT
results from the fact that : lim ——F—— =Ry.
N—e N—-L+1

Thus, in practice, only an approximation of Ry ( and thus of Ry ) will be available.
ﬁx = XNXN'/(N-L+1) is such an approximation (the so-called "covariance" approximation).
Since the left singular vectors of Xy are identical to the eigenvectors of XnyXn' /(N-L+1)
applying TAM to ﬁx or to Xy will yield the same estimates, except when numerical stability is
at stake : it is well-known that the condition number of ﬁx is the square of the condition
number of Xy, so that working with Xy will give better numerical results than working with
Ry.

A better estimate is obtained using the above mentioned forward-backward approach :

= DDy / (N-L+1)

3 3 . A " . " . . . .
Another approximation of Ry is Ry, the so-called "correlation" approximation, which is

-—

Toeplitz.

(%
Slmulatlon results of [6] show that RX is more robust than Ry for low signal to

noise ratio, but RX brings in more bias than RX
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4) The property of X of being Hankel or of R of being Toeplitz is NEVER used in the
method.

3.MODIFICATION OF TAM

We now show that a modification of TAM, arising from the structure of the
demonstration in §2, results in an improvement of the miss ratio when retrieving very close
frequencies. The idea is to increase artficially the frequencies spacing by multiplying each of
them by n, with n a prescribed constant. Of course the data are assumed to be at least n times
oversampled.For the estimation of these increased frequencies, we use a relationship similar

to(5):

1 ... 1 i - . )
. . e 001 eN®Om
el e/®m [ jnw, T
© Q2itn+Doy 2i(n+ony
JLICRY
JL-n-Do, IL-n-De, i T[S (Do,
sen) Dn 5T
(12)
Asin §2 , we can write :

SHAM) =Usn)P (13)

and  S(Tn) =Ug(Tn)P (14)

Expressing (11) in terms of Ug ({n) and Ug(Tn ) with the aid of (13) and (14) gives :
Us(dn) PDPY) =Us (Tn)

Let P D0 P-1 be denoted by F,, ( Fp = F1) . The eigenvalues of F, are the { en®; } .

In a noiseless experiment Fy , being the solution of Ug ({ 1) F, = Ug(Tn),is given by :
Fa=Us(m)#Usg(Tn).

If the data are noisy, then we will use estimates of Ug as in §2, and we will take for F, the
Ims solution of the equation Us ({7 ) Fy = Us(M) ie. Fy= Ug(dm# ﬁs(Tn) . The
eigenvalues will be approximations of {ein®1, ..., elf®ny},

Here onwards, n will be referred to as the "shift", and the present modification of TAM as
shifted-TAM.




175

Taking for n a value greater than 1 amounts to spacing the frequencies wider apart in a n
ratio, ( which should improve the resolution power) , but at the expense of a loss in the
number of equations involved in the linear system to be solved in the lms.

We can precise these notions.

Let f(z) be the characteristical polynomial of F.

Wehave :  f(z)=0 with z= el®% fori=1,.. ,m (15)

Now, if F is corrupted by noise, so is f and so are its roots. Let i:\ be the estimate of F, fits
characteristical polynomial and /Z\i its roots.We have f\(i\i) = 0, which can be written as a
first-order approximation. (f+df)(z; +dz;) =0 , or f'(z;) dz; = - df(z;)

Therefore dz, = - df(z) _ __ df(z)
f'(zi) l_I(Zi - zj)

j=i

V) N AN
Let f,( z) be the characteristical polynomial of F,, . We have f;, (z® ) = 0, and as in Eq. (15)

(16)

we can write :

df, (z;")

H(Z;n - Zjn)

jmi

d(z")=nz"'dz, = -

Let us take for instance m =2 and assume z, and z, very close. Then :
z1"- )" = n (21 - z) ™!, so that :
1 df (z})

dz, = - —
' n? (z, -z,) 22"

(17)

Since the modulus of z; is 1, a comparison between (16) and (17) shows that the modulus
of dz; is reduced by a factor n? as long as both numerators : df(z;) and df, (z;7)
keep the same order of magnitude, which can only be conjectured.

Generally speaking, increasing the value of the shift n has a drastic effect on the quality of
the estimation as it increases the spacing between frequencies, though at the cost of a lesser
precision in the coeficients of F,, compared to those of F, due to the loss of n rows in the
linear system determining it. A trade-off is then to be expected between these two effects,
leading to an optimal choice for the shift.

5. SIMULATIONS

We performed simulations using two undamped sine waves with very closely spaced
frequencies embedded into additive gaussian white noise .
x(k)=exp(2mjk1,)+08exp(2n jk1,) +w(k)

T = 0.
Ty = 0.01
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The real and imaginary parts of the noise have a variance equal to 1.

L was taken to be 48. '

TAM and modified -TAM were applied forn=1, 2 ...., 12. (The case n =1 corresponds
obviously to the original TAM ) .Tufts and Kumaresan's method ([2]) was also applied.

Let {'\1 (resp. T ) be the obtained estimation of 1; (resp.ty).

In order to have a meaningful estimate of the bias and variances for the different methods, we
defined two failure cases : the "outliers" and the "single frequency” cases.

We defined an outlier by: 177 -1 > Slt -1,

We decided that a single frequency was found if : 1 T} - T, | < .5 1 1 - 15| .

For 100 different pseudo-random choices of the noise samples , we obtained :

outliers single mean variance
frequencles

KUMARESAN 14 4 0.0116 0.0064
TAM
n =1 11 7 0.0114 0.0075
n=2 10 12 0.0114 0.0075
n=3 8 12 0.0099 0.0048
n =4 9 12 0.0106 0.0060
n=>5 5 14 0.0100 0.0051
n==6 4 15 0.0107 0.0059
n=7 1 13 0.0116 0.0080
n=2=8 3 i1 0.0112 0.0064
n=29 0 14 0.0108 0.0068
n =10 0 14 0.0115 0.0063
n = 11 0 16 0.0106 0.0083
n = 12 0 19 0.0104 0.0058

( mean and variance are computed taking into account the single frequencies, but not the
outliers )

We can see that for n 2 9, there are no more outliers.

For n 2 10, the number of single frequency cases has a tendency to rise.

The optimum value of n can be 11 or 12 according to the criterion chosen: less many single
frequency cases or : best variance and bias.

The spacing of the frequencies was under the methods resolution limit : in some cases, the
program would retrieve one single frequency, in other cases, outliers. We noticed that these
cases very often corresponded to eigenvalues of/F\vcry far from the unit circle. ( The reason
for this is clear for the single frequency cases : the characteristical polynomial of F without
noise has its roots on :ne unit circle, therefore its coefficients have a hermitian symmetry.
This symmetry is more or less conserved when noise is added. However, the roots of a
symmetrical polynomial are not necessarily on the unit circle. They are inverse conjugated
z=1/Z , which means that one of them may have a large modulus, both having the same
argument ).
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6. EXPERIMENTAL DATA

We used 1GHz bandwidth atmospheric complex transfer functions obtained from the
PACEM experiment ([14]), aimed at studying the characteristics of multiple paths affecting
microwave links. Since we model these functions as superpositions of rays, the problem can
be stated as follows :

x(k) = ﬁ a; e2mikT 4+ w(k) k=1,.., 63
vw=)

where : m is the (unknown) number of rays

(aj , t;) the (unknown) amplitudes and delays of the rays.

w is a complex noise which will be supposed to be white and gaussian ( though the
true noise, due to the tape - recorder, is in fact additive indB ) .
Physical considerations hinted that the delays were less than 1ns (Fourier resolution ) .
We built a forward-backward X' matrix with L rows. :
We used Tufts-Kumaresan's method with m from 8 to 16 and L = 25,32,48. The best least-
mean-square fit was obtained with L =32, m=15 (Fig.1).
We used TAM with m from 11 to 13 and L = 32,48. The best Ims. fit was obtained with L =
48 ,m =11 (Fig. 2). y
We used TAM-modified with m from 11 to 13, L =32, and the shift n from 1 to 8 . The best
Ims. fit was obtained withm =11,n=6 (Fig. 3).
We can conjecture that the improvement obtained with TAM-modified and n = 6 , comes

from the disappearance of outliers , as was noted in the simulations.

7. CONCLUSION

We first give a presentation of TAM , not calling for notions of system theory. This
demonstration, slightly modified, gave rise to a modified TAM, thus improving the miss ratio
of TAM when retrieving very close frequencies. This was illustrated by application of these
methods to both simulated and real data.
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APPENDIX A

We are going to prove that ry(k) defined by Eq.(11) is identical to ry(k) of matrix Ry.

N-L+k T — 1
To start with, note that  lim y(n)y((n-k)
Noe =  N-L+1

is the element of the k-th row, first

+
column of ﬂ where the index N stresses the dependency of Y on N.

. YNYN+
Therefore, we must show that : lim ——— =
Noe N-L+1
Consider Eq(2) , which we rewrite : Yn=S.DSnpT-

YNYNT . SN-L+1 SN-L41 : +
———=S; Dcon conjg(D) S
L s ) comeD St

Well-known properties of infinite length VanderMonde vectors imply :

We thus have

+
lim SN-L+1 SN-L+1 =1 ( Im Identity matrix of dimension m)
N N-L+1

+
im INYNT
Now N—L+1

This completes the proof since the element of the k-th row, 15t column of

wherefrom : =S, lDZ’ S{. =Ry

+
im ﬁ_ is precisely ry(k) according to (11).
Now N-L+1
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FIGURES CAPTIONS

Fig.1 Amplitude of an Atmospheric Transfer Function
Bold line : experimental data .
Dotted line : reconstruction by a high-resolution method.
la .Tufts and Kumaresan's method, 15 sources, model order = 32

1b.TAM, 11 sources, model order = 48

1c.shifted-TAM, shift = 6, 11 sources , model order = 32

TABLE CAPTION

Comparison of methods on data simulations of two very close frequencies.

Number of outliers, single frequency case. Bias and root mean square of the estimate of one
of the two frequencies by each method.
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" WAVELETS AND TIME-SCALE
ENERGY DISTRIBUTIONS
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ABSTRACT

This paper presents a new general class of energetic representations of signals depending
on both time and scale. Time-scale analysis has been introduced recently as a powerful
tool through linear representations called (continuous) Wavelet Transforms (WTs), a
concept of which we give an exhaustive bilinear generalization. Although time-scale is
presented as an alternative method to time-frequency, strong links relating the two are
emphasized, thus combining both descriptions into a unified perspective. We provide a
full characterization of the new class: the result is expressed as an affine smoothing of the
Wigner-Ville distribution, on which interesting properties may be further imposed
through proper choices of the smoothing function parameters. Not only specific choices
allow to recover known definitions (such as the Bertrands'), but also provide, via
separable smoothing, a continuous transition between spectrograms and scalograms
(squared modulus of the WT) via Wigner-Ville. This «do it yourself» property makes of
time-scale representations a very flexible tool for nonstationary signal analysis.

EDICS number: 5.1.3 (Time-varying spectral analysis)

Permission to publish this abstract separately is granted
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INTRODUCTION

A new method for ime-varying signal analysis, called the Waveler Transform (WT), has
come under investigation during the past five years, which gives a new description of
spectral decompositions via the scale concept [1]. The fundamental paper by Goupillaud,
Grossmann and Morlet [2] was the first which clearly described linear time-scale
decomposition of signals by means of wavelers of constant shape. This concept is
attractive in that it is not another formulation of time-frequency ideas (where the Fourier
duality is used to introduce the time-varying local frequency parameter), but a new
formalism where the basic operator acting on the signal is of time-scaling nature rather
than making use of the Fourier variable.

Although the first applications one could then think of were high resolution
seismic analysis and coherent states representations in Quantum Mechanics,
representations of signals' characteristics spread over the time-scale plane seem to be
useful in a variety of fields: analysis of speech and sound signals, turbulence flows, to
name but a few [1]. Because of its constant-Q type, the WT selectively matches, by
means of a scalar product, ransient features characterized by unknown locations and time
extents. It is this property that makes it relevant for many nonstationary Signal
Processing tasks, and especially for time-varying analysis. Section I briefly covers a few
of these concepts.

The mathematics of the WT has been developed by Groscmiainn and Morlet,
mostly in the language of Quantum Mechanics [3], which certainly didn't look attractive
at first for the Signal Processing scientific community. Various degrees of discretization
were formalized by several mathematicians such as Meyer {4], giviug rise to new ideas
relating discrete WTs to QMF filter bank structures, relevant for applications such as
image coding. In this context, papers by Daubechies [5] and Mallat [6] are among the
first that widely caught the attention to the Signal Processing people, although there had
been sustantial prior work on this approach.

Even in the early stages of the theory, emphasis has been put on the fact that a
relevant graphical time-scale representation of signals should include the squared
modulus (or energetic) representation [7]. Although sole information on the modulus of
the ransform is not enough to reconstruct the general signal (phase information is also
needed), the interest in the squared modulus representation (referred throughout this
paper to as scalogram) is to provide a graphical picture of the energy of the signal spread
over the time-scale plane, in a similar way as a spectrogram spreads the energy over the
time-frequency plane. All such energetic representations have of course a bilinear
dependence on the signal.



191
O. Rioul and P. Flandrin : Wavelets and time-scale energy distributions

Other time-scale energy distributions, viz. bilinear forms covariant with time and
scale shifts have been investigated by the Bertrands [8]. The resulting definitions are very
specialized and somewhat complicated. Similar definitions occur in Grossmann's (9] and
Unterberger's [10] work.

The purpose of this paper is to provide a full generalization of time-scale energy
representations that gives new insights into the work of the Bertrands and better explains
the relationship between scalograms and spectrograms. The general framework we
present for this new approach of time-scale analysis is also expected to serve as a basis
for future extensions.

Our approach follows the same lines as the derivations of the most general
formulation of time-frequency energy representations, referred to as the Cohen's class
[11]. We first describe the scalogram by means of members of this class and insist on
similar properties handled by spectrograms. This is done in Section II.B. We then give in
Section III a complete characterization of time-scale energy distributions involving affine
smoothing of the Wigner-Ville Distribution (WVD). Several equivalent formulations of
this may be considered, more or less compatible with additional requirements one may
impose on the representation. The flexibility of this approach is finally illustrated in
Section II1.C by recovering several known definitions as special cases, and by deriving a
new subclass of (separable) affine smoothed WVDs. This new class offers a great
versatility to balance time-frequency resolution and cross-terms reduction from the WVD.
A good illustration of the possibilities of our approach is the following: using Gaussian
windows, we construct a sole class of time-frequency and time-scale representations in
which the three well-known distributions: the WVD, the scalogram and the spectrogram
are members. It is then possible, as shown in Section III-D, to pass from one well-
known representation to the other via a continuum of this class.

I - THE SHORT-TIME FOURIER TRANSFORM AND THE WAVELET
TRANSFORM

Given a finite energy signal x(r) and a sliding window h(z), a classical linear time-
frequency representation can be obtained by computing the short-time Fourier transform
(STFT) [12]
+o0
F.(t, V) 4 Jx(u) h*(u - 1) efi2nve gy 0))
This can be interpreted as a sequence of spectral decompositions applied to
successive short-time segments of the signal, as seen through the sliding window A(z).
Provided that this window is of finite energy and normalized such that
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+oc0 +o0

E, 2 J.Ih(t)lzdt = J.IH(V)Ide =1,

the squared modulus of the STFT may be interpreted as a density of energy since

+004-00
J. j IF (t, W dtdv =E,

-00 o

Also, there is a one-to-one correspondence with the original signal and the exact

inversion formula reads

) +00 400
x(?) = J J-Fx(u, n) h(t - u) ei2®nt dy dn . )

-00 .

