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INTRODUCTION

Le groupe "Traitement du Signal" du Département ETP publie réguliérement en
note technique les articles soumis a des revues de comité de lecture, afin d'une part de
diffuser l'information en interne au CNET, et d'autre part de disposer d'une référence
interne permettant de dater le travail. En effet, le délai de parution des articles dans les
revues A comité de lecture comme IEEE Transactions on Acoustics, Speech and Signal

Processing est trés long (2 2 3 ans d'attente de la soumission a la parution).

Cette note technique regroupe plus particuli¢rement les articles consacrés aux
transformées en Ondelettes. La plupart de ces travaux ont été réalisés dans le cadre d'une
thése ENST suivie par O. Rioul et dirigée par P. Duhamel. L'article 1 est un article de
vulgarisation destinés aux traiteurs de signaux. L'article 2 unifie la présentation de la
version discéte de la transformée en ondelettes et fait le lien avec d'autres transformées
(pyramidales, banc de filtres). L'article 3 se consacre a la nouvelle propriété de
“régularit€” apportée par la théorie des Ondelettes. Enfin, l'article 4 traite les problemes

d'implantation et de réduction de charge de calcul.
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Wavelet Transforms in Signal Processing

- OLIVIER RIOUL® AND MARTIN VETTERLI'

*Centre National d’Erudes 'Department of Electrical Engineering

des Télécommunications and Center for Telecommunications
CNET/PAB/RPE Research
3840 rue du Général Leclerc Columbia Universiry
92131 Issy-Les-Moulineaux New York, NY 10027-6699
France USA.
INTRODUCTION

Wavelets have recently attracted artention in several fields 6f applied mathematics and engineering
(WAV89]. In particular, they are of | interest for the analysis of non-stationary signals, a central
problem in signal processing; the Wavelet Transform (WT) provides an alternative to the Gabor or
Shon-Tim-e\ Fourier Transform (STFT) [ALL77], [GAB46] and is related to the Wigner-Ville
distribution [BOU8S], [CL.A80}, [FLA90] as well.

Like these techniques, the WT is invertible and can be applied to gcﬁeral signals, since no apriori
assumptions are made on them. In constrast to the STFT, the WT performs a constant relative
bandwidth analysis, providing a different tiling of the time-frequency plane. In fact, the notion of
scale is introduced as an alternative to Fourier frequency, leading to a so-called time-scale
representation.

Wavelet analysis and synthesis may also be seen as a signal expansion into particular bases. The
wavelets are defined as the corresponding basis functions; they are generated by time-shifts and
dilations/contractions from a single prototype, which can be though of as a bandpass filter.

Similar to other transforms common in signal processing, the WT, which maps a signal into a
time-scale plane, can be defined as a continuous [GRO89] or discrete [DAUSS], [DAU90a],

[MEY89] representation of continuous-time signals, or can be defined for discrete-time signals as
well [DAU88], [RIO90b], [VET90a], [VET90b].
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The idea of looking at a signal at various scales and analysing it with various resolutions has
emerged independently in many different fields of mathematics, physics and engineering. Although
similar ideas and constructions took place as soon as the beginning of the century [HAA10Q],
(FRA28], [LIT37], [CAL64], [YOU78], wavelet theory has been developped as a unifying
framework in the mid-eighties by researchers of the "French school,” under the impulsion of a
geophysicist, a theoretical physicist and a mathematician (namely, J. Morlet, A. Grossmann, and Y.
Meyer.) They built strong mathematical foundations around the subject and labelled their work by the
naﬁmc of "Ondelettes” (Wavelets.) They also considerably interacted with other fields. In this context,
L. Daubechies and S. Mallat soon caught the attention of the signal processing community on the
subject of wavelets [DAU88), [MAL89a]. Since then, a number of theoretical, as well as practical
contributions have been made on various aspects of WT's, and the subject of wavelets is growing
rapidly. There remains, however, a large number of open questions and still-unclear points that are
amenable to a specific decision, depending on the application (e.g. the choice of the "wavelet
prototype”.)

This review covers the main definitions and properties of wavelet transforms, while focusing on
signal processing applications. Its purpose is to present a simple, synthetic view of the subject. Non-
specialists interested in rcading further on a particular advanced problem are referred to the
- bibliography.

There have been different ways of considering wavelets. Some see them as a very promising
brand ‘—ncw theory [CIP90]. Others doubt that they could truly be a major breakthrough in signal
processing, since depending on the field one works in, WTs can be seen either as constant-Q analysis
[YOU78], wide-band cross-ambiguity functions [SPE67], affine coherent states' expansions
[DAU90a), [PAUS8S), Frazier-Jawerth transform [FRA86], perfect reconstruction octave-band filter
banks [EST77], [MIN8S], [SMI86], [SMI87], or a variation of Laplacian pyramid decomposition
[BURS3], [BUR89]! We think that the interest and merit of wavelet theory is to unify all this into a

common framework, thereby allowing new ideas and developments.
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L. NONSTATIONNARY SIGNAL ANALYSIS

The aim of signal analysis is’ to extract some kind of mlév.ant information from a signal, by
transforming it. "Parametric" methods include a priori assumptions on the signal in the analysis; this
may yield sharp estimations if these assumptions are valid, but is obviously not of general
applicability. In ‘his paper we focus on "non-parametric” methods applicable to any general signal
[FLAS89]. In addition, we shall consider invertible analysis transformations: the analysis thus
unambiguously represents the signal, and more involved functions such as parameters' estimation,
coding, pattern recognition can be performed on the "transform side," where relevant properties have
been exhibited. | ,

Our approach is to consider a general signal as being a non-stationary signal; we shall therefore
first give indications on which type of lincar analysis is adapted for stationary signals and then extend
it to non-stationary signals.

Intuitively, stationarity means that the properties of the signal do not evolve in time. This notion is
formalized when e.g. the signal is modelized as a stationary statistical process. For such signals x(z),
the natural "stationary transform" is the well-known Fourier transform [FOU88]:

XN = [_x() e de M)
The analysis coefficients X(f) which define the notion of global frequency fin a signal, are computed
as inner products of the signal with sinewave basis functions of infinite duration. As a result, Fourier
analysis works well if the (deterministic) signal is composed of a few stationary (e.g., sinewaves)
components. However, any abrupt change in time in a non-stationary signal is spread out over the
whole frequency axis in X(f); therefore an analysis adapted to non-stationary signals requires more
than the Fourier Transform.

Two different views of the same extension of the Fourier Transform are here possible, with one
common purpose: introduce time dependency in the analysis (while preserving linearity):

1) Define a local frequency parameter by adapting the Fourier Transform to occurences of limited

duration (over which stationarity is assumed). This is the aim of the next section.
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2) Modify the sinewave basis functions used in the Fourier Transform to functions more
concentrated in time (at the expense of loss of Fourier frequency resolution.) We shall see that this

approach leads to the same methods as in 1).

I. SCALE VS. FREQUENCY

I1.1. The Short-Time Fourier Transform: Analysis with Fixed Resolution.

One way to introduce a frequency depending on time is to define th: instantaneous frequency as
proportional to the time-derivative of the phase of the ahalyﬁc signal |FLLA89]. If the signal is not
narrow-band, however, the instantaneous frequency averages different spectral components in time.
To become accurate in time, we therefore need one more dimension, that is a two-dimensional time-
frequency representation S(1f) of the signal x(r) composed of spectral characteristics depending on
time. That kind of representation is similar to the notation used in a musical score. The local
frequency f is defined through an appropriate definition of S(¢).

A straightforward adaptation of the Fourier Transform to define 5(z,f) was first used by Gabor
[GAB46] and is as follows: consider a signal, and assume it is stationary when seen through a
window g of limited extent, centered at time location ©

x(r)g(t - 1)
then do Fourier analysis: this yields the Short-Time Fourier Transform (STFT)
STFT(%.f) = [x()g(t - 1) ™" ds o)

which maps the signal into a two-dimensional function in a time-frequency plane (t,). Note that,
although the local frequency f is still very close to the Fourier frequency (the Fourier Transform
properties remain built in the definition of the STFT), it crucially depends on the choice of the
window g(#). The time-frequency plane is, by definition, filled "column by column”, i.e. Fourier
Transform after Fourier Transform when the window g(r) "slides” in time through the signal
evolutions. However, as shown in Fig. 1, the STFT may be interpreted "line by line" as well: for a

fixed analysed frequency, as t varies, the STFT is the output of some filter whose impulse response
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is the modulated window g(s) ¢¥® (within a phase factor). In other words, the STFT may also be
seen as a modulated filter bank [ALL77].

From these two dual interpretations a fundamental drawback o.f the STFT, related to the so-called
time and frequency resolution, can be shown. Frequency (or time) resolution means power of
discrimination in the analysis. From what has just been said it is easy to find the conditions under
which two pure sinwaves (two short .bursts, respective.y) can be distinguished by the analysis in
frequency (in time, respectively:) the difference of the two frequency (time, respectively) locations
must be smaller than the extent of the Fourier Transform of g(#): G(f) (g(2), respectively). These
extents can be formally defined as |

& =[rI6fe A= [l s 3)
A small Af (As, respectively) contributes for a good frequency (time, respectively) resolution in the
analysis. The fundamental drawback concerning Az and Af is two-fold:

1) Increasing time resolution (i.c., narrowing the window) is done necessarily at the expense of
decreasing frequency resolution, and vice versa. This is due to the so-called uncertainty principle, or
Heisenberg's inequality

Time - Bandwidth Product = AsAf 2 L
Gaussian windows are often used [GAB46], [ALL77], [DAU90a] since they reach the lower bound.

2) Fig. 2.(a) shows that once a window is chosen (i.e., once the STFT, or the analysis, is
chosen), the resolution capabilities in ime and frequency of the STFT remain fixed all over the time-
frequency plane, i.e. for all analysed points (tf). Consequently, if 2 more accurate representation (in
time of frequency) around a particular pattern in the time frequency plane is needed, the STFT has to
be recomputed all over again.

Therefore, since the STFT has limited resolution capabilities, it is only adapted to signals with
limited variations and dynamics in time and frequency. For example, if the signal is composed of
small bursts associated to long, quasi-stationary components, each type of component can be

analysed with good time or frequency resolution, but not both.



O. RIOUL AND M. VETTERLE: WAVELET TRANSFORMS 6
11.2. The Continuous Wavelet T;an.sform: a Mulriresolution Analysis.
“To overcome the resolution limitation of the STFT (that is point 2) above), one can imagine to let
the resolution At, Af vary in the time-frequency plane, hence to obtain a multiresolution analysis.
Intuitively, when the analysis is viewed "line by line" as a filter bank, the time resolution must

increase with the central frequency of the analysis filters. We therefore impose that At is inversely

proportional to f, or:
% = Cst. 4)

The filter bank is then composed of band-pass filters with constant relative bandwidth (so-called
"constant-Q" analysis). Another way to say this is that instead of being regularly spread over the
frequency axxs (as for the STFT case), the frequency responses of the analysis filters are regularly
spread in a logarithmic scale over the frequency axis (see Fig. 3). This kind of filter bank is used for
modelizing frequency responses of the cochlea situated in the inner ear and is therefore adapted to
auditory perception, e.g. of music: filters satisfying (4) are naturally distributed into octaves.

Since (4) is satisfied, the analysis filters no longer limit the resolution in time or frequency. For
example, two very close short bursts can always be eventually separated in the analysis by going up
to higher analyzed frequencies to increase time resolution (see Fig.2.(b)). This kind of analysis of
course works best if the signal is composed of high frequency components of short duration plus low
frequency components of long duration.

The Continuous Wavelet Transform (CWT) exactly follows these ideas while adding a
simplification: all impulse responses of the f-iltcr bank are defined as scaled (i.e. stretched or
compressed) versions of the same prototype h(z):

hy()) = 4= h(D)
where a is a scale factor (the constant ]3: is there for energy normalization.) This results in the

definition of the CWT:

CWT, (1.0) = 4= [ x(9) h('—;—‘-) dt )

Since the same prototype h(t), called basic wavelet, is used for all filter impulse responses, no
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specific scale is privileged, i.c. wavelet analysis is self-similar at all scales. Moreover this
simplification is useful to derive mathematical properties of the CWT.
in connection with thc modulated window used in the STFT, the basic wavelet could be chosen as
a modulated window [GOU84], [GRO89]:
h(t) = g(s)e™ 7
Then the frequency responses of the analysis filters indeed satisfy (4) with the identification

ik

But more generally h() can be any band-pass function and the scheme still works. In particular one
can dispense with complex-valued transforms and deal only with a fully real-valued definition.

It is important to note that the notation f for local frequency in this section has nothing to do with
that described for the STFT: indeed, it is associated to the scaling scheme (see Box 1.) As a result,
this local frequency (whose definition depends on the basic wavelet) is no longer adapted to
modulations (as was the case for the STFT) but is now well adapted to dilations/contractions, i.e.,
scaling a signal scales its CWT accordingly. This is the reason why the terminology "scale” is often
preferred to "frequency” for the CWT, the word "frequency” being reserved for the STFT.

III. WAVELET ANALYSIS AND SYNTHESIS

Another way to introduce CWTs is to define wavelets as basis functions. Indeed basis funétions
already appear in the preceding definition (5) when one sees it as an inner product:
CWT,(t,0) = [x(r) b, (r) dt
which measures the "similarity” between the signal and the basis functions k() = & 4"(5t) called

wavelets. The wavelets are scaled and translated versions of the basic wavelet prototype h(r) (see
Fig.2.(c)-(d)). A similar point of view exists for the STFT; for both transforms, the sinewaves basis
functions of the Fourier Transform are replaced by more localized reference signals (such as
modulated windows or wavelets) labclléd by time and frequency (or scale) parameters. In fact both
transforms may be interpreted as ambiguity functions used in radar or sonar processing (see Box 2.)
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Since wavelet analysis is defined as wavelet basis coefficients, we expect that any general signal
can be represented as a decomposition into wavelets, i.e. that the original waveform is synthesized by

adding elementary building blocks supported by the wavelets, of constant shape but different size and
amplitude. Another way to say this is that we want the continuously labelled wavelets h, (1) to behave

just like an orthonormal basis [MEY90]: the analysis is done by inner products, and the synthesis

consists in summing up all the orthogonal projections of the signal onto the wavelets:
x(t) = Cst [[ CWT(5,0) b, (1) % )
>0

The measure in this integration is formally equivalen: to dr df [GOU84]. We have assumed here that
both signal and wavelets are either real-valued or complex analytic so that only positive dilations a0

have to be taken into account. Otherwise (6) is more complicated.
Of course the A, (1) are certainly not orthogonal since they are very redundant (they are defined

for continuously varying a and t) but this reconstruction formula is indeed satisfied whenever h(z) is
of finite energy and band pass (which implies that it oscillates in time like a short wave, hence the
name "wavelet"). More precisely, if () is assumed sufficiently regular, the reconstruction condition
is [h(r) dr =0.

Note that the reconstruction takes place only in the energetic sense: for example, a signal may

reconstructed only with zero mean since Ih(t) dt = 0. In fact the type of convergence of (6) may be
straightened and is related to the numerical robustness of the reconstruction [DAU90a]. Another
reconstruction formula, due to Morlet [GOU84], [GRO89]

x() = Cst [ CWT(s, a):—:-

is often preferred in actual implementation since it requires only one integration.
Similar considerations can be done for the STFT, and the similarity is remarkable [DAU90a],
- [FLA90], [RIO%0a). However in the STFT case, the reconstruction condition is less restrictive: only

finite energy of the window is required.
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IV. SCALOGRAMS

Since the CWT behaves like an orthonormal basis dccomﬁc;sidon, it can be shown that it is
isometric [GRO84], i.c. it preserves energy:

H |CWT(t,a)}’ £~ = Energy of signal x = le(t)lzdx €)

.2
Therefore, the scal»gram, that is the squared modulus of the CWT, appears to be a distribution of the

signal's energy in 1he time-scale plane (associated with measure "—.,‘-'-, and thus expressed in power
per frequency unit.)

The main advaniage of the energetic representation is that it produces an easily interpretable visual
2D representation of signals [GRO89]; each time-scale pattern in the time-scale plane contributes for
the global energy of the signal. However an energetic representation has some disadvantages, too.
The scalogram cannot be, in general, inverted: phase information is necessary to reconstruct the
signal. Moreover it has been shown on some examples [GRO89] that the phase representation more
accurately reveals isolated, local bursts in a Signa] than the energy representation does (see Box 3.)
Also, since the scalogram is bilinear in the analysed signal, cross-terms appear as interferences
between patterns in the time-scale plane and this may be undesirable. For example, the basic wavelet
is generally chosen to be complex analytic so as to avoid interferences between negative and positive
frequencies.

Of course similar derivations can be done for the STFT, leading to the well known spectrogram
(square modulus of the STFT.) Note that\in the wavelet case, the energy of the signal is distributed

with different resolutions according to Fig. 2.(b).

In particular, Fig. 4.(a) shows that the influence of the signal’s behavior around ¢ =1, on the
analysis is limited to a cone in the time-scale plane; it is therefore very "localized” around ¢, for small
scales. In the STFT case, the corresponding region of influence would be as large as the extent of the

analysing window, whatever the analyzed frequency (see Fig. 4.(b).) Moreover, the time-scale

analysis being logarithmic in frequency, the area of influence of some pure frequency f, in the

analyzed signal will narrow as f, increases (see Fig. 4.(c)-(d).)
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Fig. 5 show some examples of spectrograms and scalograms for synthetic and speech signals (see

Box 3.) Also, more involved energy representations can be developped for both time-frequency and

time-scale (see Box 4.)