In recent years, an alternative representation, called the waveler transform (WT),
has been widely addressed in the literature [1]. The fundamental idea here is to replace the
frequency shifting operation which occurs in the STFT by a time (or frequency) scaling

operation. The resulting definition is
+o0

T.(t, a) %ﬁ Jx(u) h*(

where the function h(t) (called the analyzing wavelet) is supposed to have some

u

—)du 3)

localization properties in time. The explicit dependence of this definition on the
dilation/compression (or scale) parameter a makes the WT a zime-scale representation
rather than a time-frequency one [13]. It is to be noted that, in the most general case,
negative scale parameters are allowed. Their role is therefore similar to the one played by
negative frequencies in Fourier analysis. ‘

Again, [T,(, a)l2 may be interpreted as a density of energy since

+oco+4oc0
dt d
j fITx(t, af T -k,

-00 - OO0

but provided that the Fourier transform H(v) of the basic analyzing waveform A(r)
satisfies the so-.called «admissibility condition» [3]

+o0
dv
HWPF = =1 . 4
i ¥ @

This basically means that h(r) is necessarily the impulse response of some band-
pass filter. In the time domain, its mean value must be zero, which implies that A(¢) will
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oscillate, whence the name waveler. Although a large number of wavelets can be
considered, a typical choice is a modulated Gaussian [2].
- As for the STFT, the WT satisfies then an inversion formula which reads [3]

+ 00 oo
t-u  du da

x(0) = -”T‘w’a)\flﬁh( Lyaedd (5)

-00 -~ O

Note that, in a similar way to the STFT, the signal is reconstructed from the
(possibly complex) values of the transform, i.e. both information on the modulus and the
phase of the transform is needed.

Both the STFT and the WT analyze signals by means of an inner product with
analyzing waveforms depending on two parameters. In the WT case, the waveforms onto
which the signal is decomposed are of the form 1/\/—l;| h((u- t)/a) and are generated from
the analyzing wavelet A(¢) by time-shift (¢) and dilation (a) operations. It is these
waveforms that are referred to as wavelers.

The main difference between the STFT and the WT s related to the structure of
their respective analyzing waveforms. The STFT uses modulated versions of a low-pass
filter to explore the spectral content of the analyzed signal (uniform filterbank). This is

clearly evidenced when rewriting (1) as
+o0

F(t, V)= J.[X(n) ei2nnt] H*(n - v) dn

This amounts, in the time-domain, to using an analyzing waveform of constant
envelope with an increasing number of oscillations as higher frequencies are analyzed.

The WT uses dilated or compressed versions of a band-pass filter, whose relative
bandwidths are constant (constant-Q filterbank). This structure is evidenced when

rewriting (3) as
“+oo

T.(t, a) = J.[X (n) ei2nn] \/TC;I H*(an) dn .

Therefore, time evolutions of signals are analyzed by means of a waveform whose
envelope is narrowed as higher frequencies are analyzed, whereas its number of
oscillations, hence its shape, remains constant. As a consequence, the WT is a particular
implemention of a constant-Q short-time spectral analysis.

In order to get a better understanding of the mathematical relationships between
those two linear transforms, one can imagine to deduce STFTs from WTs, and vice-
versa, using inversion formula (2) and (5). Precisely, inserting (2) (resp. (5)) in (3)
(resp. (1)), we get the following transform pair [13]
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+o0+o00

T 1, a) = J‘J.Fx(u, n) G,(u, ny 1, @) dudn

+oco o0
* du da
Filt, v) = J' ij(u, @) G, vi u, @) L2
with
+°° 1 r
Gatw i 5,@) = [ bl - ) 2 [ b)) dw
% \d

The above transform kemel G, is the inner product between the modulated
windows of the STFT and the wavelets of the WT. In other words, it corresponds to the
WT of the analyzing wavelet itself, when shifted in time and frequency, or, conversely,
to the (complex conjugate of) the STFT of the corresponding analyzing window, when
shifted in time and dilated or compressed. .

II - SPECTROGRAMS AND SCALOGRAMS
A. Definitions and comparison

Owing to their definition, STFTs and WTs are complex-valuéd functions and they
convey both modulus and phase informations. For some applications [7], these latter can
be of interest but a description based only on the squared modulus, providing an energy
density distribution, is often preferred. Indeed, the spectrogram |\F (t, v)|2, defined as the
energy distribution associated to the STFT, has been widely used for many signal
processing tasks. A similar quantty, IT,(z, a)lz, can be defined in the case of the WT: we
propose to refer to it as a scalogram.

A classical time and frequency resolution trade-off underlies the structure of the
STFT: the choice of an analyzing window of short duration ensures a good time
localization, but at the expense of a poor frequency resolution (by Fourier duality), and
vice-versa. Moreover, once an analyzing window has been chosen, the resolution
capabilities of the spectrogram remain fixed all over the time-frequency plane. The
situation is different for scalograms: owing to the constant-Q structure described above,
resolution capabilities are frequency-dependent. This follows from the fact that, for a
band-pass filter H(v) of central frequency v, and bandwidth Av,, changing the scale
parameter corresponds to explore the frequency axis with a relarive bandwidth 4v, /v,
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kept constant and equal to a quantity referred to as the inverse 1/Q of the quality factor of
the filter.
A symbolic comparison of spectrograms and scalograms resolutions is provided in

Figure 1.
- Figure 1 -

In the narrowband limit for which, at a given scale, only the vicinity of the
corresponding central frequency is analyzed, scale and frequency are inversely
proportional

vw=a'la = va=constant=V, .

In such a case, a scalogram behaves, in a first approximation, as a spectrogram
whose local frequency resolution would be fitted to the analyzed frequency:

Tt D | 4o yyv= 1Felt, VP | 4y, < vig

B. Smoothing interpretation within the Cohen’s class

Both spectrograms and scalograms have a bilinear dependence on the analyzed signal. It

is the purpose of this subsection to give a simple interpretation for spectrograms and
scalograms within the general class of bilinear time-frequency (shift-covariant) energy

distributions. Recall that this class, referred to as Cohen’s [11], is given by

+c0 400

C.t, v, IT) = J. JWz(u, n) [I(u-t,n-v)dudn , - (6)

- 00 .00

where I1(t, V) is some arbitrary time-frequency function and where
“+ o0

Wi, v) = J.x(r + 12;) x*(t - %) e 2T 4t
is the so-called Wigner-Ville distribution (WVD). If II(z, v) behaves like a low-pass
function in the time-frequency plane, the general class (6) may be considered as
composed of smoothed versions of the WVD (we have chosen the smoothing operation
to be a correlation one).
It is convenient to inroduce 2D Fourier transformations in (6). Changing variables
accordingly yields a dual characterization
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+00 400
Cx(i, v, ID) = J‘ ff(n, 7) A (n, 7) eiZR(t +™V) dpn dT | @)

-00 .00

where the weighting function is defined as the 2D Fourier transform of [1(z, V)

+ o0 400

fln, 7 4 j J.II(:, V) e-i2r(nt + V) dr gy

-09 - o0

~and where the (narrowband) ambiguity function is defined as the inverse 2D Fourier
transform of the WVD
“+co

Aln, 1) = _[x(u + 2) 2% - 3) el dy

The interest of the Cohen's class is threefold: 1) it allows to recover most of the
known time-frequency energy distributions as special cases, through proper choices of
characterization functions (f or I1); 2) properties of distributions within the class can be
handled directly via properties of their associated characterization functions; 3) specific
definitions can be derived by imposing constraints and translating them into requirements
to be fulfilled by characterization functions.

Structure constraints of spectrograms and <~2'ograms can be made explicit using
members of the Cohen's class. The following propositions illustrate this fact. Proposition
1 is a well-known result applying to spectrograms [14] whereas Proposition 2 gives a
similar specification for scalograms [15, 16]. Ths proofs are given in Appendices A and
B, respectively.

Proposition 1. For time-frequency energy distributions characterized by a weighting
Sfunction of modulus unity, a spectrogram results from the smoothing of the signal
distribution by the window distribution:

+o0 400
if fn, Dl = 1, then [F(t, W = J' J’c,(u, n; ) Ch(u -1, n - v; IT) du dn.

Proposition 2. For time-frequency energy distributions characterized by a weighting
function of modulus unity which depends on its variables only through their product, a
scalogram results from the affine smoothing of the signal distribution by the wavelet
distribution:
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if f(n, 1) is of the form ¢(n1) and |(n7)| = 1, then

4+ oo+4oco

2 * ou -1 .
T, a)f = jfcx(u, n I) C (==, an; IT) du dn . ®)

Several distributions satisfy the two conditions of Proposition 2. A fairly general
class is that of generalized’ Wigner distributions [14] which depends on a free scalar

parameter a, associated to the choice f,(n, 7) = eizrant
400

Colt, vi ) W9, v) = '[x(t - (@-D)T) x* (1 - (@+)7) 2T T . (9)
This class generalizes the WVD which is associated to the particular value a =0
and it includes as a special case the Rihaczek’s distribution

Rt v) & WD, vy = x(1) X*(v) ei2nw

Other distributions associated to complex exponentials depending on #|1| (such as
Page’s distribution [11]) or |n|7, also satisfy the unit modulus condition and the product
condition in the case of positive a's, although they do not enter directly the class (9).

I - TIME-SCALE ENERGY DISTRIBUTIONS
A. A general class and its interpretation

In order to derive the general formulation of time-scale energy distributions, it is
appropriate, at this point, to interpret Proposition 2 in the restrictive case where WVDs
are used: a scalogram results from the affine smoothing of the WVD of the analyzed
signal by the WVD of the analyzing wavelet. However, scalograms are only a special
case of time-scale energy distributions: it is this affine smoothing concept that enables us
to generalize scalograms to general time-scale energy distributions, in a similar way as
spectrograms are generalized to the Cohen's class. More precisely, consider the affine
transformation: |

[LAG, a)hI() = —= A(2t

_\/E a

) (10)

where the factor 1/‘\/|_a| is inroduced for normalization purposes. The main result of this

paper is the following.
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Proposition 3. If a bilinear time-scale distribution $2,(t, a) is covariant to affine

transformations, i.e. if
Q (t, a) = Q(Lﬁ. E)
La@ap\h @) =345 =5 7))

then, it is necessarily parameterized as:

+-oc0+400

aeam= [ [wu

u-t

,an) du dn (11D

where II(t, v) is some arbitrary time-frequency function. Eq.(11) characterizes the
general class of fime-scale energy distributions.

The proof is given in Appendix C.

A similar approach has been investigated by the Bertrands [8]. Precise links
between our formulation and theirs will be given in subsection III-C. It can be noted for
the moment that (11) better reveals the affine smoothing concept underlying time-scale
distributions and certainly is more suited for combining time-scale and time-frequency
into a unified perspective. _

Alternative characterizations of the class (11) may be given, depending on the
domain in which the arbitrary function characterizing the distribution is expressed. For

instance, if we define a bi-frequency characterization function « as
<+ oo

n,m) 2 fn(t, m) e-i2mnt 4y (12)

the equivalent formulation is

+

OQ == OO

Q. a; 1) =-1k; jﬂ:(n, m) X(la(m - %)) X*(%(m + %)) e-iznla)ndn dm. (13)

g

If instead we want to characterize the class (11) with the help of the (frequency-
time) weighting function f, the equivalent formulation (to be compared to (7)) reads

+ootoo

Q. a [I) = J. Jf(an, Ea) A (n, 1) eti2mntdn dt |
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B. Properties

The general formulation (11) enables us to find distributions satisfying various specific
requirements. This approach, which closely parallels the one used for the Cohen's class,
is illustrated on some examples in the following.

1) Energy. The terminology «energy distribution» is justified by the following equality

-+ 00 400

jjw m4Le - jn(o ”')M]E , (14)

with 7 as in (12). This means that energy is properly spread over the time-scale plane if
the quantity into brackets in the r.h.s. of (14) is unity.

2) Marginal in frequency. The spectral energy density of x is recovered from the marginal
in frequency, i.e.
+co

[ o mar= 12D 15)

as longas f0, 1) = e-i2nvgr

3) Marginal in time. Similarly, the instantaneous power of x is obtained as time marginal,
ie. ‘

J'Q t, a; H) = |x|?
as long as '[f(an - —2 = 1), foranyn.

4) Movyal-type formula. Finally, a Moyal-type formula relating inner products of signals
and distributions may be obtained as

+4o0+400 +oo
*x)
[ [owamaes m*E = | [xwywarl’ (16)
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]

if -;[’f(an, ;z)f*(an, %) dﬁ- =&t-7), foranyn. an

.

C. Special cases

We have just seen that, in a similar way as for the Cohen's class, specific structures of
characterization functions (f, IT or x) permit to investigate properties of the associated
time-scale distributions. They also allow us to obtain specific definitions as special cases
within the same class: some of them will now be reviewed.

1) Product kernels. Just as the WT uses band-pass filters, the smoothing function I is
preferrably chosen to be band-pass as a function of frequency. We thus define:

o, v) & IIft, v—vy & fin, 1) & f)(n, 1) eri2nvgr

where v, is some non-zero frequency. Using this notation, an interesting identifice tion
between time-scale and time-frequency distributions may be found, provided that the
weighting function f(n, 7) depends only on the product nt

V,
foln, D=0 = Q@ M=Ct— ;) . (18)
As a special case, it can be easily checked that
v

which means that the usual WVD can be recovered as the «no smoothing» limit case,
with the identification «frequency = inverse of scale». The condition under which this
identification holds is met by numerous distributions. In addition to the class of
generalized Wigner distributions (9), we can mention the Choi-Williams’ distribution
[17], which has recently received a special attention and which is associated to the choice

2
foln, 7) = e (D /2 where ais some (positive) real-valued parameter.

2) Scalograms. A simple example is the scalogram which, according to (8), can be seen
as the affine smoothing of the WVD of the analyzed signal by the WVD of the analyzing
wavelet [18] '
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IT.(, ) =t a; W) .

Because the smoothing function associated to the scalogram is itself a WVD, it
cannot be perfectly concentrated in both time and frequency: this results in bias on, e.g.,

marginals. We get for instance
+o0 +oco

[ afa = [1xG1% H - vo)l an

if we make explicit the dependence of the band-pass filter transfer function on its central
frequency v, by letting H(n) = Hy(n - vp). This is to be compared to (15): clearly, satisfy
marginal in frequency would be obtained with a highly frequency-selective analyzing
wavelet. This corresponds necessarily to a large amount of time spreading and, hence, to
some loss in time resolution.

Note that, in the case of the scalogram, the admissibility condition (4) is recovered
from the energy condition (14).

3) Bertrands' class. Another choice yields the Bertrands’ class [8]
400

e 0 T = - [ ) X(G M) X(G A 2003000 (19

where A(u) and u(u) are two arbitrary functions.

Several points should be noted here. 1) Eq.(19) is explicitly written in terms of time
and scale, whereas the Bertrands' formulation uses frequency as a formal parameter
playing the role of the inverse of scale. 2) Bertrands' approach puts emphasis on analytic
signals and the integration in (19) is therefore limited to values of u for which A(w) is
non-negative and to non-negative scale parameters a. Nevertheless, and for a sake of
homogeneity, the above formulation will be retained throughout this paper.

Given this definition, it turns out that it enters the framework of (11) if the

weighting function is chosen as
~+co

fa(n, 1) = J#(u) 8(n + [Au) - A(-w))) e-2m@DAW+ACD) dy

In order to support that claim, it is worthwhile to recall where Bertrands' class
comes from. As mentioned previously, it stems from a covariance requirement (with
respect to affine transformations) applied to bilinear forms of the signal. The
parameterization they retain reads {8]
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+oc04oc0
P, a; KB)=t f J.KB(n, m)X(IEn)X*(%m) e-i2r@a)m-m) dn dm ,  (20)

where the bi-frequency kernel is proposed to be of the form :
+o0

Kg(n, m) = ju(u) O(n - Aw)) &(m - A(-u)) du . 2D

Therefore, the result (20) is identical to the frequency-domain formulation (13) of
the general class (11), up to the reparameterization :

mn, m)=Kp(m -5, m+%) . (22)

The associated (frequency-time) weighting function f is then obtained by plugging
(21) into (22) and by taking the partial Fourier transform over the second variable.

Since Bertrands' class can be viewed as a special case of (11), we can apply any of
the specific choices corresponding to (21). In particular, we can obtain the following
distribution [8]

“+o0
1 W2 1 (nf2) e 1 (n2)emd
Bt &) =1 [ s X G ) %G ity e, 23
which is associated to
_(wf2) e (u2)

AW ==smhtrn © H® = Soh@D

However, if we are to end up with distributions such as (23), it appears that the
formulation (21-22) is unnecessarily complicated. This situation will be considered and
simplified in the following subsection.

4) Localized bi-frequency kernels. A useful sub-class of (11) consists in characterization
functions which are perfectly localized on some curve m = F(n) in their bi-frequency
representation:

ngn.m) & G(n) &m-F(n) o fsfn, ©) & G(n) ei2nFr | 24)

where G(n) is an arbitrary function. The associated ime-scale distributions then read



203
0. Rioul and P. Flandrin : Wavelets and time-scale energy distributions

+o00
., a; IIy) =é jG(n) X(zlz- [F(n) - %]) X*(le- [F(n) + %]) e-i2n(t/am gp

Within this formulation, it can be checked that specifying

__(n2)
G = SRt

. F(n) =(n/2) coth(n/2)
allows to recover the particular Bertrands' distribution (23). More important is the fact
that this specific definition may be constructed starting from a localized bi-frequency
kernel by imposing a priori requirements and by retaining the characterization function
which fulfills the associated structure constraints. This is detailed in Appendix D, making
use of the results of subsection III-B to take into account the requirements (namely time-
localization and a Moyal-type formula) which led the Bertrands to (23).

Furthermore, a number of additional properties of distributions can be directly
checked by inspection of (24). For instance, the energy distribution condition (14)

becomes
+ oo
dm G(0)
Tts(0,m) — = ——= =1 .
;[ T T RO

This clearly holds for the Bertrands' case (23), as well as the marginal condition
(15) with the arbitrary normalization v, =1 Hz.

5) Separable kernels and affine smoothed Wigner-Ville. It is known [19] that the trade-

off underlying the time and frequency behaviors of the spectrogram can be overcome if
we replace the associated WVD smoothing by a smoothing function which is separable in
time and frequency

IIyz, v) = g(t) Hy(v).

The resulting distribution (called the smoothed pseudo-WVD) reads
+o0 400
C.(t, v; I[1y) = J- ij(u, n) glu-t)Hp(ln-v)du dn

+o0o +oco

= J.ho(r) [ J g(u - 1) x(u + %) x*(u + %) du) e-i2nvT gz, (25)
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This offers a great versatility for balancing e.g. time-frequency resolution and
cross-terms reduction [19], although this is necessarily at the expense of the loss of other
properties such as marginals.

We propose a similar approach for time-scale distributions and define the affine
smoothed WVD by taking

IIg(z, v) = IIp(t, v—=vp) = g(t) Hy(v—vp) .

The resulting definition is

400 <400

(1, a; ITg) = J‘ ij(u» n) g

(u

~1) Holan - vp) du dn . (26)

For practical calculations, an equivalent form, which parallels that of (25) and
which relies on some prior affine smoothing pertaining to the Wigner-Ville kernel, is to
be preferred.

Qx(t’ a; HS) =

+oo +oo
1 T 1 u-1 T T ,
—hy(D [ | —=g( ) x(u + %) x*(u + 3) du] e2mvya)T 47,
L@t [ gae

D. From spectrograms to scalograms via Wigner-Ville

The smoothing functions acting on the WVD to obtain spectrograms on one hand and
scalograms on the other hand are found, by Propositions 1 and 2, to be of the form of a
WVD. This suggests a continuous transition from spectrograms to scalograms via the
WVD by suitably controlling the evolution of the (affine) smoothing function between a
WVD and a delta function. The following Proposition shows that this can be achieved
using separable kernels, which allow an independent control of the time and frequency
(or scale) behaviors of the associated distributions.

Proprition 4. A continuous passage from spectrograms to scalograms via Wigner-
Ville is possible by means of separable kernels if and only if these lanter are Gaussian :

N 2 2
TIs(z, v)=—f"3 e e-Blv=vp)" |



205
O. Rioul and P. Flandrin : Wavelets and time-scale energy distributions

where a, B and vy are (positive) real-valued parameters.
The proof is given in Appendix E.

The transition is controlled by the parameter u = 2» /\/5 , which runs from 0O
(WVD) to 1 (spectrogram/scalogram). An example of this transition is illustrated in
Figure 2 which presents several analyses of a computed example (consistng of three
Gaussian wave packets) resembling the one symbolically used in Figure 1.

- Figure 2 -

CONCLUSION

The material presented in this paper is based on similar properties of two notions that are
both defined by covariance requirements: 1) local frequency, covariant under modulations
(or Fourier-frequency shifts); 2) time s-aling (or frequency scaling by Fourier duality),
covariant under dilations or contractions.

This similarity is evidenced by describing general time-frequency and time-scale
energy distributions in a unified way as the result of some 2D correlation acting on the
WVD. The WVD thus appears to play a central role in both analyses since it is (among a
few other members of the Cohen's class, see Section II.B) covariant under frequency
shifts as well as under scale dilations. Our specific choice of putting emphasis on the
WYVD is motivated, among other things, by the fact that it is real-valued.

The WVD thus belongs to both classes of time-frequency and time-scale
distributions with the simple identification «scale = inverse of frequency». This is well
illustrated by the last result presented in this paper, which shows a continuous transition
from spectrograms to scalograms with the WVD as a middle step. In light of this, we
recommend that various properties of time-frequency and time-scale methods be
compared keeping in mind that both result from a smoothing (more generally, a
correlation) operation acting on a common kemnel (the WVD), the difference being related
to the nature of the smoothing operation used: time-frequency or affine (time-scale)
smoothing. Moreover, this continuous transition permits to balance time-frequency
resolution and cross-terms reduction in the time-scale representation, in a similar (but
different) way as for the smoothed pseudo-WVD. Other specific requirements (such as
energy normalization, time marginal, efc.) and associated parameterizations of the
representation were also studied in this paper. This results in a great versatility for the
choice of representations appropriate for various applications.
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Since a large class of time-scale and time-frequency representations is now
available, with many possible (and sometimes, exclusive) properties, some analysis
should be done on the analysis tool itself in order to express particular needs: starting
from the most general formulation, one can, for instance, build a subset of time-scale
energy representations, suitable for a given application, by imposing specific
requirements. Controlling a few parameters on this set of analyses should help in many
ways, e.g. for determining which representation best reveals a given time-scale

signature.
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APPENDIX A
Proof of Proposition I

It is known that Cohen's class can be derived from a shift-covariance requirement with

respect to both time and frequency [20]. Therefore, if we introduce the time-frequency
shift operator

[Lwy(t, VIAJ(w) = h(u - 1) eizmve | (AD)
one has

C un, IH=Cyu-t;n-v,I.
Loy vl ID) = Ci( 19)

On another hand, Moyal’s formula [11] guarantees that, for any two finite energy

signals,
400 +00 400
| J.x(t) y*(t) dt |2 = J. J.Wx(u, n) Wy(u, n)du dn

+ o0 400

- J'J'Ax(n, DA (r, D)dndr (A2)

Using (7) and applying Parseval's equality, we obtain

-+ 00 400
E
J‘ J‘Cx(u, n; IT) Cy(u, n, IT) du dn =

-00 -

400 <400

= J' J' | f(n, D2 A (n, D) A:(n, 7) dn dt

- 00 - 00

and, hence, a generalized Moyal's formula holds for all members of Cohen's class which
are characterized by a weighting function of modulus unity [14]. This is true especially if
y(#) is chosen as in (Al): in such a case, the left-hand side of (A2) identifles to the
spectrogram, which completes the proof. |
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APPENDIX B
Proof of Proposition 2

According to the definition (7), one has

+00 400

C,,(—uz--f, an; I[l) = j Jf(m, 7) Ap(m, ©) e-i2n(m(s -Hia + 7an) dm dv

- 00 .00

“+oo<4co

= J. J‘f(am, g) [Ah(am’ ;‘) ei2ﬂmt] e-izﬂ(mu + 1Tn) dm dr..

-0 - 00

It can be easily checked that the quantity into brackets corresponds to the ambiguity
function of A(z) after action of the affine transformation (10). Therefore, we obtain

u-t
a

Ch( yan I) = CLA(t,a)h(u’ n; IT),

provided that
flan, 9 =fn, 9 BD)

for any a. Weighting functions satisfying (B1) are functions of the product of their
variables. The proof is completed by considering again the unit modulus condition under
which Moyal's formula holds. n

APPENDIX C
Proof of Proposition 3

Assume the following covariance requirement relative to affine transformations (10) is
imposed to a time-scale distribution {2,

t-9 '
O, ant @ =2 D), (C1)

If the desired distribution €2, is supposed to be constructed as a bilinear form in x
characterized by some kernel X, then
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+o0 400

Q(t,a)= J J.K(u, u'st, a) x(u) x*(u") du du’

- 00 .00

and it follows from the covariance requirement (C1) that

aK(ou+6,cu’ + 6t a) =K, u; t(; 9 ,g)
for any @, any 6 and any a, or, equivalently,
K, w;t, euée;z-e,a).

If we fix 9=tand a = g, this implies that the kernel must verify

Ku,u;ta=

Therefore, one has

+o0 o0
2, a) = J' J' &= 4 Lo 1y x(u) x*(u’) du du’
+ 00 400
1 8 -1 T 8 -1
= __L_LEK(_a % a -—;O 1) x(8 + 2)x*(6-2)d9d7
+o0+oa
,an)du dn

= -J. -J‘ W (u, n) H( uc;t

with the smoothing function 7 defined as
+-co

Iz, v) 4 JK(t + 5 0, 1) ei2rvrgr

-2,

This completes the proof.



211
O. Rioul and P. Flandrin : Wavelets and time-scale energy distributions

APPENDIX D
Derivation of Bertrands’ definition

Assume our time-scale distributions are characterized by a kernel function whose bi-
frequency representation is localized according to :

wsn, m) & G(n) &m - F(n)) . D1)
Further specifications of this kernel function can be obtained by imposing specific
requirements to the corresponding distribution.
1) Time localization. Imposing time localization (in Bertrands' sense [8])

X(v) =

g™y, = Q(1,a; [Ty = lal &- 1)

1
v vl
yields

G(an)
_J NF%an) - (an/2)?

Q.01 a; ITg) = lal ei2nnt-tg) dn

and, hence, the condition :

G%(n) = F3(n) - (n/2)? . D2)

2) Moval-type formula. If we impose the condition (17) for the Moyal-type formula (16)
to hold, we obtain, within the structure (D1),

+co $oo
' .~ _F(an
J’f(an’ :::z)f*(an, %) C‘ia—czz = J'Gz(an) elzﬂiaa_2<1. 1") ci]_g
+o0 '
= Gz(an) i F(an) ) F(an)
- J. ~d Fany, O e 0d0=7)
a az(-—————)
- O a

Therefore, (17) is satsfied if
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G2(n) = F(n) - n %’;(n) : D3)

The simultaneous requirements of 1) time localization (D2) and 2) Moyal-type
formula (D3) lead to the differential equation

F(n)-n %(n) =F2(n) - (n/2)?

which is equivalent to
Utw) G - Vi) G = Uw) Vi) @)

after introducing the auxiliary functions
Un) & F(n)-(n/2) ; Vin) & Fin) + (n/2) .

Moreover, if both sides of (D4) are divided by V(n) and if we introduce a new
function W(n) 4 Un)/V(n), we get '

G =W

whose solution reads

F(n)-(n/2) .
Fm+w2)= " ®

W(n) =
It follows from (D35) that W(0) = 1. This implies ¢ = 1 which, in turn, implies
F(n) = (n/2) coth(n/2) . (D6)

We then deduce from (D3) and (D6) that

nz en

G(n) = ((n/2>f,,—"f—11- (n/2)) <<n/2>:T"f—1l+ (2= a1 ®7
and, hence, G(n) = si,gﬁ@z)

This completes the proof. B
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APPENDIX E
Proof of Proposition 4

For a sake of convenience, let us introduce the notation

Hv) & Hyv=vp)

which allows us to consider (25) and (26) in a common framework, with either 4, for

the smoothed pseudo-WVD or H for the affine smoothed WVD. If both spectrograms
and scalograms are supposed to be attainable through separable kemels, then their

associated smoothing function, which is a WVD, must necessarily be itself a separable

function of time and frequency. However, if we impose to a WVD to be separable, e.g.

Wi, v) = g(0) Hy(v) ,

we readily obtain
+oc0o

X = J'qu, V) dt = G(0) Hy(v)
and
“+oco

() = J'on, V) dv = g(®) ho(0) .

Therefore, a separable WVD is necessarily of the form

(e X2
W6, V) =75 0y 7, (0)

From (E1), it follows that
+00 400
G(0) hy(0) = J- J W, vydtdv=E, 20

and, hence, (E2) is a non-negative quantity:

W.iv)20 .

(ED)

(E2)
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This means that, if separable WVDs exist, they are necessarily everywhere non-
negative [21]. The non-negativity condition being imposed, we know from Hudson's
theorem [22] that the only signals which are admissible are exponentials of quadratic
forms in ¢ (with possibly complex-valued coefficients) such that

2
x(t) = e{@ +f+n  Re{a} >0 .

However, since separability is imposed too, no coupling between time and
frequency is allowed, which restricts the class of solutions to

2 . . 2 2
x(t) = Qa/n)l/d e ei2ndeiv = W, (1, V) =2 e e (2n/a)v- ?

where « and { are real-valued, y is a pure phase factor and the normalization has been
chosen for ensuring energy conservation. Therefore, a suitable choice of separable
smoothing functions which allows a continuous passage from Wigner-Ville to
spectrograms or spectrograms is of the form of a (normalized) product of Gaussians, i.e.