V. WAVELET FRAMES AND ORTHONORMAL BASES

V. 1. Discretization of Time-Scale Parameters.

In section ITI we have seen that the continuously labelled basis functions (wavelets) h_ (1) behave
in the wavelet analysis and synthesis just like an orthonormal basis. A natural question arises
[MEY89]: if we suitably discretize the time-scale parameters a, T, and for suitable choices of the basic

wavelet h(1), can we obtain a rrue orthonormal basis?

There is a natural way of discretizing the time-scale parameters a, T [DAU90a]: since two scales a,
< a, roughly correspond to two frequencies f, > f,, the wavelet coefficients at scale g, can be
subsampled at (/'(,lfl)th the rate of the coefficients at scale a,, according to Nyquist's rule. We

therefore choose to discretize the time-scale parameters on the sampling grid drawn in Fig. 7, that is,

we have a =a/ and b=k a/ T, where j and k are integers. The corresponding wavelets and wavelet
coefficients are h;,(?) = a,™"*h(a,™1-kT) and ¢;, = I x(t) h;,'(t) dt, respectively.

An analogy is the following: assume your wavelet analysis is like a microscope. First you choose

the magnification, that is, ao". Then you move to the location of your choice. Now, obviously, if the

magnification is large (that is, you are looking at small details), you want to move by small steps ao’ T

in order to catch details.

The problem is to find a,, T, and A(f) such that the sum of projections

;zcu h; s (1) ®

reasonably reconstructs the signal x(r). Evidently when a,is close enough to 1 (and if T is small

enough) the wavelet functions are overcomplete, signal reconstruction by (8) is still very close to (6)

and will take place within non-restrictive conditions on (). On the other hand, if the sampling is
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sparse, ¢.g. the computation is done octave by octave (g, = 2) a true orthonormal basis will be

obtained only for very special h(1)'s [DAU90a}, [MEY90].

V. 2. Wavelet Frames.

The theory of wavelet frames was derived by Daubeéhics [DAU90a]. It provides a general
framework which covers the two extreme situations just mentionned. It therefore permits to balance
1) redundancy, i.e. sampling density in Fig. 7, and 2) restrictions on h(t) for the reconstruction
scheme to work. The less redundancy, the tighter these restrictions but the fewer computed wavelet
coefficents, which is more adapted to coding schemes.

The theory of frames [DUF52] is based on the assumption that the linear correspondance x(f) —
Cix is bounded, with bounded inverse. The family of wavelet functions is then called a frame and is
such that the energy of the wavelet coefficients (sum of the square modules) relative to that of the
signal lies between two positive "frames bounds™ A and B. These frame bounds can be computed
from a,, T and h(#) using Daubechies’ formulae [DAU90a]. What is interesting is that they govern

the accurateness of signal reconstruction by (8). More precisely, we have
20 =25 Y 6 @)
it

with relative SNR greater than (B/A+1)/(B/A-1) (see Fig.8.) The closer B/A is to one, the more
accurate the reconstruction. It may happen that A=B ("tight frame™), in which case the wavelets
behaves exactly like an orthonormal basis, although they may not even be linearly independent! The
rcc‘onstrucn'on formula can also be made exact in the general case if one uses different synthesis

functions h’li (which constitute the dual frame of the h"s [DAU90a).)

V. 3. Introduction o orthogonal wavelet bases.

If a tight frame is such that all wavelets k,, are necessary to reconstruct the signal (i.c., if one is
removed, a general signal cannot be synthesized), then the wavelets form an orthonormal basis of the
space of signals with finite energy [HEI90]. Orthonormality, of course, means
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l1ifj=jk=k
0 otherwise

[ha®) K@ ds = {
Again this can be extended o synthesis functions &', # h,, leading'to so-called biorthogonal wavelet

bases [COH90], [VET 90a], [VET90b] Such schemes are best understood when one turns to the

discrete-time cas=. This is the subject of the next section, which focuses on the orthogonal case.
V1. THE DISCRETE TIME CASE

In the discrete time case, two methods were developed independently in the late seventies and early
cightes which lead naturally to discrete wavelet transforms, namely subband coding [CRI76},
[CRO76]), [EST77] and pyramidal coding or multiresolution signal analysis [BUR83]}. The methods
were proposed for coding, and thus, the notion of critical sampling (of requiring a minimum number
of samples) was of importance. Pyramid coding actually uses some oversampling, but because it has

an easier intuitive explanation, we will describe it first.

V1.1 The Multiresolution Pyramid

Given an original sequence x(n), n € Z, we derive a lower resolution approximation at a lower
scale y(n) by lowpass filtering (with a filter having impulse response h(n) and subsampling by two
(that is, dropping every other sample):

y&y= 3 g(k) x(n-26)

The resolution change is obtained by the lowpass filter (loss of high frequency detail). The scale
change is due to the subsampling by two, since a shift by two in the original signal x(n) results in a
shift by one in y(n).

Now, based on this lowpass and subsampled version of x(n), we try to find an approximation
a(n) to the original. This is done by first upsampling y(n) by two (that is, inserting a zero between
every sample) since we need a signal at the original scale for comparison.

y'@2n)=y(n), y'2n+1)=0

Then, y'(n) is interpolated with a filter with impulse response g'(n) to obtain the approximation a(n):
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amy= 3 gk yn-k)

im—

No'te that if g(n) and g"(n) were perfect halfband filters (having transmission 1 from -n/2 to 7/2 and 0
elsewhere), then the Fourier transform of a(n) would be equal to the one of x(n) over the range (-n/2,
®/2) while being zero elsewhere. That is, a(n) would be a perfect halfband lowpass approximation to
x(n).

Of course, in general a(n) :s not going to be equal to x(n) (in the previous example, x(n) would
have to be a halfband signal). Therefore, we compute the difference between a(n) (our approximation
based on y(n)) and x(n):

d(n) = x(n) - a(n)
It is obvious that x(n) can be reconstructed based on d(n) and a(n) (that is, y(n)) by simply adding
them, and the whole process is shown in Fig. 9. However, there has to be some redundancy, since a
signal with sampling rate f, is mapped into two signals d(n) and y(n) with sampling rates f, and f/2,
respectively.

However, the separation of the original signal x(n) into a coarse approximation a(n) plus some
additional detail contained in d(n) is conceptually important. Because of the resolution change
involved (lowpass filtering followed by subsampling by two produces a signal with half the
resolution at half the scale of the original), the above method and related ones are part of what is
called muldresolution signal analysis [ROS84] in computer vision.

The scheme can be iterated on y(n), creating a hierarchy of lower resolution signals at lower
scales. Because of that hierarchy and the fact that signals become shorter and shorter (or images

smaller and smaller), such schemes are called signal or image pyramids [BUR83].

V1.2 Subband Coding Schemes

We have seen that the above system creates a redundant set of samples. This redundancy can be
removed if the filters g(n) and g'(n) meet certain conditions (see Box 5), but we will look at a
different scheme instead, where no such redundancy appears. It is the so-called subband coding
scheme first popularized in speech compression. The lowpass, subsampled approximation is obtained

exactly as explained above, but, instead of a difference signal, we compute the "added detail” as a
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highpass filtered version of x(n) (using a filter with impulse response k(n)), followed by
~ subsampling by two. Intuitively, it is clear that the "added detail” to the lowpass approximation has to
be a highpass signal, ahd it is obvious that if g(n) is an ideal halfband lowpass filter, then an ideal
halfband highpass filter h(n) will lead to a perfect representation of the original signal into two
subsampled versions.

This is exactly one step of a wavelet decomposition using sin(x)/x filters, since the original signal
is mapped into a lowpass approximation (at half the scale) and an added detail signal (also at half the
scale.) In particular, using these ideal filters, the discrete version is identical to the continuous wavelet
transform.

What is more interesting is that it is not necessary to use ideal (that is, impractical) filters, and yet

x(n) can be recovered from its two filtered and subsampled versions which we now call y,(n) and
,(n). To do so, both are upsampled and filtered by g'(n) and h'(n) respectively, and finally added
together, as shown in Fig. 10. Now, unlike the pyramid case, the reconstructed signal (which we
now call x(n)) is not identical to x(n), unless the filters meet some specific constraints, which are
referred to as the perfect reconstruction property.

The easiest case to analyze appears when the analysis and synthesis filters in Fig. 10 are identical
(within time-reversal) and that perfect reconstruction is achieved (that is, X(n) = x(n), maybe within a
shift ) Then it can be shown that the subband analysis/synthesis corresponds to a decomposition onto
an orthonormal basis, followed by a reconstruction which amounts to summing up the orthogonal
projections. We will assume FIR filters in the following. Then, it turns out that the highpass and
lowpass filters are related by: -

h(L-1-n)=(-1)"g(n) &)
where L is the filter length (which has to be even). Note that the modulation by (-1)* transforms
indeed the lowpass filter into a highpass one.

Now, the filter bank in Fig. 10, which computes convolutions followed by subsampling by two,
evaluates inner products of the sequence x(n) and the sequences {g(-n+2k), h(-n+2[)} (the time

reversal comes from the convolution, which reverses one of the sequences). Thus:

Yo(k) = (g(-n+2k) I x(n))
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N (k) = (h(-=n+2D1x(n))

Because the filter impulse responses form an orthonormal set, it is very simple to reconstruct x(n) as:
x(n)= Y [yo(k) h(=n+2k) + y,(k) g(=n + 2Kk))] (10)
km—e-

that is, as a weighted sum of the orthogonal impulse responses, where the weights are the inner
products of the signal with the impulse responses. This is of course the standard expansion of a
signal into an orthonormal basis, where the resynthesis is the sum of the orthogonal projections.

From (10), it is also clear that the synthesis filters are identical to the analysis ﬁltefs within time
reversal.

‘Such perfect reconstruction filter banks have been studied in the digital signal processing literature,
and the orthonormal decomposition we just indicated is usually referred to as a "paraunitary” or
"lossless"” filter bank [VAI89). An interesting property of such filter banks is that they can be written
in lattice form [VAI88], and that the structure and properties can be extended to more than two

channels [VAI89], [VET89].

VI3 The Discrete Wavelet Transform

We have shown how to decompose a sequence x(n) into two subsequences at half rate, or half
resolution, and this by means of "orthogonal” filters (orthogonal with respect to even shifts).
Obviously, this process can be iterated on either or both subsequences. In particular, to achieve finer
frequency resolution at lower frequencies (as obtained in the continuous wavelet transform), we
iterate the scheme on the lower band only. If g(n) is a good halfband iowpass, h(n) is a good .
halfband highpass (by (9)), and one iteration of the scheme creates a lowband that corresponds to the
lower quarter of the frequency spectrum. Each further iteration halves the width of the lowband
(increases its frequency resolution by two), but due to the subsampling by two, its time resolution is
halved as well. At each iteration, the current high band corresponds to the difference between the
previous lowband and the current one, that is a passband. Schematically, this is equivalent to Fig. 11,
and the frequency resolution is as in Fig. 2.(b).

An important feature of this discrete algorithm is its relatively low complexity. Actually, the
following somewhat surprising result holds: independently of the depth of the tree in Fig. 11, the



10
O. RIOUL AND M. VETTERLL: WAVELET TRANSFORMS 16

complexity is linear in the number of input samples, with a constant factor that depends on the length

of the filter. The proof is straightforward. Assume the computation of the first filter bank requires C,
operations per input Qmplc (G is typically of the order of L). Then, the second stage requires also
C, operations per sample of its input, but, because of the subsampling by two, this amounts to G2

operations per sample of the input si mal. Therefore, the total complexity is bounded by:
Ciotal = Co +%+£4Q+... <2¢

which demonstrates the efficiency of the discrete wavelet transform algorithm and shows that it is

independent of the number of octaves that one computes [RIO90c].

V1.4 Iterated Filters and Regularity

There is a major difference between the discrete scheme we just saw and the continuous time
Qavclct transform. In the discrete time case, the role of the wavelet is played by the highpass filter
h(n) and the cascade of subsampled lowpass filters followed by a highpass filter (which amounts to a
bandpass filter). These filters, which correspond roughly to octave band filters, unlike in the
continuous wavelet transform, are not exact scaled versions of each other. In particular, since we are
in discrete time, scaling is not as easily defined, since it involves interpolation as well as time
expansion.

Nonetheless, under certain conditions, the discrete system convcrécs (after a certain number of
iterations ) to a system were subsequent filters are scaled versions of each other. Actually, this
convergence is the basis for the construction of continuous time compactly supported wavelet bases

[(DAUSS].

It will be convenient to use z-transforms of filters, e.g. G(z) = 2 8(n) ™" in the following.

Now, we would like to find the equivalent filter that corresponds to the lower branch in Fig. 11,
that is the iterated lowpass filter. It can be easily checked that subsampling by two followed by
filtering with G(z) is equivalent to filtering with G(z%) followed by the subsampling (2 inserts zeros
between samples ot the impulse response, which are removed by the subsampling). That is, the first
two steps of lowpass filtering can be replaced by a filter with z-tranform G(z).G(zz), followed by
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subsampling by 4. More generally, calling G'(z) the equivalent filter to i stages of lowpass filtering
and subsampling by two (that is, a total subsampling by 2, we get
¢m=[lce") (1)
=
Call its impulse response gi(n).

As i infinitely increases, this filter becomes infinitely long. Instead, consider a function £
which is piecewise constant on intervals of length 1/2 and has value 272 gi(n) in the interval [n/2',
(n+1)/2i]. That is, f(x) is a staircase function with the value given by the samples of gi(n) and
intervals which decrease as 2. It can be verified that the function is supporid on the interval
[0, L-1). Now, for i going to infinity, f(x) can converge to & continuous function, or a function with
finitely many discontinuities or even a fractal function. Fig. 12 shows two examples, one where
f~(x) is continuous and another where f~(x) has fractal behavior.

L. Daubechies gave a sufficient condition so that the iterated function converges to a continuous
function. In essence, the filter G(2) must have a sufficient number of zeros at z = -1, or half sampling
frequency, so as to attenuate repeat spectras. Based on this sufficient condition, one can construct
filters which are both orthogonal and converge to a continuous function. Such filters are called

regular, and examples can be found in [DAU88], (DAUS0b], [RIO90b], [VET90] (see Box 6.)

VIS Scaling Functions and Wavelets Obtained from Iterated Filters
Call the final function to which f(x) converges g (x). Because it is the product of lowpass filters, it

is itself lowpass and is called a "scaling function" because it is used to go from a fine scale to a

coarser scale. Because of the product (11) from which the scaling function is derived, g (x) satisfies

the following two scale difference equation:

2= 3 gn) g.2x-n) 12)

and Fig. 13 shows two such examples. The second one is based on a filter which is regular and

orthogonal to its even translates and was designed by L Daubechies [DAU88].
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So far, we have only discussed the iterated lowpass and its associated scaling function. However,
from Fig. 10, it is clear that a bandpass filter is obtained in the same way, except for a final highpass
filter. Therefore, similarly to (12), the wavelet A (x) is obtained as:

h = 3 hn) g, 2x—n)

that is, it satisfies also a two scale equation. Now, if the filters h(n) and g(n) form an orthonormal set
with respect to even shifts, then the functions g (x-/) and A (x-k) form an orthonormal set (sec Box
7)

Because they also satisfy two scale difference equations, it can be shown [DAU88] that the set
h‘(Z'ix-k), ik € Z, forms an orthonormal basis for the set of square integrable functions LZ(R). We
have shown how regular filters can be used to generate continuous wavelet bases. The converse is
also true, that is, orthonormal sets of scaling functions and wavelets can be used to generate perfect

reconstruction filter banks.
CONCLUSION

We have seen that Short-Time Fourier Transforms and Wavelet Transforms represent alternative
slicings of the time-frequency (or time-scale) plane. Two major advantages of the Wavelet
Transforms are that they can zoom in to time discontinuities and that orthonormal bases can be
constructed. -

In the discrete case, the Wavelet Transform is equivalent to a logirilhmic filter bank, with the
added constraint of regularity on the lowpass filter. .

The theory of wavelets can be seen as a common framework for techniques that had been
developped independently in various fields. This conceptual unification furthers the understanding of

the mechanisms involved, quantifies trade-offs, and points to new potential applications.
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BOX 1: THE SCALE AND RESOLUTION NOTIONS

In order to understand what tﬁc CWT does in connection Aw'ith the scale and time-resolution

notions, consider the following dilation/contraction operation acting on the analysed signal x(z):
x(t)—> x(at)

When a decreases, the signal is progressively dilated so that we are able to see more and more details
in its temporal waveform. This means that the fime-resolution of the signal we see increases as a
decreases (because the eye basically low-passes the signal x(az).)

As a result, the new information that comes into the eye when resolution increases is something
like a band-pass filtering of x(ar). But by making a change of variables in the definition (5) of the
CWT, we indeed obtain a band-pass filtering of x(ar):

CWT(t,a) = y[d|[ x(ar) h(t- i) dr

The CWT, as a function of t, may therefore be interpreted as the infinitesimal novelry of
informarion between two (very close) time-resolutions.