Y af a:z e-ﬁ(v—vo)2

II(t, v) = - €

This completes the proof. |
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FIGURE CAPTIONS

Figure 1
Compared rime-frequency resolutions of spectrograms and scalograms

(a) Spectrogram with medium resolution in time and frequency

(b)  Spectrogram with low (resp. high) resolution in time (resp. frequency)
(©) Spectrogram with high (resp. low) resolution in time (resp. frequency)
(d) Scalogram with frequency-dependent resolution

Figure 2
From spectrograms to scalograms via Wigner-Ville (time: —, frequency: T, u=2xNap)

(@)  Spectrogram (i =1)

(b) Smoothed pseudo-Wigner-Ville (u=0.6)
(©) Smoothed pseudo-Wigner-Ville (14 =0.25)
(d) Wigner-Ville (1 =0)

(e) Affine smoothed Wigner-Ville (u = 0.25)
® Affine smoothed Wigner-Ville (1 = 0.6)

( Scalogram (1 = 1)
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ABSTRACT

In this paper, an exact block formulation of the Constant Modulus Algorithm (CMA)
is presented, on which a reduction of arithmetic complexity is achieved. Due to the
equivalence between the original CMA formulation and ours, the convergence properties of
the CMA are maintained, which is not the case in the Treichler et al . implementation in
frequency domain of this algorithm. Furthermore, our approach allows the use of very small
block lengths ( e.g., N = 2), the reduction of the arithmetic complexity increasing with the
block size.
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L INTRODUCTION

The Constant Modulus Adaptive Algorithm (CMA) is a special case of a more general
algorithm that was first proposed by D.N. Godard [1] as a method for blind equalization for
data modems. Another similar algorithm may be obtained from [10]. The CMA was
extensively studied by Treichler et al . [2,3] for a communication application. Indeed, in
many modulation schemes, such as frequency modulation (FM) and phase modulation (PM),
the signal to be transmitted possesses the constant envelope property. The received signal,
however, has lost this property due to multipath and interference effects. The CMA restores
the constant envelope property of the signal and increases the SNR. This algorithm thus
employs just the a priori knowledge about the envelope of the transmitted signal and has the
nice characteristic that no reference signal is required.

Nevertheless, the CMA has some shortcomings. First, it involves the minimization of
a nonconvex cost function [1]. This non-convexity implies the existence of local minima,
and a satisfactory convergence of the algorithm does not imply a true minimization of the cost
function. Second, the algorithm may capture a constant modulus interferer rather than the
constant modulus signal of interest [3]. These two problems can be overcome by a simple
filter initialization [1,3] and will not be considered here. Another drawback is the large
number of arithmetic operations required for thic algorithm. In order to reduce this load,
Treichler et al . [4] proposed to compute the nonlinear error in the time - domain while
updating weigths and filtering in the frequency-domain. Unfortunately, this algorithm is only
an approximation of the initial one, and has been observed to have very slow convergence

[4].

The main result of this paper is that it is possible to both reduce the arithmetic
complexity of the CMA -by working in blocks that may be very small, if required- and
maintain convergence properties : from the mathematical point of view, the algorithm thus
obtained is strictly equivalent to the CMA.

Section II briefly recalls the initial version of the CMA, and provides an evaluation of
the arithmetic complexity in two cases of implementation.

Section IIT provides the basis of our approach : merging the computations of two
successive CMA outputs permits to reduce the required number of operations per output
point.
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This is generalized in section IV in which we establish an exact block formulation of
the CMA on which a reduction of the arithmetic complexity is feasible by using the "Fast
FIR" technique [ 5,9]. Two special cases are studied with more details : The first one is the
recursive application of the fast FIR of length 2, which has the advantage of allowing an
improvement of the arithmetic complexity even for very small block lengths. The second one,
which uses FFT as an intermediate step, is more efficient for larger blocks.

Note that the blocksize never depends on the filter's length, and that the usual
constraint that the FFT length should be at least twice the filter's length does not hold here.

This fact has a lot of advantages when thinking of memory requirements or overall system
delay. '

II. THE INITIAL CMA

II.1. Derivation of the algorithm

The Constant Modulus Algorithm's organization is depicted in Fig.1, vlvhere y(n) is
the output of a complex FIR filter :

(1) .
L-1
y(n)=X;H=H'X, =) x(n-ih;
i=0

L being the length of the filter, X, the vector of the past L complex data at time n,
and H the vector of complex weights :

Xq =[x(n) x(n-1)...... x(n—-L+ 1)][

The purpose of the adaptation process is to find a weight vector H that minimizes
fluctuations in the complex envelope of the output y(n). Hence, a natural criterion J measures
the distance between the modulus of y(n) and the constant modulus of the transmitted signal :
(2)

J =:11- E{[[y(n)|2 - 1]2}

where E denotes statistical expectation and where the modulus of the signal is assumed to be
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equal to 1.

A possible algorithm for the coefficients updating is as follows :

3)
H,,, =H, -uVi(n)

where L is a positive step size and V the gradient operator :
C))

Vi(n) = ol(n)

3H,
=E{[lyof -1]ymx;}

where * denotes the complex conjugate.

Of course, since eq.(4) involves a mathematical expectation, it cannot be used as it is.
It has been proposed in [1,2] to replace it by an instantaneous gradient estimate, as given in
(5) (note that similar approach led to the LMS algorithm) :

)
Vi) =[ [y -1]ymx;,

The CMA is thus described by the following set of equations :

(6)
a) y(n)=X,H,

b) a(m) = [ ymf* - 1]y
¢) Hp,=H,-amX;

II. 2. Arithmetic complexity of the CMA

I1.2.1. Initial version ( CMAL1)

Assuming the usual 4 mult - 2 add complex multiplication scheme is used, the
arithmetic complexity of the initial CMA, as described by eq.(6), is as follows : Eq.(6a)
requires 4L. real multiplications, and (4L - 2) real additions. The computation of (6b)
requires 5 real multiplications and 2 real additions, while eq.(6c) requires 4L real
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multiplications and 4L real additions. This results in the following total number of real
operations per output point :

@)

8L+5 multiplications
(8)

8L  additions

Note that since (L has not been chosen as a negative power of 2, it appears in this count.
I1.2.2. "Fast" complex multiply-based version

It is well known that a complex mutliplication can be computed as follows :

©)
a) (x,+jx;)(h +jhy) =] (x; +x)h; —x; (h, +hy) ]

+j[ (%, +x)hy — %, (b, = hy) ]
b) =[(h; + h)x; —h; (x; +x;)]
+j[(hr +h;)x, - h (%, —xi)]

In the case of fixed coefficient FIR filtering, eq. (9a) is preferred, because hth; can
be precomputed, so that the overall computational load is 3 mults and 3 adds, which results
in an exchange of one multiplication for one addition. When h, and h; are not fixed, the
apparent cost is (3 mults, 5 adds). However, it is shown in the following that the use of (9b)
in the CMA equations (6) allows a reduction in the total number of operations compared to
the initial algorithm. Using (9b), (6) is rewritten as follows :

10
2) y(m)=[(HE +HL) XL - (X5 +X) Hi|

+ 3 (B + HL) XE - (X5 - XE)' HE|
b a(m)=k|ly@f -1]ym
¢) Hj,p = HE ~[ (o (m) — oy () X5, + ot (m) (X +X1) |
Hipa1 = Hy = (0 () = 0, () X —et, () (X5, - X1) |

A straightforward operation count would be as follows : 3L mults and 6L - 1 adds in
(10a), 5 mults and 2 adds in (10b) and 3L mults and 4 L + 1 adds in (10c).
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Nevertheless, remembering that XT,+X1, has a single additional term compared to
Xf,.1 £ X1 ; and that identical terms are stored in the filtering process, it is easily seen
(Fig.2) that 2(L - 1) additions can be saved.

The overall CMA process, based on a complex FIR scheme as depicted in Fig.2
hence requires :
(11)
6L+5 mults
(12)
8L+4 adds

which reduces the total number of operations by about 2L. In other words, one fourth of the
number of multiplications has been saved, at the cost of 25 % additional memory locations in
some implementations. This second algorithm will be referred to as CMAZ2.

With these two versions of the CMA as starting points, we shall derive in the
remaining of this paper an exact block formulation of this algorithm, which allows a
reduction of the arithmetic complexity. The tools we use are the same ones as in the fixed
coefficients case [9], and this derivation follows the same lines as for the LMS case [6,7], on
which similar work was already performed.

III. AN EXAMPLE OF CMA WITH REDUCED NUMBER OF OPERATIONS

Let us first consider the required computations in the CMA at two successive time
samples n - 1 and n. By appropriately re-arranging the corresponding equations, we shall
obtain an exact equivalent of eq.(6) requiring a lower number of operations per output point.

Consider eq.(6), written at time n- 1 :
(13)
a) y(n-)=X; ,H,,

b) an-1=p|lyn-1f-1]y@-1
¢) H,=H,,-amn-DX,_,

Substituting (13c) into (6a) results in :
(14)
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y(@) = X; Hy g —an = DX} Xy
=X H,; —o(n—1)s(n)

where :

&

s(n)=X' X7,

Equations (14), (13a) can be combined in matrix form to give :
(15)

y(n=1D] [Xn H 0 0lon=1)
y(n) ]‘ Xt “‘I'L(n) O]Lx(n) ]

The first term of this equation appears to be the computation of two successive
outputs of a fixed coefficient filter. Thus, we can apply on the fixed part of eq.(15) the same
techniques as explained in [9] :

(16)
[hy(n—1)
h —
Xt L _[x@=D x(@-2)...x(a-L) :l(n D
xt |7 k) x@-D...... x(n—L+1)]'
by _y(n—1)]
-ho(n—l)
h,(n-1)
hy_»(n-1)
3 x(n-=1) x(n-3)...x(n—-L+1) x(n-2) x(n—4)...x(n—L)
_[x(n) x(n—=2)...x(n—L+2) x(n-1) x(n—3)...x(n—L+1)}
hj(n-1)
h3(n—1)
| by _1(n-1) |

where the even and odd terms of the involved vectors have bee. grouped. Furthermore, in
order to obtain a more compact notation, assume L is even, and define :
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Ay =[x(n) x(n-2) ...... x(n—L+2)]'

A =[x(n-1) x(n-3) ...... x(n-L+1)]
Ay =[x(n-2)x(n-4).....x(n-L)|

HY_, =[ho(n—1) hy(n=1)..... hy_,(n=D]"
Hypy =[hy(m-Dhy@=1)......hy (@ =DJ

[X;_I}H {Ai Aé][H?H}
n-1 =
Xn Ay Ajl|Hng
The same kind of work can be performed for the updating of the filter taps. First
substitute (13c) into (6¢) :

(18)
H,,,=H,_,—omX;-anh-)X,_,

Or, with the above notations :
19)

H? HO_ Ay Ay
Hpv| [Hpg A Ay
Now, the following set of equations is exactly equivalent to the definition of the

CMA, for a block of two outputs :
(20)

—y'(n—l)] Al AS|[HY,

a) , =

@ 17|ay ap]a,

b) 'y(n—l)]_[y'(n—l)}_[o O}[a(n—l)]
ym) | Ly s(n) 0 || a(n)

o Hﬁﬂ}:{Hﬁq}_{Ar ABHa(n—n}
Hoa| [Hia] [%3 A7jle®

Note that from a computational point of view, eq.(20b) states some problem : the
computation of y(n) seems to require the knowledge of a(n) which itself is defined in terms
of y(n). Nevertheless, since the matrix involved in eq.(20b) is strictly lower triangular, this
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equation can bc solved as follows : y(n-1) is readily obtained, then compute o(n-1) by its
definition (13b), then obtain y(n) by the second line of (20b), and finally compute o(n) from
y(n). Although a(n) and y(n) are related in a non-linear manner, this kind of equation will
always be solvable by substitution, due to the nature of the matrix involved in eq.(20b)
(strictly lower triangular).

Now, reduction of arithmetic complexity can take place, by rewriting (20) as :
02y

a) [y'(n— 1)] |:A{ (H)_, +HL_D+(A, - A Hg-—l:|

Ly'(n) Aj(Hy_; +H) ) - (A - Ag)'Hy
b) [y(n— 1)] _ [y'(n - 1):' _ |:O O]I:a(n - 1)]
Ly(n) y'(n) s(n) 0 ][ a(n)
FH?M} { 2-1} _ [AI (otn=1) + o))~ (A; — Ag)” x(n) }
H .

|H,, 1 Af(a(n—-D+am)+(A, — A a(n—1)

n—-1

c)

The reduction of the number of operations has mainly been obtained in the first
equation of the set : (21a) involves only three different length 1/2 inner products instead of 4
inner products of the same size in (20a).

We shall now more precisely explain the organization of the computation, step by
step, and evaluate the arithmetic complexity :

step a) computation of y'(n - 1) and y'(n) by eq.(21a)
step b) recursive computation of s(n) :

(22)

s(n) = s(n—-2)+[x(n)x" (n—1) +x(n—Dx" (n—2)

—-x(n-L)x (n-L-1)-x(n—=L-Dx (n—=L-2)]

step ¢) y(n - 1) = y'(n - 1). Compute a(n - 1) by (13b), then substitute in (21b) to get
y (n), and finally use (6b) for obtaining c(n) - eq.(21b)

step d) compute the update of H - eq. (21c¢)

step ¢) incrementation of n by 2 then go to step a)
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Several considerations similar to the ones in [6,7] , allow to precisely evaluate the
number of complex arithmetic operations involved in (21) :

Step a) The filtering operation At (HO,.; +H1, ;) is common between the two
terms of (21a), which requires 3 length L/2 filters, two of which are applied to combinations
of the input samples, namely :

(23)
Ay - A, =[x(n-2)-x(n-1),-+---,x(n—L)—x(n—=L+1]"
A, -Ay=[x(n-1)—x(n), s+, x(n=L+1)—x(n-L+2)]"

Just like in section II, the apparent number of additions involved in (23) can be reduced by
noticing that the previous set of scalar products involved in the computation of y(n-3), y(n-2)
already required nearly the same combinations of the input samples, and that only two new
complex additions are to be computed : ( x(n-2) - x (n-1) ) and ( x(n-1) - x(n) ).

Step b) involves two complex multiplications and two complex additions (half the
complex mults were already computed previously).

Step c) involves the computation of y(n) with one complex addition and one complex
multiplication, plus two equations of the type (13b), which require a total of six real mults.

Finally, step d) requires the complex product A*l (a(n-1)+0u(n)), which is common
between the two equations (21c). Moreover, (Aj - Ag) and (A3 - A) were already calculated
in (21a).

The above considerations allow to evaluate the reduction in the number of complex
operations per output point required for implementing the CMA. Nevertheless, the precise
improvement in terms of real operations depends on the way the complex multiplications are
performed (see section II-2).

When the complex multiplications are performed with the usual 4 mult-2 add scheme,
the total number of operations for computing two outputs is :
(24)
12L.+22 real multiplications
(25)
14L.+22 real additions
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We denote this algorithm by FCMA1, for a block length N = 2.

When the "fast" complex multiply scheme is used for computing the length L/2 filters,
as explained in section II.2.2, the corresponding algorithm is called FCMA2, and its
computational load for a blocklength N =2 is :

(26)

OL+22 real multiplications
27)

14L.+36 real additions

Table 1 gives the number of operations per output point for all the algorithms
explained up to now : CMA1, CMA2, FCMA1 and FCMA2.

It can be observed that each "fast" algorithm reduces by about 25 % the number of
multiplications compared to their initial counterpart, while slightly reducing the number of
additions. The total number of real operations is seen to be 20 % less than the one required
by a straightforward implementation of the CMA.

Note that this reduction is obtained only by a re-arrangement of the initial equations,
and that there is an exact equivalence, mathematically speaking, between the initial algorithm
and our block version of it. Hence, all these algorithms have the same convergence rate.

This method has been explained in a rather specific manner, by merging the
computations of two successive CMA outputs. We show in the next section that this
approach is much more general : grouping the computations of more outputs results in greater
computational savings.