When the signal is dilated enough (for small a), no further new information comes into the eye and
dilating is no more useful: the highest time-resolution of the signal itself has then been attained, and
that corresponds to the lowest scale @ of interest for analysing the signal.

Note that here the scalc' parameter g is not associated to the analysed signal , but rather to the
wavelet h(t/a) which analyses the signal at scale a in equation (5). The scale parameter is of course
similar to the notion of scale used for maps: decreasing the scale means compressing the wavelet,
which thereby analyses thin details on the signal. On the contrary, for very large scales, the wavelet
is so stretched that it can see a large portion of the signal. In the above description, the pr;)pcr scale of

the signal x(ar) is in fact 1/a.
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BOX 2: STFTS AND CWTS AS AMBIGUITY FUNCTIONS

.Thc inner product is often used as a similarity measurement, and because both STFT's and CWT's
are inner products, they appear in several detection/estimation problem. Consider, for example, the
problem of estimating the location and velocity of some target in radar or sonar applications. The
estimation procedure consists in first ¢ metting a known signal h(#). In presence of a target, this signal
will return to the source (received sigral x(¢)) with a certain delay €, due to the target's location, and a
certain distortion (Doppler effect) , due to the target's velocity.

For narrow-band signals, the Doppler effects amounts in a single frequency shift £, and the
characteristics of the target will be determined by maximizing the cross correlation function (called
"narrow-band ambiguity function™) [WOOQ53]

[x()h(e - 1) e dr = STFT(x, f)

For wide-band signals, however, the Doppler frequency shift varies in the signal's spectrum,

causing a streching or a compression in the signal. The estimator thus becomes the "wide-band

ambiguity function” [SPE6T), [AUS90)
T

4 x® h(%—) dt = CWT,(1,a)

As a result, in both cases, the "maximum likehood” estimator takes the form of a STFT or a CWT,
i.e. of an inner product between the received signal and either STFT or wavelet basis functons. The
basis function which best fits the signal is used to estimate the parameters.

Note that, although the wide-band ambiguity function is a CWT, for physical reasons, the dilation
parameter a stays in the order of magnitude of 1, whereas it may cover several octaves when used in

signal analysis.
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BOX 3: SPECTROGRAMS AND SCALOGRAMS

We present spectrograms and scalograms for some synthetic and a real signal. The signals are of
length 384, the STFT uses a Gaussian-like window of length L = /2§ and the scalogram is obtained
with a Morlet wavelet (a complex sinusoid windov/ed with a Gaussian) of length from 23 to 363.
First, Fig. 5.1 shows the analysis of two Diracs and two sinusoids with Short-Time Fourier
Transform and Wavelet Transform. Note how the Diracs are well time-localized at high frequencies in
the scalogram. Fig. 5.2 shows the analysis of three starting sinusoids, and Fig. 5.3. shows the
transforms of a chirp signal. Again, the transitions are well resolved at high frequencies in the
scalogram. Finally, Fig. 5.4 shows the analysis of a stretch of speech signal, where the onset of

voicing is clearly seen in both representations.
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BOX 4: INCORPORATING THE STFT, CWT AND WIGNER-VILLE DISTRIBUTION INTO A COMMON
CLASS OF TIMEFREQUENCY OR TIME-SCALE ENERGY REPRESENTATIONS

There has been considerable work in extending the spectrogram into more general time-frequency
energy distributions TF(t, f), which all have the basic property of distributing the signal's energy all
over the time-frequency plane:

[[TF(e. 1) dvdr =[lx(ef as

Among them, an alternative to the spectrogram for nonstationary signal analysis is the Wigner-

Ville distribution [CLLA80], [BOUS8S]: ‘ t

W(mN)=[3a4 D G- D™ ar
which has been widely adressed in the literature. More generally, the whole class of time-frequency
energy distributions have been fully described by Cohen [COH66): they can all be seen as smoothed
(or, more precisely, correlated) versions of the Wigner-Ville distribution. The spectrogram is itself
recovered when the "smoothing" function is the Wigner-Ville distribution of the analysing window!

A similar situation appears for time-scale energy distributions. For example, the scalogram can be
written as [FLA90}, [RIO90a] |

IcwT(na)f = [[W. () ‘V.(ii-‘-,av) didv
i.e. as some 2D "affine” correlation (some say correlation on the affine group [GRO84]) between the
signal and "basic” wavelet 's Wigner-Ville distributions. This remarkable formula tells us that there
exists strong links between Wavelet transforms and Wigner-Ville distributions. And, as a matter of
fact, it can be generalized to define the most general class of time-scale energy distributions [FLA90],
[RIO90a], just as in the time-frequency case.

By progressively controlling gaussian smoothing functions, Fig. 6 shows that it is even possible
to go continuously from the spectrogram of a given signal to its scalogram, provided that one passes
by its Wigner-Ville distribution at the middle [FLLA90], [RIO%0a). This property may allow us to
decide whether or not we should choose time-scale analysis tools, rather than time-frequency ones for

a given problem.
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BOX 5: CRITICALLY SAMPLED PYRAMID

Because one stage of a pyramid Vdecomposition leads to both 3 half rate low resolution signal and a
full rate difference signal, we have an increase in the number of samples by 50%. This oversampling
can be avoided, in which case the systera reduces to a subband coding system.

To see this, note that the upper branc 1 of the pyramid system of Fig. 9 is equivalent to the lowpass
branch (analysis and synthesis) of the subband system of Fig. 10. If the lowpass filter is part of a
perfect reconstruction filter bank, the difference signal is equal to the highpass branch of a subband
system (since added to the lowpass brarch, it would yield perfect reconstruction). That is, using the
notation H (resp. G) to denote the operator corresponding to lowpass filtering with h(n) (resp. g(n))
followed by subsampling by two, and H®,G" their conjugate transposes (which correspond to
upsampling by two and interpolating with the conjugate filter), we have (see Fig. 10):

d=(1-G'GXx)=HH(x) (1)
Because the filter impulse responses form an orthonormal set with respect to even shifts when we
have an orthogonal filter bank, we have:

HH =1
Thus, filtering d by A;(n) and subsampling by two leads to:
H(d) = HH'H(x) = H(x)

that is, exactly equal to the highpass analysis output of a subband coder. From this subsampled
version of x, we can recover d by (1) and thus perfectly reconstruct the input, showing that a
critically sampled pyramid scheme is just a subband coding system. Note that we assume linear
processing throughout. If non-linear processing is involved (like quantization), the oversampled

nature of the pyramid can actually lead to greater robustness.
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BOX 6: REGULAR SCALING FILTERS

;I'hc regularity propcrty of wavelet filters (see section IV. 4) has recently attracted attention to the
digital signal processing community, especially for image coding applications [ANI90], [MAL89b].
In fact, it is well known that the structure of computations in a Discrete Wavelet Transform and in an
octave-band filter b.nk are identical. Therefore, besides the different views and interpretations that
have been given on them, the main difference lies in the filter design: wavelet filters are chosen so as
to be regular. Recall that this means, with the notation of section IV.4 and 5, that the piecewise
- constant function associated to the discrete wavelet sequence hj(n) of z-transform G/(z) H(z")
converges (c.g. pointwise), as j indefinitely increases, to a regular limit function A (x). By "regular”
we mean that h (x) is at least continuous, or better, once or twice continuously differentiable. The
regularity order is the number of times A (x) is continuously differentiable.

In practise the convergence is very fast (the discrete wavelets are almost undistinguishable from
their analog counterparts after 3 to 7 iterations - it can be shown that the more regular the limit

function, the faster the convergence to this limit [DAU%0], [R1090d]). This justifies the study of the

limit h(x) which is, in practice, attained after a few octaves. Since an error in a wavelet coefficient
results, after reconstruction, in an overall error proportional to a discrete wavelet hl(n). regularity
seems a nice property ¢.g. to avoid visible distortion on a reconstructed image [ANI90].

From equation (9) and (11), the knowledge of g(n) suffices to determine the limit A (x). Several
methods have been developped to estimate the regularity order of the limit knowing the coefficients
2(n), most of which being based on Fourier transform techniques. Recently, a time-domain technique
has been developped which provides optimal estimates [DAU90c], [RI090d]. |

It can be shown that in order the limit to be N times continuously differentiable, the z-transform
G(z) must have at least N+1 zeros at z=-1. This can be interpretated as a flatness condition on the
spectrum at half sampling frequency. As a result, maximally regular wavelet filters are very close to,
but different from [DAU9S0b] maximally flat filters [HER71]. It is still not clear whether maximally
flat or maximally regular filters are most adapted to coding schemes [AKA90], [ANI90). The minimal
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regularity order necessary for good coding performance of discrete wavelet transform schemes, if

needed at all, is also not known and remains a topic for future investigation.