IV. GENERALISATION TO ARBITRARY N

We shall follow the same lines as in section III : First, we provide an exact block
formulation of the CMA for arbitrary N, which is in the form of a fixed filtering, followed by
a correction of the outputs, and an update of the coefficients that are to be used in the next
block. Concerning the fixed coefficients filtering, we shall refer essentially to ref. [5,9], and
only recall some results. We shall rather concentrate on the adaptive part of this algorithm.
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IV.1. Exact block formulation of the CMA

Let us assume that L = NM, M a positive integer, and let us write the fixed FIR filter

output equations at time n-N+1, n-N+2,........... ,n-1,n :
(28)

[y(=-N+1)7 |Xn-Na

y@-N+2)| |Xp-ns2

= Hn—N+1
y'(n-1) Xt
"(n)
-y Dl

In the same manner as with the example N = 2, we may write the exact output
equations at time n - N + 1, n- N + 2, ......n-1, n, of the CMA :

(29)
yn—-N+1D] [y(-N+1] Coa(n—N+1)]
y(n—N+2) y'(n—-N+2) oa(n-N+2)
y(n-1) y@-1) a(n—1)
| y(n) 4 Ly'(m) | | a(n) |
with
(30)
0 0 .. 0
s;(n—N+2) 0 :
S(n) = :sz(n—N+3) :sl(n—N+3) ......
| SN—-1(n) SN—2(Meiriiiiiiiiciiiiieiieneeeeee5y(n) 0
where
(M) =X X, ., i=12. N-1
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The remaining part of the algorithm is the coefficients updating which is expressed as

follows :
€Y
fo(n=N+1)]
a(n—N+2)
Hn+1 = Hn—N+1 —[X;—NH X;—N+2 """ Xn—l Xn]
a(n-1)
| au(n)

(28), (29) and (31) can be written in matrix form as follows :
(32)

a) Y, =XmH, Ny

b) Y, =Y,-S)a,

¢) Hpy =Hpna-X'(n)a,

where T denotes the transpose conjugate, Y, is a vector of N successive outputs of a fixed
filter, Y,, represents N successive outputs of the complex CMA filter, X(n) is a matrix (NxL)
of the N last input vectors and &, the vector (Nx1) formed from o(n-i) for i=0 to i=N-1.

The set of equations (32) with the expressions relating o(n) and y(n) (eq.(6b) at time
n-N+1,...... ,n) form an exact equivalent of (6) for a whole block of outputs
y(n-N+1),......,y(n). Eq.(28) is an FIR filtering, whose coefficients remain unchanged
during the whole block of outputs, and is thus amenable to a reduction of the arithmetic
complexity through the techniques explained in [9].

Eq. (29) requires more inspection, since both vectors on each side of the equation depend on
the same unknowns Y,, through eq.(6b). Nevertheless, since S(n) is strictly lower triangular,
(29) can be solved in a manner strictly parallel to the computation of the solution of a linear
system with a lower-triangular matrix : First initialize y(n-N+1)=y'(n-N+1) then obtain

o(n-N+1) by (6b) at time n-N+1, solve in y(n-N+2) using the second line of (29) from
which a(n-N+1) is obtained (6b). Then, au(n-N+1) and a(n-N+2) allow the computation of
y(n-N+3) by the third line of (29). Iterating the process provides both Y, and o, in (32b).
Eq. (32c) then provides the values of H to be used in the next iteration. It is seen that the
filter weights are updated once per data block instead of once per data sample. Nevertheless,
this updating is performed in such a manner that the weights are equal to those that could
have been found in the initial CMA at the same time.
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In this way, expressions (32) are an exact block formulation of the CMA with the

advantage that arithmetic complexity can be saved by using the same techniques as described
in [6,7].

IV.2. Block Toeplitz formulation

A formulation of (28-31) using subsampled versions of the different signals involved
allows the derivation of the fast algorithm for any N :

Define :
(33)
Aj=[x(n-j) x(@-N-j) .. x(@-Ni-j .. x(@-L+N-j]

a vector of length L/N ; and
(34)

k t
Hn—N+l = [ hk hk+N ...... hk+Ni ...... hk+L—N] (l'l -N+ ].)

Then, eq.(28) becomes :
(35)
_ 0 -
ANoy AN ceeeeereeeeeeeseeen s ASNCy ASNCo || Boonst
1
ANo2 ANoleeerreeeeemrreeseneannes ASn_3 || Hoons
Y, =
A} Ay || HR
(A Al e AR [ HN L
and (31) gives :

(36)



245

0 0 * * * *
Hn+1 Hn—N+1 AN—l AN-2 sasescsscsssnscrnanss Al AO 'a(n_N+1)'

*

Hi, | [Hina] |AN ANl ceeeervvevcvvvieeneee. A7 [lo(n=N+2)

HN-2 N-2 a(n—1)

* *
n+l Hy N+ | | A2n-3 AN_2
N-1 N-1 * * * o(n)
Hn+1 ] _Hn—N+l_ _AZN—2 A2N—3 essessssssssencsncascans AN-']._ -

Expressions (35) and (36) play a key role for reducing the arithmetic complexity of
the algorithm, since they can be seen as a filtering equation with elements replaced by
vectors. Hence, all fast FIR filtering algorithms apply on this kind of matrix-vector products
[ 5,9]. Eq. (29) has not been changed by this block formulation, and it seems that the most
efficient way to compute the matrix S is the use of the following recursions :

A first equation (38) provides the expression of the first column of matrix S :
(38)

i
s;(-N+i+D)=s5;(n—-N)+Y x(n=N+i-j+D)x" (n-N-j+1)
j=0

1
-~y x(n—-L=N+i-j+Dx (n=L-N=j+1)
=0

Equation (39) provides the computations to be performed along the diagonals :
(39)
s;(n+1)=s;(n)+x(n+1)x (n—i+1)

—x(n=L+Dx (n=L—-i+1)

The above considerations allow to evaluate precisely the number of arithmetic
operations required for operating this block-CMA, whatever the block size N is. It should be
noted that the number of operations to be performed per output point can be decomposed in
two terms : the first one is due to the "fixed" coefficient filtering and to the update of H. This
term decreases with N : working with larger blocks results in more efficient algorithms. The
second one is due to the computation of matrix S, and this term increases with N. Therefore,
for a given filter length, there exist an optimum blocksize that will also depend on the type of
fast algorithm that is used. The next two sections study two special cases of interest, where
both the block-size and the filter's length are powers of 2.



IV.3. ECMA based on short-length FIR algorithms

The first case of interest is the recursive application of the computation we used in
section III. If the block length is a power of 2 (N = 2n), a fast FIR algorithm can be obtained
by applying n times the decomposition (21a), thus resulting in 32 subfilters of size L/N, the
inputs and outputs of which are sub-sampled by a factor N compared to the input of the
system.

A precise evaluation of the number of operations requiréd by this algorithm for
computing a block of N = 2 outputs is provided in appendix A.1. It is shown that, if the 4
mult-2 add complex multiply scheme is used in the filtering part (FCMA1), the number of
operations to be performed per output point for a filter of length L =20 M is :

(37

8§ (3/2)M + 620 -1 multiplications

(3%

4(3@BR2M-1)M+720+8(3/2)0-15 additions

If the "fast" complex mutliply scheme is used (FCMA2, see section I1.2.2.), the
resultine =umber of operations per output point are :
(39
6(3/2)"M+628-1 multiplications
(40)
4(3(32)m-1)M+720+12(3/2)n-13-2/20 additions

Note tiiat as long as M 24 (i.e. the filter is at least 4 times as long as the block length)
and whatever the blocksize may be, the FCMA requires fewer operations than the CMA. This
means that a reduction of the arithmetic complexity is feasible even for such short filters as
L=8.

Furthermore, if we suppose that M = 2B we see that the arithmetic complexity of
FCMA varies with 0(3) instead of 0(4™) for the CMA . This shows the efficiency of this
approach.

The important point concerning these numbers is that the precise arithmetic
complexity involves a term growing with N (updating of S) and another one diminishing
with N (fast FIR). Hence, equations (37) and (39) have a minimum. The zeroes of the
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derivations of these functions provide the approximate value of the optimum block length :
(41)
=-0.6 + 0.7 log, L for the FCMA1
(42)
n=-0.9+0.7 log, L for the FCMA2

Table 2 provides a comparison of the number of operation per output point required
by the various algorithms for the approximate optimum blocksize given by (41) and (42). A
reduction by a factor of 2 of the total number of operations is seen to be very easily obtained
for filters longer than L = 64, and a block length as small as N = 8.

IV .4. FFT-based implementation of FCMA

It is well known that the FFT can be used for a fast implementation of an FIR filter,
through the use of overlap-add or overlap-save techniques. Since (35) has the form of an FIR
filter equation, the FFT technique can be applied. The main differences with the classical
technique [4] are that the FFT length is twice the blocklength instead of twice the filter's
length, and that sufficient care has been taken in the block formulation of the algorithm in
order to maintain the rate of convergence of the CMA.

A simple way of understanding this method consists in extending the size of the
block-Toeplitz matrix of eq. (35) in such a way that the resulting matrix is cyclic. The
resulting equation is :

(43)

Yol _ {T(n) T'(n)}[Hn_Nﬂ]
Y, T'(nm) Tm)|O
where T (n) is the block-Toeplitz matrix of eq.(35), O a null vector of size N, Y,," a set of

outputs that do not need to be computed (overlap-save technique).

T'(n) is choosen (44) in order to give the block-cyclic property to the above matrix :
(44)
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[AYL AL eeeeeeeeieeneeee.. Ak AN, ]

ASN_y ANjererreeesemeasereessneesneeees ANZ3
T'(n) =|.

AiI+1 A(t)

€q.(43) involves inner products of the form A;t HK. Let us denote by C;(n) the matrix
(2Nx2N) made from the ith term of the blocks of matrix of eq.(43). When developing all
inner products in term of the individual components, (43) is rewritten as :

45)

' (L/N)-1 i
[Yl:} - 2 Ci(n)[gn—N+1]

Y, i=0
where

o .
Hyne1=[BNi BNign eeeees hnieN-2 BNieN—1 ) (@=N+1)

i=0,12,......,(L/N)-1

Each matrix C;(n) is cyclic, hence can be diagonalized by a Fourier matrix of size 2N :

(46)
Y. (L/N)-1 . i
[ n}=F2_131|: ) [FZNCi(n)le\II]F2N|: " N+1H
Y, i=0 0o
n
where

Fyx Ci(n)Fay = D;(n)
is a diagonal matrix, whose elements are the DFT of the first row of C;(n).

Furthermore, it can easily be seen that D;(n)=D;.1(n-N). This implies that €q.(46)
represents 2N complex filters of length L/N in the Fourier domain, subsampled by a factor
1/N. The overall organization of this scheme is provided in Fig.3. It is seen to require
(L/N)+2 FFT of length 2N per block of data of size N, plus 2N complex filters of length L/N
which run at a rate divided by N.
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The same kind of work has to be performed for the updating of the coefficients :
eq.(36) is first extended to become block-cyclic. Considering separately each ith term of the
vector HK and A, results in the following set of equations :

(47)

SR I < ce _wetran| %n
o lo | wete5 ]

i=0,1,2.oc..,(L/N) =1
W = Diag{L,1,......,1,0,0,........,0}

and finally :
(48)
agl I‘_‘Ii a
n+1 n-N+1 -1 n
= -WEND; (n)E
o o e[
1=0,12,......... J(L/N)-1

where D;*(n) is the complex conjugate of the matrix D;(n).

Eq.(46),(48) , together with (29) are seen to represent the FFT-based implementation
of the FCMA. A precise count of the required number of operations is provided in Appendix
A.2., and compared in table 2 for a number of filter lengths of interest. It is seen that this
method requires the lowest number of multiplications among all considered methods for
lengths greater than 32, and a lower number of operations (adds plus mults) above L=128.
For a filter of length 512, the FFT-based implementation requires a number of operations
divided by 4.5 compared to the initial algorithm. Note that this performance is obtained for
quite small blocklengths. The table 2 makes the distinction between two versions of
FFT-based CMA, depending on the algorithm chosen for the complex filters of length L/N,
as seen in section I1.2.2. Note that the number of operations for both FFT-based algorithms
are similar. Hence, the choice between them will rely on structural considerations.

V. SIMULATIONS

Some of these algorithms have been simulated, to verify our affirmations concerning :
a) The exact equivalence between the CMA and the FCMA,
b) the speed of our algorithm in relation to the initial one.
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The complex input signal is (see Fig.1) :
x(n)=s(n)+sp(n)+b(n)

where s(n) is the constant modulus transmitted signal, s)4(n)=B s(n-t) the signal due to the
effects of multipath propagation and b(n) a zero-mean white noise.

The objective is to use the CMA to provide an output y(n) which is an estimation of the
transmitted signal s(n) :

y(@)=8(n)

Our aim here is not to concentrate on properties of the CMA itself, but to check the
equivalence between the initial and fast versions of this algorithm. Fig.4 provide the
convergence curves (J(n) averaged on 64 points, normalized by the corresponding input
energy) of algorithms CMA1 and FCMAL in the case of a complex FIR filter of length
L=256 and a blocksize of N=32.These curves are clearly seen to be identical. As for the
speeding up of the algorithm, we observed that the FCMA1 saved 40% computation time
compared with the CMA1, which is nearly the ratio of the total number of operations, while
exhibiting exactly the same convergence behaviour. This gives an indication on the accuracy
issue of the FCMA : The updating of coefficients s; being performed recursively, one may
wonder if this recursivity could introduce »ny major drawback. We have shown that in the
LMS case [7], and for a fixed-point computation, this way of computing only results in a
slight increase of the residual error. It is also shown that, in any realistic case, these errors
cannot result in an instability of the algorithm [7]. The same demonstration holds for the
CMA case, and will not repeated here.

It is interesting to note that the matrix S depends only of the input signal, and some
approximations are feasible [6,7].
VI. CONCLUSION

In this paper, we provided a new algorithm wich allows a reduction of arithmetic
complexity of the CMA. This reductiun is possible whatever the blocksize is, and even for

the smallest blocklength (N=2).

Furthermore, we showed that it was also possible to work in the frequency-domain
and that the obtained algorithm is strictly equivalent to the initial CMA.
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All these algorithms share the same advantages : same convergence as CMA with a
lower arithmetic complexity, and small blocksize. The small blocksize allows the memory
requirements to remain reasonable, and reduces the overall system delay.

The algorithms based on short-length FIR algorithms are efficient for very small
blocklengths, while FFT-based algorithms are more efficient for medium size ones.

Furthermore, there is a possibility that the convergence rate can be improved using
this technique. This work is under consideration and will be reported.
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APPENDIX A

Evaluation of the arithmetic complexity of the proposed algorithms for blocklengths
N=2n,

A.l. Based on short-length FIR filters

This algorithm turns the fixed coefficient filtering (28) of length L into 3™ complex
filters of length L/N, that are used for computing a block of N outputs. The precise number
of real operations required by these filters depends on the chosen type of implementation (see
section I1.2.2.). This transformation is obtained by linear combinations of subsampled input
sequences (recursive application of (35))which cost a total of :

4 (3n-N) complex additions.

The second step is the correction of Y, in order to obtain Y,,. This first requires the
computation of the elements of the matrix S(n), by application of e¢q.(38) and (39). This
requires :
2N (N-1) complex multiplications,

SN(N-1)/2 complex additions.

Once S(n) is obtained, eq.(29) is solved by substitution, as explained in section IV.1., which
requires a total of :

N real multiplications,

N(N+1) complex multiplications,

N2 complex additions.

The final step is the updating of H to be used in the next block computation. This first
requires the computation of X¥(n) ay,, which is computed in the same manner as Yn'. By
taking into account the fact that the combinations of the input samples need not to be
computed again, this requires :
23n1/N complex multiplications,
30+11/N - 2L + 32 - N complex additions.