O. RIOUL AND M. VETTERLL: WAVELET TRANSFORMS <9 2
BOX 7: MULTIRESOLUTION ANALYSIS

The concept of mﬁltircsolution approximation of functions was introduced by Y.Meyer and
S.Mallat and provides a powerful framework to understand wavelet decompositions. The basic idea
is that of successive approximation, together with that of "added detail” as one goes from one
approximation to the next, finer one. A formal definition can be found in [MAL89a], [MAL89c],
[(MEY90], and we will only give the intuition behind the construction.

Assume we have a ladder of spaces such that:

wcV,cVcy,cV, cV,c--
with the property that if fix) € V;, then f(x-2’ik) € Vike Z, and f(2x) € V;_ ;. Call W, the
onhogonél complement of V; in V; ;. Therefore:
V=V, é W _ Q)

Thus, W; contains the “added detail” necessary to go from the resolution V; to V ;. lterating (1), it is
clear that:

V., =W,0W, 6W,,6W,,6. @
that is, a given resolution can be attained by a sum of added details.

Now, assume we have an orthonormal basis for Vy made up of a function g (x) and its vintcger

translates. Because Vjy € V_1» 8(x) can be written in terms of the basisin V.

£(0=2c, g.2x-n)

Then it can be verified that the function:

h(x)= E(—-l)' Cout &, (2x-n)
and its integer translates form an orthonormal basis for W,. Because of (2), it can be shown that A (x)
and its scaled and translated versions form a wavelet basis of LZ(R) {MALS89a], [MALS89c],
[MEY90].

The multiresolution idea is now very intuitive. Assume we have an approximation of a signal at a

resolution corresponding to V. Then a better approximation is obtained by adding the details

corresponding to Wy, that is, the projection of the signal in W, which amounts to a weighted sum of
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wavelets at that scale. Thus, by iterating this idea, a signal in Lz(R) can be seen as the successive

approximation or weighted sum of wavelets at finer and finer scale.
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FIGURES CAPTIONS

Fig. 1. Time-frequency plane corresponding to the Short-Time Fourier Trransform. It can either
be seen as successive Fourier Transforms (column by column) or as a modulated filter bank (line by
line).

Fig. 2. Basis functicns and time-frequency resolution of the Short-Time Fourier Transform
(STFT) and the Wavele! Transform (WT). (a) Coverage of the time-frequency plane for the STFT,
(b) for the WT. (c) Corresponding basis functions for the STFT, (d) for the WT ("wavelets".)

Fig. 3. Tiling of the frquency domain (a) for the STFT (uniform coverage) and (b) for the WT
(logarithmic coverage.)

Fig. 4. Regions of influence in time (a),(b) or frequency (c),(d) drawn as shaded areas in the
time-scale (a), (¢) and time-frequency (b), (d) plane (see text.)

Fig. 5. Spectrograms and scalograms. Analysis of the sum of two Dirac pulses and two
sinusoids (Fig. 5.1), of three starting sinusoids (Fig. 5.2.), of a chirp signal (Fig. 5.3.), and of a
stretch of speech signal (Fig. 5.4.) |

(a) Amplitude of the STFT. (b) Phase of the STFT. (c) Amplitude of the WT (d) Phase of the WT.

Fig. 6. From spectrograms to scalograms viga Wigner-Ville. By controlling only one prameter y,
it is possible to make a full transition between time-scale and time-frequency analyses. Here seven
analyses of the same signal (composed of three Gaissian packets) are shown. Note that the best joi;n
tim-frequency resolution is attained for the Wigner-Ville distribution, while both spectrogram and
scalogram (which can be thought of smoothed versions of Wigner-Ville) provide reduces cross-term
effects compared to Wigner-Ville. (after [FLA90], [RIO90a].)

Fig. 7. Dyadic sampling grid in the time-scale plane. Each node corresponds to a wavelet basis
function hj ,(0) (see text.)

Fig. 8. Reconstruction Signal/Noise Ratio (SNR) error after frame decomposition for different
sampling densities a, = 2'" (N = number of voices per octave), b=a/ k b,. The basic wavelet is the

Morlet wavelet (modulated Gaussian) used in [GRO89]. The accurateness of the reconstruction
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grows as N increases and b, decreases, i.¢. as the density of the sampling grid of Fig. 7 increases. In

other words, redundancy refines reconstruction. (after [DAU9%0a].)

Fig. 9. Pyaramid Scheme. Derivation of a lowpass, subsamplc;d approximation y(n), from which
an approximation a(n) to x(n) is derived by up-sampling and interpolation.

Fig. 10. Subband Coding Scheme. Two subsampled approximations, one corresponding to low
and the other to high frequencies, are computed. The reconstructed signa. is obtained by re-
interpolating the approximations and summing them. The filters on the left form an analysis filter
bank, while on the right is a synthesis filter bank.

Fig. 11. Block diagram of the Discrete Wavelet Transform implemented with discrete-time filters
and subsampling by two.

Fig. 12. Iterated low-pass filter. (a) h(n) = (1,3,3,1) converges to a regular, smoothed function.
(b) h(n) =(-1,3,3,-1) converges to a fractal function (see text.)

Fig. 13. Scaling functions satisfying two-scale difference equations. (a) the hat function. (b) the
D, wavelet obtained from a length-4 regular filter by Daubechies. -
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Fig. 5. Spectrograms and scalograms. Analysis of the sum of two Dirac pulses and two
sinusoids (Fig. 5.1), of three starting sinusoids (Fig. 5.2.), of a chirp signal (Fig. 5.3.), and of 2

saech of speech signal (Fig. 5.4.) _
(a) Amplitude of the STFT. (b) Phase of the STFT. (¢) Amplitude of the WT (d) Phase of the WT.



42




43

//—7%;/5 5.3
Nt S f g /i /M/J//:y - J‘//ﬁrr/ /



44

I E U B S N b U 2 0 |

lp-o b

Jlllllllljl

4 =025
ASwY

L & & A 2 & A 4 4t At

u=Q25
SPWV

ﬁ,
A

A
v
A

. g
A

Ty rryyyvryrry --- Py
¥
o
p < 4

L SN AN SEID NAE S SN L RN 4 ) SER SER SO BEA SER SR SR SER SN SN
A A & A & A a A A A A i

4
Pt sl -, .‘ u=026 ; ‘l
\
\
\

D ASWV

L 4 2 A 2 2 A 1 2 2 A 2 8 ¢ & 2 4 4. 2 2 A 4

he=1

N JED N BEn Sun S san SEn S San Sun o

v vrrirvyvyvruyr g3 ¢ vR

/_"i E‘\

T r I rTyyz]yYT.zfwvyvrvv

|STFT| Specvogram - SP.W.V.. Smoothed Pseudo- wcgrm -Ville
WVD: Wigner-Ville - A.S.W.V.. Alfine Smoothed Wigner-Ville - | WTl Scalogram
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it is possible to make a full transition between time-scale and time-frequency analyses. Here seven
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tim-frequency resolution is attained for the Wigner-Ville distribution, while both spectrogram and
scalogram (which can be thought of smoothed versions of Wigner-Ville) pmﬁdc reduces cross-term
effects compared to Wigner-Ville. (after [FLA90], [RIO90a).)
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other words, redundancy refines reconstruction. (after [DAU9%0a].)
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France

Abstract — A global formalism for the analysis and synthesis of discrete-time signals at
different resolutions is presented in this paper. It uses precise definitions of scale and resolution to
unify the Discrete Wavelet Transform (DWT), octave-band perfect reconstruction Filter Banks, and
Pyramid Transforms in a common framework. These schemes are described as a decomposition of
an original signal into multiresolution "details": in a DWT, these details are supported by discrete
wavelets.

Although close to analog models such as wavelet series decomposition, this approach is purely
discrete-time-based, and is therefore readily applicable to practical Digital Signal Processing tasks.
In addition, it has the same mathematical richness than the corresponding analog models, including
several properties or filter design criteria such as biorthonormality, orthonormality and regularity.
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INTRODUCTION.

Wavelet Transforms, Octave-Band Filter Banks and Pyramid Transforms, which have been used
for different purposes in various fields-of Electrical Engineering and Mathematics, have been
recognized recently as different views of a common theory. This theory is hereafter referred to as
Multiresolution Analysis and Synthesis.

The aim of this paper is not to provide a complete state-of-the-art in Multiresolution Theory or
Wavelet Theory (see, e.g., [6], [8], [29]) — nor is this paper intended to paraphrase mathematical
concepts [22], [23]. Rather, this paper intends to enlighten various links between Filter Banks [31],
Pyramid Transforms [S] and Wavelets [8], while deliberately focusing on discrete-time signals.

Before stating in more detail the motivations that lead to this paper, it is necessary to briefly
outline the basic properties of Wavelet Transforms and review their connections to Filter Banks.

The Continuous Wavelet Transform has been first introduced by Goupillaud, Morlet and
Grossmann [15], [16]. It maps a one-dimensional signal x(#) into a two-dimensional representation
in a time-scale plane (b, a), as follows.

CWT(a, b) =a™ [x()y" () dt )

The functions of time: y(!32), called wavelets, are used to band-pass filter the signal. This is a
sort of time-varying spectral analysis, where the scale parameter a plays the role of a local
frequency: for large a, stretched wavelets analyze low frequencies; for small a, short, contracted
wavelets analyze high frequencies. It is a multiresolution analysis, because the time-frequency
extent of wavelets varies in the time-scale plane (b, a) according to a constant-Q analysis [36] —
this feature is not provided by e.g. Short-Time Fourier Transforms [3]. As one would expect, the
Continuous Wavelet Transform is mostly used in Signal Analysis.

For coding or compression purposes, it is wise to economically represent the signal in terms of
wavelet coefficients (1), hence to discretize time-scale parameters (b,a). Scale is often discretized
octave by octave [8],i.e.,a =2, j € Z, and wavelets are shifted in direct proportion to their extent,
i.e., b =k 2. Then, wavelet coefficients become inner products of the signal against analyzing
wavelets A (0

W= [x()v}, () ar, 2)

where Y, (0 = 22 y(27 1 - k). 3)
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This model still applies to analog (continuous-time) signals. A rich, mathematical theory has been
developped by several mathematicians (including Meyer [23], Mallat [21], [22]), which is
commonly referred to as "Multiresolution Analysis." It is based on a description of approximated
versions of signals at different resolutions using so-called "Multiresolution Spaces." Some of these
ideas previously occured in image coding [5], [1].

Meyer's theory of Multiresolution Analysis allowed several authors [7], [11], [20], {23], to
construct special wavelet prototypes () for which perfect reconstruction of the signal x(z) is
possible via a Wavelet Series,

FOEDIDIRA O )
jeZ kel
where synthesis wavelets ‘I’,-, (1) are defined similarly as (3), possibly with a different prototype
W (£) # (1), closely related to y(r) [7].

We now turn to the connection with Filter Banks. In order that wavelet series coefficients (2) be
computed efficiently, Mallat [21] has derived a recursive algorithm that iteratively computes (2)
octave by octave. This algorithm can easily be transposed to provide an inverse algorithm for the
reconstruction part. Mallat's direct and inverse algorithms turn out to be exactly an analysis and
synthesis Octave-Band Filter Bank [30].

Wavelet theory is therefore closely related to Filter Bank theory. The latter, which has been
previously developped for applications such as subband coding of speech [10], has greatly
influenced the former; known FIR filter design techniques [17], [30] were independently used by
Daubechies [11] to construct orthonormal wavelets of finite length satisfying (2), (4) with y (1) =
y(#). Other FIR filter designs were recently used [7], [34], [35] to construct linear phase,
"biorthonormal" wavelets for which y (¢) # y(¢).

The connection between wavelet series and filter banks has thus been extensively studied
already. However, the "discrete-time side" of wavelet series has not been fully exploited yet. It has
been mainly used as a technical necessity to either derive fast algorithms (which simply rely on the
filter bank structure itself — for further developments see [26], [27]) or construct analog wavelet
bases (via filter design). Very little multiresolution wavelet theory has been developped, if not at
all, in the sole framework of discrete-time signals: according to what can be found in the literature,
analog wavelets are the interesting objects that underly discrete-time computational tools.

This situation is similar to the one formerly observed in Signal Processing for linear filters and
Fourier transforms. Discrete filters, as well as the Discrete Fourier Transform, were once
exclusively considered as discretized versions of their analog counterparts, rather than interesting
objects of their own. Since the mid-sixties, however, Discrete-Time Signal Processing has emerged
as an independent theory [25], that has subsequently allowed new developments.
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- Very likely, a fuily discrete-time presentation of Multiresolution Theory would be more
appropriate for most practical situations in Digital Signal Processing; as a matter of fact, one often
processes digital signals as the interesting objects. For example, an image is generally thought of as
a nxm-pixel 8-bit data array, not as basis coefficients of a two-dimensional square integrable
function of L%(R?). Various image compression schemes have been derived, based on the wavelet
model for analog signals [4], [37], but they are essentially discrete in nature.

For this reason, this paper focuses on discrete-time signals. Its primary purpose is to develop a
discrete-time multiresolution theory that e.g. permits to define a Discrete Wavelet Transform
(DWT) in its own right — that acts on one-dimensional discrete-time signals. In a DWT, the
interesting objects are the discrete wavelets. Extension to two-dimensional signals can be
straightforward: a wavelet decomposition of an image can be simply obtained by processing rows
and columns separately [4], [21]. Other methods exist [33], but the underlying ideas are the same as
in one dimension, which is the framework considered in this paper.

This paper is for most part self-contained: in writing the paper, care has been taken that the
reader need not previous knowledge on wavelet basics (although some rudimentary knowledge of
z-transforms and vector spaces is assumed). As a result, since the discrete-time and continuous-time
approaches have many things in common, most developments and ideas presented in this paper are
known to wavelet experts — yet they may not appear as presented in the literature.

NOTATIONS
xor {x]} Original signal: a discrete, complex-valued sequence.
X, Its nth sample.
3 Impulse signal: 8 =0 if n#0, §; = 1.
I | Identity operator: Ix = x.
G, H Low-pass (high-pass) filtering operator, with impulse response {g } ({4} ).
Gx Low-pass filtered signal, i.e., the discrete convolution g * x.
(Gx), Its nth sample. When needed, the input sample index is shown, as in (Gx,).
Tr, x Up-sampled and down-sampled signal: (Tx)h=xl, (Tx),m=0, and (ix)n =X,

GTx, 4G'x Up-scaled and down-scaled signal (see section I).

(x;y)or{x;y) Inner product of signals {x } and (y,}: (x; y) = Z x ¥y
Hx Norm of signal {x,}: IxI®=(5x)=) Ix P
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I. DISCRETE-TIME SCALING

The aim of this section is to define precisely the concept of scale for discrete-time signals. This
notion is inspired from the commonly used scale of road maps: given a "real” object, the scale of a
representation of this object is the ratio of the length unit of the representation to the corresponding
real length. Here the "real object" is an original discrete-time signal {x_}, which is at scale 1 by
definition. In this paper, scale refers to discrete time: a scaled version of {x } is either

- up-scaled: a discrete-time signal similar to {x }, but sampled at a higher rate, or

- down-scaled: a discrete-time signal similar to {x_}, but sampled at a lower rate.

Since scale is a relative notion, we focus on the description of operators that change the scale,
i.e., map a signal into a scaled version of it. Throughout the paper we restrict to changes of scale by
an integer power of two (but other scale factors are sometimes used [18]). We therefore study two
basic scaling operators:

- up-scaling operator (by a factor 2): a discrete equivalent to the dilation x(¢) — x(#/2).

- down-scaling operator (by a factor 2): a discrete equivalent to the contraction x(¢) — x(2f).

Examples. Obviously the scale notion is related to multirate systems. For example, a down-
scaled version of {x } could be {x } itself, down-sampled.

(x) =x,. (5)

However, up-sampling: -
T < X,/ N EVEn 6
(9.21 0, nodd (©)

is not a good candidate for up-scaling, since it inserts a zero between every other sample of (x };
hence x and Tx do not have similar evolutions in time. This can be corrected by further interpolating
the samples, as in the following example, illustrated in Fig. 1.

Xy s n even

(7
%(x(u—l)lz + x(u»l)/z), n odd

Up-scaled version of x, = {

We now determine general expression for up and down-scaling operators. We need some basic
assumptions:
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" (a) Scaling operators are linear.
(b) When scaling a signal, time-shifts are scaled accordmgly

If y_ = up-scaled version of x, theny_,, = up-scaled version of x_,.

If y_ = down-scaled version of x, then y,_, = down-scaled version of x_,,.
(c) Shape preservation: Scaled versions have similar time evolutions (similar shapes).

The third point is difficult to be properly expressed. Therefore it is not considered until section
VIII, where it is connected to the "regularity" property.
Assumptions (a) and (b) result in the following characterizations, proven in Appendix A:
The up-scaled version of x is of the form G Tx, where GT denotes up-sampling (6) followed
by filtering with some impulse response {g_}:

GT0, =Y, g.ux,- (8)
k

The down-scaled version of x is of the form $G'x, where 4G' denotes filtering with some
impulse response {g’ }, followed by down-sampling (5):
(Gx) = g 8yi Xy 9)
The impulse responses {g,} and (g',} are not necessarily equal. They are assumed low-pass in the
sequel; intuitively this is required by assumption (c) above — section VIII gives a theoretical
justification. The example (7) corresponds to a 3-tap up-scaling filter g, = .5, g,=1.