Finally, once the impulse response is obtained, the linear combinations of the
coefficients HK need to be computed. This requires :
3n]/N-L complex adds,

and the final computation of (36) requires L complex additions more.
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When the 4-mult 2-add complex multiplication sheme is used in the FIR filtering, the
resulting algorithm (FCMA1) requires a total of :
8§30 L/N+N(6N-1) real mults,
1230 I/N-4L + 838+ N (7N -15) real adds.

Finally, for the so-called FCMA2, where the complex filter scheme is that of Fig.2,
we obtain the following number of operations :
630 L/N+N (6N -1) real mults,
1230 I/N-4L+ 1230+ N(7N-13)-2 real adds.

A.2. FFT-based implementation

The overall organization of the algorithm is the same one as before, the differences
being found in the complex filtering sheme and in the updating of the coefficients:

In fact, the FFT scheme transforms the length-L filter into 2N complex filters of
length L/N, at the cost of L/N length-2N FFT's for computing the weights, one FFT for the
determination of Dy(n) ( note that D;(n), i=1,2,...,(L/N)-1, have already been computed,
since Dy(n)=D;_,(n-N) ) and one length-2N inverse FFT for recovering the outputs.

As for the updating of the weigths, the overall computation, as given in (48) requires
(L/N)+1 length-2N FFT's, plus 2L complex multiplications and 3L complex additions.

Furthermore, let us assume that the FFT is computed using the split radix algorithm
[11], we obtain as a result :
For the FFT-based FCMA1 :
4L (logoN +2) + 8 L/N + 6 N2 + 6N log,N - 13N + 12 real mults,
2L (6logoN+7)+ 8L/N+7 N2+ 18N log,N-9N + 12 real adds,

and for the FFT-based FCMA2 :
4L (logoN + 1) + 8 L/N + 6 N2 + 6N logyN - 13N + 12 real mults,
2L (6logyN+7)+ 8L/N+7N2+ 18N logsN-N + 12 real adds.
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Figure captions
Fig.1 : Overall organization of the CMA.

Fig.2 : Efficient implementation of the complex filter found in the CMA in terms of real
operations.

Fig.3 : Implementation of the complex filter based on shorter FFT's.
Fig.4 : Error curve of the

a) Constant Modulus Algorithm
b) Fast Constant Modulus Algorithm.

Table captions

Table 1 : Comparison of the arithmetic complexity per output point of the CMA and the
FCMA for a blocksize of N=2. ’

Table 2 : Comparison of the number of operations per output point required by the various
algorithms.
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lgorithm

Numbe
of
erations

CMAIL

CMA2

FCMAL

FCMA?2

Number of
additions

8L

8L +4

7L+ 11

7L +18

Number of
multiplications

8L +5

6L +5

6L + 11

4,5 L + 11

Total number
of operations

lI6 L +5

I4L+9

I13L + 22

IL5L +29

Table | : Comparison of the number of operations per output point of the CMA and
the FCMA for a blocksize of N = 2




CMAI CMA2 FCMAL FCMA2 FFT - CMAL FFT-CMA2
filter number |[number mumber number || black number number black number number bleck number number bleck number number
length of of of of length of of ien
o ) of ] gth of of length f
L additions| multi- additions multi- N additions multipli- N iti ipli $ diti 01' i length of of
el _ ' . P additions multipli- N additions multipli- N additions | multi pli-
p ions| plications cations cations cations cations
32 256 261 260 197 8 214 133 3 229 128 8 275 143 ] 283 127
64 512 517 516 389 8 6 263 8 361 209 16 378 206 16 386 190
128 1024 1029 1028 773 16 591 419 16 614 338 16 628 304 16 636 272
256 2048 2053 2052 1541} 32 967 677 32 999 353 32 839 433 12 R42 403
512 4096 4101 4100 3077 64 1586 1112 32 1696 920 64 1164 664 64 1 172 632

Table 2 : Comparison of the number of operations per output point required by

the various algorithms.
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EQUATIONS

Hui-Min ZHANG and Pierre DUHAMEL
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38-40 Rue du Général Leclerc
92131 Issy-Les-Moulineaux
FRANCE

ABSTRACT

We review the three well known fast algorithms for the solution of Yule-Walker (YW)
equations: Levinson algorithm, Euclidean algorithm and Berlekamp-Massey algorithm, and
show the relation between each of them and the Padé approximation problem. This connection
has already been noticed for some of them, but we intend here to offer 2 synthetic view of these
fast algorithms.

We classify the algorithms solving YW equations with reference to three criteria, namely:

-the path they follow in the Padé table

-the organization of the computation: we distinguish between one-pass and two-pass
algorithms.

-the auxiliary variables used: some algorithms use the backward predictor of same degree
as intermediate variable for computing the forward predictor (or vice versa), while others use
two predictors of the same type but of successive degrees.

This classification shows that the set of known classical algorithms is not complete, and
we propose the missing variants. With these variants of the Berlekamp-Massey and Euclid
algorithms, we are able to obtain both forward and backward predictors without additional cost.

Furthermore, we give a unified representation of the two-pass algorithms, in such a way
that the application of the divide and conquer strategy becomes straightforward. A general
doubling algorithm which represents all the associated doubling algorithms in an exhaustive
way is provided.

EDICS Category: 5.1.6 Computational Algorithms

* Permission to publish this abstract separately is granted
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1. INTRODUCTION

Speeding up the solution of Yule-Walker equations is very important, since this problem
appears frequently in various fields such as error-correcting codes, digital signal processing, to
name only a few. For example, the key equation for decoding Bose-Chaudhuri-Hocquenghem
(BCH) / Reed-Solomon (RS) / Goppa codes [4] and the equation involved in the identification
of coefficients of an autoregressive model are Yule-Walker equations. The Levinson algorithm,
Berlekamp-Massey algorithm, and Euclidean algorithm are the three well known fast algorithms
for this purpose, each of them being linked initially with one special application, although their
usefulness has been recognized for the other ones later on.

By exploiting the Toeplitz structure of the coefficient matrix, the Levinson algorithm [18]
solves a Yule-Walker equation with O(n2) arithmetic operations, where n is the size of the
matrix. The Berlekamp-Massey algorithm was developed by Berlekamp {4] for solving
precisely the key equation for decoding BCH codes, and was interpreted by Massey as a linear
feedback shift-register synthesis having the shortest length [19]. The relation between a Yule-
Walker equation and a Padé approximant [6] makes also possible the Euclidean algorithm
[17,20] for solving the Yule-Walker equation. This algorithm requires also O(n2) arithmetic
operations.

Although proposed for solving the same equation, these algorithms are based initially on
various concepts. Our main purpose is therefore to compare them and to offer a synthetic view
of these fast algorithms.

First, we recall that all these algorithms can be interpreted as Padé approximation
algorithms [6,7,15], which provides a better understanding of the essential of the problem.
This interpretation clarifies the relation between different algorithms, gives an explanation of the
diversity of algorithms, and provides possibilities for the development of new ones.

Then, we show that all these algorithms have two different versions, belonging
respectively to the following classes defined in [8]:

- the one-pass algorithms, that evaluate directly the denominators of Padé approximants;

- the two-pass algorithms, that compute first the numerators or the remainders of Padé
approximants via a sequence of elementary operations and then repeat the same sequence
of operations to obtain the denominators.
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It is shown that the one-pass algorithms are computationally more efficient than the two-
pass algorithms, while the two-pass algorithms which provide more information, have the
essential advantage of allowing the derivation of very powerful signal processing algorithms,
namely the doubling algorithms ( "superfast algorithms" ) and the parallel algorithms [24].
Thus, for each algorithm belonging to one class, we develop the corresponding one belonging
to the other class. The Levinson algorithm being of the one-pass type, we obtain its two-pass
equivalent by a simple combination of this algorithm with that of Schur [25], which is already
known. For the Berlekamp-Massey and Euclidean algorithms, we develop two new
corresponding algorithms: the two-pass Berlekamp-Massey algorithm and the one-pass
Euclidean algorithm. We complete therefore these algorithms in both classes.

When the polynomials to be processed in the algorithms are seen as forward or backward
prediction polynomials in the prediction theory, it is seen that the Levinson algorithm works on
both forward and backward prediction polynomials, while the Euclidean's works only on the
forward one, and the Berlekamp-Massey's works only on the backward one. We develop for
each of the last two algorithms a variant which is able to provide both types of predictors while
maintaining the computational complexity almost unchanged.

Throughout the paper, the arithmetic complexity is evaluated for each algorithm. We
show that the algorithms in the same class require nearly the same number of arithmetic
operations, and that the Levinson algorithm is the only one for which the arithmetic complexity
can be reduced when the matrix is symmetric.

Finally, we study the common structure of the two-pass algorithms allowing to apply the
divide and conquer strategy. The application of this strategy converts the classical algorithms
into the class of so-called doubling algorithms which is faster asymptotically
[1,2,3,15,16,22,23]. We then present a general doubling algorithm which represents all the
doubling algorithms in an exhaustive manner.

The remaining of the paper is divided into six sections as follows:

2. Preliminaries

3. Classical algorithms

4. Summary of the classical algorithms
5. Development of the missing variants
6. Doubling algorithms
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7. Conclusion

The preliminary section recalls the Padé approximation and describes the Yule-Walker
equation as a Padé approximation problem. The section on classical algorithms is divided into
three subsections, presenting successively the three algorithms for which we discuss the
following points:

- the Padé approximants to be evaluated
- the number of multiplications required
- the class to which the algorithm belongs

In section 4, we give a summary of these algorithms and point out the missing variants to be
developed in section 5. Then, based on the common structure of the classical two-pass
algorithms, section 6 gives a general principe for the application of the doubling strategy to the
classical algorithms. Finally, we conclude the paper with a short summary.

2. PRELIMINARIES

Solving a Yule-Walker equation is shown to be closely related to the Padé approximation
of a formal power series [see ref. 6]. We recall the definition ~f the Padé approximation
problem and its connection with the Yule-Walker equation.

2.1. Padé approximant

Definition [13,14,21]: Let C(z) = cg + cyz+ ¢y z2 + ...be a formal power series with cp#0. A
rational function of the form u(z)/v(z) is an (m, n) Padé approximant for C(z) if

deg(u(z)) £m (1)
deg(v(z)) <n )]
C(2)v(z) - u(z) = O(zm+n+1) 3)

For a formal power series, there always exists a Padé approximant of order (m, n) represented
by the rational function r,; 22:

Pm.n(2)

I'm,n(Z) = amn(z) (4)



271

with py () and ay, ,(2) relatively prime and py, n(0) = ¢, 2 1(0) = 1.

The Padé table of the formal power series C(z) is a doubly infinite array of the uniquely

determined rational function rpy, (z) = Py (2)/am n(2), Which can be represented as follows:

denominator order

-
Too To1 To2z To3 — — -
Lo Ty T2 T3 — — —
Tho To1 To2 Tg3 — — —

30 31 T32 T33 — — =

numerator order

Table 1: Pad€ table

By definition of rp, ((2), the first column contains the partial sums of C(z):

m i
: k
T O(Z) = Z C,Zz
k=0

The power series C(z) is said to be normal if, for each pair (m, n), the Maclaurin
expansion of ry, n(z) agrees with C(z) exactly up to the power zM+h. The Padé approximant
I'm p is normal if it occurs exactly once in the Padé table. The power series C(z) is normal if all
its Padé approximants are normal; that is, no two are equal [14].

2.2. Yule-Walker equation

The Yule-Walker (YW) equation is defined as a system of linear equations:

Cn collag o, Ch Co || bo 0
0 . . 0
= or =
Con Cn a, 0 Con Ca bn Gy

&)
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where a(z) and b(z) (a(z) = ag + a;z + ... + apz”, b(z) = by + byz + ... + byz") are seen as the
forward and backward prediction polynomials of the corresponding system. It is shown in [6]
that the solution of the YW equations can be described as a Padé approximation problem. This
interpretation is recalled below.

The equation (5) is completed as follows:

Co Po Co Po
0 0
Pn-1

Cn C |{2]| |Pn o Co |[bo]| |O

0 0

= or =

C2n Cn an Con Cn bn do

Qo

L Con _Qn—l _ L Con | 19n (6)

with pp = gg = 0. By noting ¢(z) = ¢y + ¢1Z + ... + Cypz2", C(2) = c(z) + O(22™*1), p(z) =
Po+ P1Z+..+ ppzland q(z)= qo+ qiz+..+ qp1z%%, p(z) = pg+piz + ... + Pp.
121, and q(z) = q¢ + q1z + ... + q,2z", we have the polynomial description of (6):

C(z)a(z) = B(2) +2°**'q(2)
C(2)b(z) = p(2) +2°"q(2) | b

Comparing (7) with the definition of the Padé approximant, we see that E(Z)/a(z) and p(z)/b(z)
with deg( E(z)) = n, deg(a(z)) = n, deg((p(z)) = n-1, deg(b(z)) = n are respectively the Padé
approximants of order (n, n) and (n-1, n) for C(z). The solution of the Yule-Walker equation is
thus described as a Padé approximation problem.

This simple consideration already provides an interesting information: ap is the forward
predictor, while by is the backward one. The understanding of ap and by as Padé approximants
of order (n,n) and (n-1,n) respectively shows that the backward predictor is certainly easier to
obtain, since it is an approximant of lower order than the forward one.
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3. CLASSICAL ALGORITHMS

We present here three classical algorithms: the Levinson algorithm (and Schur algorithm),
Euclidean algorithm and Berlekamp-Massey algorithm. Our goal is not to describe the details of
the algorithms, but to: 1) interprete them as Padé approximation algorithms; 2) group them
together in two classes, namely one-pass algorithms and two-pass algorithms; 3) compare their

arithmetic complexity.

Considering that the algorithms require almost as many additions as multiplications, we
evaluate only the latter for each algorithm. The number will be noted after each step in a square
bracket.

3.1. Levinson Agorithm
We recall the Levinson algorithm as well as the Schur algorithm. For these algorithms,

we can find in [7] their interpretation as Padé approximation algorithms. The Levinson

algorithm [12,18] solves the following equations:

Cn co anO
_10
a_ b |7}, .
C;m  Cn 0 a, (8)

which are Yule-Walker equations with a, and b, respectively the forward and backward
prediction vectors in the prediction theory. Let C; be the principal minor of dimension i+1 of the
matrix in the above equation, which is supposed to be non singular. The prediction vectors of
two succesive orders obey the following recursion relationships:

2] 0 %t Byit] [
C,l +K,; b }=|4 +K,;0 =10
0 i [Baia ., 9)
0 ] a. By i i
C.{ b +K,; =10 + K, 0 —{Q }
-1 0 i Poia] L% (10)
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These two equations constitute the main recursion relationships of the Levinson algorithm. The
algorithm is summarized below.

ALGORITHM 1 (LEVINSON )

ap(2) =bg(z) = 1, g = ¢

For i=1,..,n

-1
Bypia= 'Zob i-1,j € n-1-j
j=

[i-1]

i-1
Bain= Zai—l,j Chtiq

=0 [i-1]
Kp,i == Bp,i-1/ -1 (1]
Kai=-Baj1/% (1]
l:b i(z):| |:z Kh,i] [bi_l(z):|

a i(z) Ka,iz 1 ai_l(z) [26-1)]

o =01 (1-Ky;Kpi) =01 +PBpi1 Kaji (1]

We can easily evaluate the number of multiplications required by this algorithm, which is
equal to 2nZ + n. In the case where the matrix C is symmetric, we have B, i=Bui Kai=Kpi
and ay(z) = bj#(z) = zib;(z"1) , this number is reduced to n2 +n .

In the above algorithm, the parameters K, ; and Ky, ;, known as reflection coefficients, are
computed via the scalar products B, ; and By ;. These parameters provide the recursion
relationship for the prediction polynomials a;(z) and b;(z), and the only recursion is carried out
on these prediction polynomials. This algorithm is thus classified as a one-pass algorithm.

The Schur algorithm [25] provides an alternative method for computing the reflection
coefficients { K, , Kp,i } via the recursion of the polynomials p;(z), g;(z), Ei(z) and ai(z):
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ALGORITHM 2 (SCHUR )

[Pi(z):]_Fz Kb,i |:Pi_1(z):|
@) |K.z 1 |5

qi(z) i _ Z Khi qi—l(z)
“laa@]T K,z 1 ||28,,@

J
n . n-l1
ql(Z) = Zqi,jzj’ ql(z)_ zq” !
=0 j=0

The variables p; ;, qij, Ei 3 EIJ involved in the algorithm are found in thc following
linear equations:

Cyo p0,0 pn,OI p()() ﬁnO
0 |
Pon-1 Pnn-t
b b ,]a a ot na-l - -
Cn cyoll P00 no0 | 20,0 n0 | 1qq, | Pon P
| o,
0 b, | 0a, |° O 1 %0
L1 1,1
c c P _
2n " LR n,n 90,0 90,0 Q001 -
: . ! ‘ qn,O
0 |
0
| _ _ )0

ey,
Obviously, we have pin1 =B 4i0=Baj a0d o= Pin =04

The Levinson type two-pass algorithm is obtained by combining the computation of the
reflection coefficients K, ; and Ky ; in Schur's manner, and the prediction polynomials a;(z)
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and b;(z) in Levinson's manner, in such a way that the recursive iterations are performed
altogether on p;(z), q;(2), Ei(z), ai(z) and aj(z), bj(z). The combined algorithm called
Levinson/Schur algorithm is written below:

ALGORITHM 3 (LEVINSON/SCHUR )

First pass:

po(Z) =Ccp+Ciz+..+ Cn_IZn'l, 50(2) =Ccptciz+ ... + CnZn,

qQo(2) =Cp + Cpy1Z + .. + Cop2", qz) = Cpyp + oo + Copz 1,

Fori=1, ..,n

Kbi=-Pi1n1/ Pi-ln [1]

Kai=- 4ic10/Gi-10 [1]
Pi(Z) __Z Kb,i [pi_l(Z)

5@ Kz 1 |[Fi,®@ i)
[qi(z) 12 K [qi_lc) ]

z 2q,(z) | K,z 1 ||zg§,,@ 2]

Second pass:

ap(z) =bgp(z) = 1

Fori=1,..,n
b@] [z Ky b, @
l:ai(z)]= Kaiz 1 :H:ai—l(z):I [2G-1)]

The number of multiplications required for evaluating this algorithm is 3n2-n, which is
more than the corresponding one-pass algorithm (Levinson algorithm). If the matrix is
symmetric, this number may be reduced straightforwardly to 1.5n2-0.5n.
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As seen in section 2, the ratio p;(z)/b;(z) and pi(2)/ai(z), with py(z) = pPio+Pi1z+..+
Pin-1 Z*1, and Ei(z) = i’—i,o + Ei,l zZ+..+ Ei n 2", are respectively the Padé approximants
of types (n-1, i) and (n, i) for C(z). Thus, for i from O to n, it is seen that this algorithm
computes the Padé approximants of types (n-1, 0), (n, 0), (n-1, 1), (n, 1), ..., (n-1, n), (n, n),
which has the form of a sawtooth related to a row in the Padé table (see fig.1). This is a result
given in [7].

Based on a conventional three-term recursion for polynomials which are orthogonal on
the unit circle, a variant of the Levinson algorithm has been proposed in [26] . This variant
computes only the polynomials aj(z) or bj(z), the forward or backward predictor, but not both
of them. As a consequence, only the Padé approximants of types (n-1,0), (n-1,1), ..., (n-1,n)
(or (n,0), (n,1), ..., (n,n) ) are computed, which constitute a simple row in the Padé table.

We note that all these types of algorithms (Levinson, Schur, Levinson/Schur) require that
all the principal minors of matrix C be not singular, that is, the polynomial c(z) must be normal.
The generalization of this algorithm to the case where the matrix C has any rank profile can be
found in [9, 26].

3.2. Euclidean Algorithm

The Euclidean algorithm was originally developed for computing the greatest common
divisor (GCD) of two entries or two polynomials [5,20]. The application of this algorithm to
the computation of Padé approximants is an original suggestion of Kronecker [17]. Using this
algorithm for solving a YW equation is related directly to its application for Padé approximation
[5]. We first recall the original algorithm for the computation of the GCD of two polynomials,
and its extension for solving YW equation. The relation between this algorithm and the Padé
approximation has been described in [6].

3.2.1. Extended Euclidean algorithm

Let us consider the problem of computing the GCD of two polynomials s(z) and t(z):
GCD(s, t), and the "comultiplicators” u(z) and v(z):

s(z) u(z) + t(z) v(z) = GCD(s, t) (12)
Suppose that deg(s(z)) = deg(t(z)), the Euclidian algorithm computes GCD(s, t) by a sequence

of recursive divisions: let sy(z) = s(z), $1(z) = t(z), we construct a sequence of remainder
polynomials s;(z) for 1 <i < n by Euclidean division:
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$;-1(@) = qui(2) 5(z) + si41(2) (13)

The recursion being continued till i = n when s, (z) =0, the resulting s,(z) is the GCD(s, t).

Once the quotients qu;(z) are known, we can evaluate u(z) and v(z). The algorithm
involving these two passes (computation of GCD then evaluation of the comultiplicators) is
called "Extended Euclidean Algorithm" [8], and is summarized below:

ALGORITHM 4 (EXTENDED EUCLIDEAN )

First pass:

so(z) = s(z); s1(z) = t(2)
For1<i<n

qu;(z) = quotient of the Euclidean division s;_(z)/s;(z)

-Si(Z) _ 0 1 Si—l(z)
151,12 - |:1 —qu i(Z)] 5.(z)

B n(Z)(z):| _ [GCI;( S, t)]

Lsn+1

Second pass:
R
u v, 0 1

For i=1,..n
L BHE sl ¥
Ui Vi U T @lup vy

3.2.2. Extended Euclidean algorithm for solving YW equation

To apply the extended Euclidean algorithm for solving a YW equation, we consider the
polynomial description of the problem, i.e. the first equation of (7):

220+l q(2) + c(2) a(z) = p(2), (14)
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By taking s(z) = - z20+1, t(z) = c(z), we remark that (11) and (13) are of the same form with

q(2) = u(2) and a(z) = v(2), if p(z) is the GCD of s(z) and t(z). In fact, if we apply the
extended Euclidean algorithm to the polynomials s(z) = - z20+1 and t(z)=c(z), the GCD would
be found as a result of the recursion when deg( E(z)) = 0. However, we are interested in the
solution of the YW equations. If ¢(z) is normal, this solution is found at the n-th recursion, the
solution a(z) is of degree n, and deg( 5(2)) is also equal to n. If c(z) is not normal, then the
solution of the YW equations is found at an intermediate step where deg(a(z)) < n and
deg( f)_(z)) < n. Thus the Euclidean algorithm for solving equation (13) is as follows ( see Ref.
[5] for a detailed demonstration):

ALGORITHM 5 (EUCLIDEAN)

First pass:
p.1(2) =-220*1, py(2) = c(2)

Fori=0,..,r
quj(z) = quotient of the Euclidean division p; 1(z)/ pi(z) [3]
[ﬁi(Z) ] _ [O 1 ] [ﬁi_l(z)]
i@ 1 —qu)]|pi2) [4n-4i-2]

deg( p(2)) 2 n+1
deg( pry1(z) <0

Second pass:

a1(2)=0,2¢(2) =1
Fori=0,..r

a.(z) _[0 1 a. (2)
a, @ |1 -q i(z)] a,(2) } [2G+1)]

a(z) = ar,1(z) / a,41(0)

Solution

In the case where c(z) is normal, r = n-1, and the number of multiplications required by
this algorithm is 3n2+4n.
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The evolution of the parameters involved in this algorithm is shown below in matrix

form:
[co T [Do.0 Pno |
0
Cn co |[200  ano ] Pn,n
. 0
0 a;; B
Con e || ann| |Po2n 0
. Qn,()
0 0
L C2n | | qn,n—l ] (15)

This algorithm is of the two-pass type. It computes successively the Padé approximants
(2n, 0), 2n-1, 1), (2n-2, 2), ..., (n, n), which form an antidiagonal of the Padé table (fig.1), a
result having been given in [6]. If c(z) is a normal power series, all these approximants are
distinct and deg(a(z)) = deg( p(z)) = n.

We observe that, this algorithm computes successively the solution of the following
linear equations in which aj(z) = ajo + aj1 z + ... +a;j z! are seen as the forward prediction
polynomials.

-

Con-i Con-2i || 20| [Pi2n-i
0
Con Con-i ai,i ] 0 (16)

It will be shown in section 5 that it is possible to obtain in addition the backward prediction
polynomials without increasing the computational complexity (Algorithm 8 below).

3.3. Berlekamp-Massey Algorithm
This algorithm [4] was originally developed for decoding the BCH codes. It was

interpreted as the synthesis of an autoregressive filter [19], with the following system of
equations:
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Cn-1 Co bl —Cn

Can2  Cn1][Pn] [—C2n-1 | 17

Cn Co 1 0
by |
C2n Cn bn O (18)

This algorithm computes therefore the backward prediction vector in the prediction
theory, while the Euclidean algorithm computes the forward one, and the Levinson algorithm
computes both of them. Nevertheless, changing the initial algorithm to obtain the forward one
is trivial since we need only to carry out the algorithm on the reverse of the polynomial c(z). A
variant which computes both forward and backward prediction vectors is developed in
section 5 (algorithm 10).

We give here only the algorithm. For its derivation, the reader is referred to [5,4,19].

ALGORITHM 6 (BERLEKAMP-MASSEY )

bo(@) = t(@) = 1,
L=0, dt=1

Forr=0, ..., 2n-1

L
dr = D, bic;
=0 L]

if (d,=0), then
l:bﬁl(z)}_[l O] b,(z)
(Lt (@ 1ozt I

if ((d#0) and (2L>1) ), then
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[br+1(z)] _ [1 - drdt—lz:l[br(Z)J
{ t1'+1(Z) 0 z tr(Z) } [L]
else ((d#0) and (2L<r) )
{L=r+1-L
[bm(z)] _ [1 - d,dt_lz:l{br(l)}
t,+1(2) 1 0 t.(z) L]

dt=d, }
Solution  b(z) = b (z).

We give here some explanation about the parameters used in the algorithm: L is the order
of polynomials b (z), which is different from the recursion order r. The recursions are carried
out on polynomials b.(z), r =0, 1, ..., 2n-1, and some of them are stored in the auxiliary
polynomials t(z) when they are denominators of a Padé approximants of c(z). In the case
where c(z) is normal, only the polynomials at even recursion orders will be stored. It is easily
seen that this algorithm is of the one-pass type, since the polynomials b, (z) are obtained in a
non recursive manner.

The number of multiplications required by this algorithm in the case where c¢(z) is normal,
is 2n2+2n. We remark that it is of the same order as that of the other one-pass algorithm
(Levinson algorithm) stated before. ’

We emphasize the fact that all the b (z) are not denominators of Padé approximants of
¢(2), but only the ones that are stored in t (z) are the denominators of the Padé approximant of
order (1/2, r/2) with r even in the case where c¢(z) is normal. Thus, for r = 0, ..., 2n, this
algorithm computes the denominators of the Padé approximants of types (0,1), ..., (n-1,n),
which constitutes a main diagonal in the Padé table.
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4. SUMMARY OF THE CLASSICAL ALGORITHMS
As seen above most of the results provided in section 3 have been explained elsewhere in
the literature, at least partially. Nevertheless, only a global view of YW equations as a Padé

approximation problem will allow the derivation of new results:

1)  All these three algorithms evaluate the denominator of the Padé approximant of type (n,n)
or (n-1,n). They cover various paths in the Padé table:

(an) -

1. Ber.-Massey algorithm
0, 1, (1,2),..,(n-1,n)

(0,0) /1/21/]/ () 2- Levinson algorithm
(n-1,0), (n, 0), ..., (n, n)
3 3. Euclidean algorithm
(2n, 0), 2n-1, 1), ..., (n, n)
(2n,0
Y

fig. 1 evolution of the various algorithms in the Padé table.

2)  The Levinson algorithm is of the one-pass type. We obtain the corresponding two-pass
version by a combination with the Schur algorithm. The Euclidean algorithm is shown to be of
the two-pass type, its one pass version is missing. The Berlekamp-Massey algorithm is of the
one-pass type, its two-pass version is to be developed.

3) The Levinson algorithm computes both forward and backward predictors of the
associated system. The Euclidean algorithm and the Berlekamp-Massey algorithm compute
respectively the forward and backward predictor, the variants of these two algorithms for
computing both predictors altogether are missing.

The following table shows what are the algorithms already known, and what are the
missing variants to be developed in the next section.
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Forward Forward
One-pass Two-pass or and
Backward Backward
Levinson Known Known Known Known
Euclidean Missing Known Known Missing
Berlekamp Known Missing Known Missing

Table 2 Variants of the algorithms known or missing

5. DEVELOPMENT OF THE MISSING VARIANTS

5.1. The variants of the Euclidean algorithm

By comparing the Euclidean algorithm with that of Levinson/Schur, we remark that the
first pass looks like Schur's algorithm, and the second one looks like Levinson's. We are
therefore motivated to develop a one-pass algorithm which would be similar to that of
Levinson, by hoping that it will be more efficient than the initial (two-pass) Euclidean

algorithm.

As for the Levinson algorithm, we suppose that the formal power series c(z) associated
with the Toeplitz matrix is normal. The idea is to replace the computation of quotients qu;(z) in
the initial algorithm by a scalar product which is a non recursive computation, just like the
computation of the reflection coefficients in the Levinson algorithm. For this, we examine the

explicit expression of qu;(z):

qu;(z) = quotient of the Euclidean division _};i_l(z)/ Ei(z)

T e T = = 2n-i+]
with D 1(@)= Pijo+ PigiZ+--+ Pipznisi?
pl(Z) = pl’o + pi,lz + ...+ pi,2n-izzn-l

¢(z) is normal, then Ei i E 0, we obtain

quy(z) = qu; o +qu; ;Z

with qujy = Pijniv1/ Pizni

Qu; 0= Pi-12n-i - QY1 Pi2n-i-1)/ Pioni

(19)

(20)
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And, the recursion of Ei(i) is replaced by the computation of its last two elements:

D = T

Pi2n-i = [ €2n-is -+ C2n-2i 1 [ 3,00 -+ 35 ] 1)
D = T

Pi2n-i-1 = [ C2n-i-1> -+ C2n-2ic1 1 [ 300 -+ 355] (22)

This algorithm is summarized below:

ALGORITHM 7 ( ONE-PASS EUCLIDEAN)
[ P-1.2n } [o }
_ —
| P-1,2n+1 -1
[a_,(z) 0
(—
[ 29(2) 1

Fori=0, ..., n-1

i
Pi2n-i ~ Zai, i€2n-i-j
=0

[i+1]
1
Pi,2n-i-1 = z 2;,;2n-i-1-j
=0 [i+1]
qu; = Pi~1,2n-i+1/ Pi2n-i (1]
qQuj0 = (Pic1,2n-i =94 Y3,1 Pi,2n-i-1)/ Pi2n-i 2]
2;1(@ =23;_,(2)-(qu; 5 +qu;,2)a(z) [2i+2]

Solution:
a(z) = ay(z)/a,(0)

The resulting algorithm requires (2n2+5n) multiplications. Indeed, this one-pass
algorithm is computationally more efficient than the initial two-pass algorithm. It should be
noted that this algorithm supposes that the polynomial ¢(z) is normal, but it can be generalized
for the anormal case without difficulty.

As we have mentioned before, the algorithm computes only the forward predictor
solution. The variant which provides both the forward and backward one is developed below.
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First, we introduce an auxiliary polynomial bj(z) = bjg + bj; z + ... +bjj zi , which
represents a backward prediction polynomial. It is the solution of the following linear

equations:
Con—i Con—2i || Pi0 0
0
Con Con-i || bii 4i,0 23)

Then, we organize the variables involved in the algorithm in the following matrices:

o 7 Po,o Pno Po,o Pn,0
0

Pn,n-1

Cy co |[20.0 an,0 bo,o bno] Pan 0

0 .

0 a 0 by, B Po2ai0 O

Con ca || 25 n ban | |Po2n0 0 qo0 - - dno
- Q0,0
0 0 0
. C2n_ I Qn,n-1 dnn |
(24)

The recursions for aj(z) and b;(z) are the same ones as for Ei(z) and pj(z), which are
easily deduced by decreasing at each step one degree of the polynomials Ei(z) and pj(z). This
recursion depends only on the last coefficients of the Ei(z) and pi(z) ( Ei,Zn-i and pi2n-i+1 )-
For example, it may be as follows:

8;(2) = = (Pi=1,2n-i / Pi=1,2n-i+1)8j_1(2)+2b;_;{2)

bi(z) = = (Pi-12n-i / Pizn-1)2i(2) +  b;i1(2) 25)
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If these last coefficients are computed via the recursion of the polynomials Ei(z) and pj(z), then
the resulting algorithm is of the two-pass type. If they are computed via scalar products, we
obtain a one-pass algorithm. We give here only the one-pass version.

ALGORITHM 8§ ( Forward and backward EUCLIDEAN )

ol
(——
b,(z) 1
P0,2n = C2n

Fori=1,..,n

i1
Pi-1,2n-i ~ Z bi-l,jc2n—i—j

=0 : (il
2i(z) = = (Pj-1,2n-i / Pi-12n-i+1)8i-1(2)+2b;_;(2) [i+1]

.
Bizn-i = 2,8 Conicj
=0 [i+1]

b;(2) = = (Pi—1,2n-i / Pi2n-i)3; (%) + b;;(2) [i+2]

Solution:
a(z) = a,(z)/a,(0)

b,(2) = b,(2) / b,(0)

The resulting algorithm requires (2n2 + 6n) multiplications, which is almost the same number
as that obtained for the one pass Euclidean algorithm which provides only the forward
prediction polynomial, i.e., the backward predictor is given nearly for free in this new
algorithm.

5.2. The variants of the Berlekamp-Massey algorithm

A two-pass Berlekamp-Massey algorithm is developed for completing the classical
algorithms in both classes, and also for obtaining an algorithm which makes the development of
its associated doubling algorithm easier. Observe that the parameter d, is the first element of the
vector shown in the following matrix description:



-CO i do
I 1 %
by1b12
‘n “ll o bsy A
L b2n,n_
[C2n Cn | _d0,2n
f
do

d, 0
dr,2n-—r d2n i

i

d, (26)

Hence, the two-pass algorithm is obtained by computing these parameters via the recursion of
the vectors d., which constitutes the first pass of the algorithm. The recursion relationship is
exactly the same one as that for b, (or b(z)). The algorithm is described below:

ALGORITHM 9 ( TWO-PASS BERLEKAMP-MASSEY )

First pass:
dy(z) =c(z),dt = 1,dy'(z) =c(z), L=0
Forr=0,1, .., 2n-1
d=d, T (the first element of d (z) )
if (d, = 0), then

[dr+l(z)]=[1 0][d,(z)}
(@[ L0 2ldw@)],
if [(d# 0) and (2L>1)], then

4@ 1 -da dr(z):|
( d' @] o z d',(z) |
if [(d#0) and (2L<r)], then

[dr+1(z) =[1 —drdt_lz][dr(z)}
{d'm(Z) 1 0 d', ()

L=r+1-L
dt=d_}

[2n-r+1]

[2n-r+1]
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Second pass:
bo(2) = te@ = 1,
L=0, dt=1

Forr=0, ..., 2n-1
if (d,=0), then

[b,+1(z)]_[1 O}l:br(z)]
{ Len@ 10zt (2) )
if ((d#0) and (2L>1) ), then

l:br+1(z)]___ 1 —da [bxz)]
{ tr41(2) 0 z t.(z) }

[L-1]
else ( (d#0) and (2L<r) )
(L=r+lL
[br+1(z)] _{1 - drdt_lz I:br(z)]
tr+1(2) 1 0 t(2) [L-1]
dt=d_ }

It is easily checked out that the number of multiplications required for evaluating this
algorithm is equal to 3n2+2n in the case where ¢(z) is normal. It is thus of the same order of
magnitude as that of the other two-pass algorithms described before.

As for the Euclidean algorithm, we can also modify a Berlekamp-Massey algorithm for
computing both the forward and backward prediction polynomials. The development of this

algorithm follows the same lines and will not be repeated. The one-pass version is provided
below:

ALGORITHM 10 ( Forward and backward BERLEKAMP-MASSEY )

(—
by(2) 1

doo=co,r=0



Fori=1,..,n

Solution:

=1+l

i-1
digo = D bi1i€j
=0

290

2;(z) = b;_1(2) — (di—y,0 / di-1,0)28;1 (2)

r=r+l

i
dip =D Cr-j
0

bi(z) = a;(2) - (d; 0/ di=1,0) 2 b1 (2)

a(z)=a (2

(i-1]

[i]

(]

The number of multiplications required is (2n2 + n), which is even less than that of the original
algorithm, while providing a set of additional forward prediction polynomials (ag(z), ..., a,(z)

).

We have thus completed the missing variants for the three classical algorithms. In table 3,
we give the number of multiplications for each version of the algorithms described before.

LEVINSON EUCLIDEAN BERLEKAMP
One-pass  Two-pass | One-pass Two-pass | One-pass Two-pass
a/b 2n2 3n2-3n 2n2+5n 3n2+4n | 2nZ+2n 3n2+2n
atb 2n2+n 3nZ-n 2n2+6n 3n2+3n | 2nZ+n 3n?

Table 3: Numbers of multiplications required for each algorithm

where a/b: forward or backward predictor to be computed

a+b: forward and backward predictors to be computed
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We remark that the algorithms providing both forward and backward predictors have
almost the same computational complexity as those providing only the forward or backward
predictor. All the algorithms of one-pass type require fewer arithmetic operations than the two-
pass algorithms ( O(2n2) versus O(3n2) ). Nevertheless, the structure of the two-pass
algorithms is fundamental for the development of the doubling algorithms which we will
describe in the next section.

Some differences are to be mentioned between the three classical algorithms. First, the
Levinson algorithm is the only one which can be simplified for a symmetric matrix, since the
other algorithms perform the recursions on partial matrices that are not symmetric, excepted at
the very last step. Next, these algorithms will have different finite precision properties since the
recursion relationships are related to the inverse of different minors of the Toeplitz matrix ( the
principal minors for Levinson algorithm, the minors along the second diagonal for Euclidean's
(from bottom to top) and Berlekamp's (from top to bottom) ), and the condition number of
different minors are different. The detailed analysis is out of the scope of this paper.
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6. DOUBLING ALGORITHMS

All the algorithms that we have discussed so far require a number of multiplications
which is proportional to n2. In this section we show how the divide and conquer strategy [5]
can be used to reduce the computational complexity of all these algorithms for large n. Our goal
is not to study each algorithm in detail, but to retrieve the essential of the problem, and to try to
give a unified presentation of the doubling algorithms.

6.1. A Unified Presentation of The Classical Algorithms

Despite the diversity of the classical algorithms, they have a common structure on which
the doubling strategy relies.

First, we remark that the development of a doubling algorithm based on a two-pass
algorithm is straightforward (e.g. the development of the doubling Euclidean algorithm [5] ).
As for a one-pass algorithm, it relies implicitly on the corresponding two-pass version, since a
scalar product in the algorithm can be seen as an element of some polynomial. The computation
of the scalar product is then replaced by the computation of the corresponding polynomial,
which can be found in the 2-pass version of the algorithm. A practical example is the
development of the doubling Berleamp-Massey algorithm (cf. The Recursive Berlekamp-
Massey Algorithm in [5]).

Then, we note that the recvrsion relationship is the same one for the polynomials in the
first pass as for the second pass. Moreover, the recursion in each pass is carried out either on
one polynomial sequence involving three terms ( three same type of polynomials of successive
order) or on two polynomial sequences involving two terms. This means that the recursion is
always in the following general form:

5.(2) _F $;_4(2)
y@| = @ @n

with F;(z) a polynomial matrix of dimensions 2x2. We have t;(z) = s;_;(2) in the case where
three terms recursion is used.

Thus, we have picked up the common structure of the classical algorithms for the
development of the corresponding doubling algorithms. The following general presentation of
the algorithms summarizes this stucture:
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First pass:
Initialization of u(z) and v(y(2)

Fori=1,2,..,n
F;(z) = function of (u;_(2), v;.1(2))

[u i(Z)] liu i,I(Z)]

=F.(z
v.(2) v, (2) /* outgoing recursion */
Second pass:

Initialisation of a(z) and by(z)

Fori=1,2,..,n

ai(z) B ai_l(z)
b@| " b, @

/* incoming recursion */

Now, this general representation allows us to explain the principle of the doubling
algorithms for all these classical algorithms in a unified manner.
6.2. Application of The Doubling Strategy

We start with the definition of a polynomial matrix of dimensions 2x2:

1
F,@=]]F@
i=k (28)

Using this definition, the polynomials a;(z) and b;(z) in the general algorithm can be expressed
as follows:

[a k(Z)} B )[aO(Z)}
= Z
b k(Z) k1 b 0( Z) (29)

For splitting the a'gorithm, we suppose that n is even, thus we have:

F@D=F 1 2n0@F 2 30)

Then,
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a ()] _ a,,(z)
[b k(z)jI— Fn-“/2+1(z)|:bn,2(z)

The second pass has been splitted in two parts, the first one being the computation of a,(z)

€2y

and bn/z(z), while the second half provides Fn,n/2 1.

The second pass depends on the result of the first pass, F(z),i=1, 2, ..., n, and the
computation of these polynomial matrices should be also splitted. For this, we examine the
expression of u;(z) and v,(z) for i > n/2:

ui(Z) uo(z)
v.(2) =F, y2r1(@F p1(2) v,(@)

_ udz(z)
=Finan® [Vn/z(z)}

urn(z) _ uy(z)
[vdz(z)]_Fnlm@) l:vo(z)

We note that the recursion is initialized at order n/2, by un/z(z) and v, /2(2). The recursion
here is of outgoing type: the orders of the polynomials u;(z) and v;(z) decrease when i
increases. Therefore, the orders of un/z(z) and anz(z) are lower than those of ug(2) and v(z).

(32)
with

.(33)

As for F(z),1=1, 2, ..., n/2, it is easily seen that it does not depend on every coefficient of
uy(2) and v(y(2). In fact, the initial polynomials for the first half are of the same orders as that of
un/Z(z) and vn,z(z), which are the initial polynomials of the second half.

Therefore, we have also splitted the second pass. The resulting algorithm is thus entirely
splitted. It is summarized below:

THE SPLITTED GENERAL ALGORITHM

First half:
Initialization:

u'o(z) a part of uo(z)
V'O(z) “ a part of vO(z)

F'Ql(z)<—-I
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Fori=1,2,..,,n2
F',(z) = function of (u';_1(2), v';.1(2))

e
v'.(2) tHvh L (2)
F;1(@ =Fi@) Fy 1(2)
Output: Fupa(@
R Oy
bn/z(z) W21 b,(z)
Second half:
Initialisation:

uHO(Z) , uo(z)
v @] F @y
F"Q,1 @) «1
Fori=1,2,.. n/2
F",(z) = function of (u";_;(2), v";.1(2))
u', @ R u_y(2)
i@ |TF v @
F'L@=F@F @ :
Output: F"n/2,1(Z)

Combination:

an(Z) i an/z(z)
[b n(z)] =F' 1 (Z)|:b n/2(2)]

If we compare each half of the splitted algorithm with the initial algorithm, we remark that
the latter computes directly the polynomials a,(z) and b;(z), while the former computes the
polynomial matrices F'i,l(z) (or F"i,l(z)), which are of dimensions 2x2 and contain 4
polynomials instead of 2. The computational complexity is therefore increased. However, this
initial increase in the arithmetic complexity makes the application of the divide and conquer
strategy feasible, which allows a large compensation for the additional computations.

The following figure shows the structure of the splitted algorithm:
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Algorithm of order n/2

:

Algorithm of order n Initialization Combination —= Solution

N

Algorithm of order n/2
fig.2 organization of the divide and conquer algorithms

» We remark that the splitted algorithm contains twice the same algorithms of half order,
with some additional computations for the initialization of the second half and the combination
of the partial results obtained in each half. The number of multiplications required for this
algorithm, we note it M(n), follows the relationship below:

M() =2 M(n/2) + Ms(n) (34)

where Ms(n) is refered as the number of multiplications required for the additional
computations ( initialization and combination).

It is easily seen that the initialization of the second part and the final combination are in
fact polynomial products. This type of operation is essentially a linear convolution. Therefore,
we can use any fast convolution algorithm, for example, the FFT method [10,11], and we
obtain the computational complexity of the splitted algorithm:

Ms(n) = C¥ nlog,n (35)

If we continue this splitting operation for each half of the algorithm, ( this is feasible, since the
splitted algorithm preserves the same structure as that of the initial one), for n = 2V, we obtain

M(n) = A n(log,n)? (36)
with A a given constant.

We have thus succeeded in applying the doubling strategy to the general algorithm, and
obtain a doubling algorithm which requires a number of multiplications proportional to
n(log2n)2. Since all the classical algorithms belong to the class described in section 6-1 on
which the divide and conquer strategy has been applied, this doubling algorithm represents
exhaustively their associated doubling algorithms. A precise derivation of these doubling
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algorithms is easily obtained by applying the strategy explained in section 6 on any of the two-
pass algorithms, either computing both forward and backward predictors, or based on a three-
term recurrence.

The case of the doubling Levinson/Schur algorithm has been explained with some detail
in [1,2,3] by Ammar and Gragg, called "Generalized Schur Algorithm". In [27], we have
developed the algorithm from the above general framework, and the resulted algorithm has got
a more concise presentation, and it has a lower arithmetic complexity in small dimension cases.
Since the above approach can be applied to any two-pass algorithm, it can also be applied to the
split-Levinson algorithm which allows the computational complexity to be further divided by
two when the Toeplitz matrix is symmetric.

7. CONCLUSION

In this paper, we have provided a general framework for the description of the classical
algorithms solving Yule-Walker equations. We provide an exhaustive presentation of these
algorithms in terms of Padé approximants, which includes some partial results already
published. This presentation allows the obtention of new versions of these algorithms. The
arithmetic complexity of all these algorithms is seen to be nearly equivalent inside each of the
two classes we have distinguished, and in any case is proportional to N2, They will
nevertheless have different properties in terms of error accumulation.

This unified presentation allows to understand the common structure underlying these
algorithms, and we could thus obtain a general description of the associated doubling
algorithms, which require a number of multiplications proportional to N log22 N.
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