The corresponding flow graphs of up and down scaling operators are shown in Fig. 2. They
turn out to be usual building blocks of analysis and synthesis Filter Banks [31]! Note that the
operator notation used here is very easily connected to flow-graph implementation: for example,
GT!G'x means that the input x successively encounters a filter of impulse response g', a down-
sampler, an up-sampler, and finally a filter of impulse response g.

Using only two operators (8), (9), one can compute scaled versions of the original signal {x } at
all dyadic scales s = 27, where ie Z. Simply, the up-scaling operator (8) doubles the scale, while
the down-scaling operator (9) halves it. Scaling filters g , g’ remain fixed at all scales, i.e., all scale
transitions are performed the same way, and no particular scale is privileged.

However, a scaled version of a given signal {x } at a given scale s is not unique. For example,
x, GTYW{AGYx, and (GTY G (G (LG"Y x are all "scaled" versions of x at scale 1!
To characterize scaled versions of x we need another parameter than scale, namely, resolution. This
will be discussed in section IIL
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II. HERMITIAN TRANSPOSITION AND INNER PRODUCTS

Before introducing the notion of resolution, it is convenient to say a few words about Hermitian
transposition of operators, and inner products.
In matrix notation, the up-scaling operator is

( : A\ YRR
8 82 8 82 84 | Xa (10)
GTx=|-- & 8 & 84 8 || X
> 8 8 82 &0 82 |l X\
k : A

Its Hermitian transpose is, by definition, the operator obtained by transposing and complex
conjugating the matrix (10), i.e.,

( : )
8 8 & 8 &
g1 8 & & &

& 82 81 & &

This is exactly the matrix form of a down-scaling operator (9), whose scaling filter is {g"_}.
Following the Filter Bank terminology {31], { g'_'} is called the paraconjugate sequence of {g }
(the connection with filter banks will be explained in section VI). Paraconjugation will be denoted in
this paper with a tilde symbol:

§ .= paraconjugate of g =g" (11)

We have thus shown that the Hermitian Transpose of the up-scaling operator GT is the
paraconjugate down-scaling operator 1G. Similarly, the Hermitian Transpose of the down-
scaling operator L G' is the paraconjugate up-scaling operator G'T .

Hermitian transposition is useful for several reasons. First, it has a flow-graph interpretation. In
fact, it is well known [9], [25] that transposing a linear operator amounts to transposing its flow
graph: the Hermitian transposed flow graph is obtained by reversing the directions of all arrows —
hence summing nodes become branching nodes and vice versa — and by complex conjugating the
multipliers' coefficients. From the discussion above, it follows that the flow graphs of Fig. 2 are
eachother's Hermitian transpose if and only if the scaling filters {g } and {g' } are eachother's
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paraconjugate (11). In any case, the flow-graph computational.structures of up and down-scaling
operators are always tranpose of eachother. This has useful implications for e.g. deriving
algorithms [26], [27]: for example, once an algorithm has been derived to compute down-scaling,
the transposed algorithm computes up-scaling (and vice versa), at the same computational cost if
both scaling filters have same length. The situation is the same for direct and inverse Wavelet
Transforms (see section VI).

Another characterization of Hermitian transposition uses inner products and will be useful in the
sequel. By definition, the inner product of two discrete-time signals {x } and {y,} is the number

(1)
¥ (12)
= xy.= (- x; x x )|
n y;
\ )
This definition requires that signals have finite energy, i.e.,
NxiP=(x)=Y Ix, <+, (13)

which is assumed throughout this paper. The inner product {x; y) measures the "similarity" between
x and y. It also permits to interpret signals as geometrical vectors: for example, the signals x and y
are said to be orthogonal if (x; y) = 0. They are orthonormal if they moreover have norm unity,
ie,lxll=lyl=1.

Using the definition (12), it is easy to show that the Hermitian transpose O' of some operator O
can be alternatively defined as satisfying

(x; 0y)=(0%; y), (14a)
or, equivalently,

(x; O')=(0x; y), (14b)
for any signals x and y. These equations do not introduce a new concept: only notations are new.
They are useful when dealing with inner products because of their conciseness: any operator on the
left side of an inner product can be brought to the right side after Hermitian transposition, and vice
versa. For scaling operators we can thus write '
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(x; GTy)=({Gx; y) - (152)
(x; 4Gy )=(G'Tx; y), (15b)

whic;h stand for

Zx(g 8uz Vi ) = 2(2;, Brns xk)y:

and }u:x,.(;g'z,_,, )’kj‘ = 2(;?.-2& xk))’,‘. :

III. DISCRETE-TIME RESOLUTION AND
BIORTHONORMALITY

In this section we define the resolution notion for characterizing different versions of an original
signal {x_} at the same scale. Intuitively, the more information is present in a scaled version of
{x,}, the higher the resolution. More precisely, we define the resolution parameter r as follows.

A scaled version of {x,}, obtained by action of up and/or down-scaling operators on {x }, is az
resolution r=27 (j20) if it is characterized by one sample every other r'=2/ sampling periods of
{x}.

For example, x itself is at resolution 1. Its down-scaled version $G'x (9), which is at scale
s=1/2, is also at resolution 1/2, because the down-scaling operator throws away half of the
samples. Note that in general, the resolution of a signal cannot exceed its scale, otherwise it would
be characterized by more samples than actually present in the signal! Therefore, we always have

resolution < scale, (16)
and because we start from an original signal {x,} at resolution 1, all resolutions considered in this
paper are negative powers of two: r=27, j20.

How is affected resolution by up and down-scaling operators? We have seen that down-scaling,
when applied to the original signal {x_}, cuts both scale and resolution by two. As for up-scaling,
since an up-scaled signal is computed directly from the signal coefficients, no resolution is added.
That is, up-scaling "magnifies” a signal but does not add new details. In addition, despite low-pass
filtering present in up-scaling (8), it is not necessary that information is lost when up-scaling a
signal. This is clear from the example (7). We therefore assume in this paper that the up-scaling
operator GT is one-to-one:

Ifx#y then GTx=GTy (17)
This can be proven if e.g. the scaling filter{g,} is FIR, by noting that G Tx = 0 implies, from (8),
8, %%, =8,. *x =0,hencex=0.
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- To summarize, there are two important rules concerning changes of scale and resolution:
— When replacing the original signal x by its down-scaled version LG'x, both scale and
resolution are halved. (18a)
— Up-scaling any signal via GT doubles its scale but leaves resolution unchanged. (18b)

Another example permits to halve the resolution while leaving the scale unchanged. It plays a
central role in the following. Consider
Ax=GTlG'x, (19)
obtained by first down-scaling x, then up-scaling the result. From (18), this signal is at scale 1 and
resolution 1/2. The operator A is therefore called the approximation operator at half the
resolution. Note that A does not reduce to a filter because it is not shift-invariant. Its flow graph is
depicted in Fig. 3.

Characterization of scaled signals. It remains to be found under which conditions the scale and
resolution parameter uniquely determine the scaled versions of the original signal {x }. That is,
among all possible scaled versions of {x_} obtained using up and/or down-scaling operators, there
should be only one scaled version at a given scale s and resolution r. We give several equivalent
conditions.

It is proven in Appendix B that each of the following statements implies the others:

(i) A scaled version of {x_} at scale s = 2 and resolution = 27 is unique. It is given by

GTY Gy x (20)
(i) The approximation operator at half the resolution (19) is a projector, i.e.,
AZ=A. (21)
(iii) Up-scaling followed by down-scaling leaves the signal unchanged, i.e.,
lG'GT =1L (22)

(iv) The two families of shifted scaling impulse responses {g_,, } and {(g', ,, }, indexed by %,
are mutually biorthonormal. (Recall that g' is the paraconjugate (11) of g'.) This means that

. 1 if k=1
g' { (23)

<g.-u;§',-zz)=§n:gu-zk 8 n-u = 0 if k!

Besides being equivalent to (i), conditions (ii)-(iv) can be interpreted as follows. First, (21)
states that there is no use in re-approximating the approximation Ax of x at resolution 1/2. Equation
(22) means that A2= GTIG' GTLG' indeed reduces to GTLG' = A by simplification of the
middle term {G' GT = L. This is illustrated using flow graphs in Fig. 3 (b).
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- In addition, (20); (22) implies that the down-scaling operator 1G' halves both scale and
resolution only if it applies to signals such as x itself (18a), which have same scale and resolution;
however, for "over-scaled" signals —such as Ax— which have higher scales than resolutions, the
operator 4G' only halves scale and leaves resolution unchanged.

The biorthonormality property (23) deserves attention. First, note that "biorthonormality" is just
a short-hand for: "scaled versions of the original signal {x_} are uniquely determined by their scale
and resolution parameters.” Therefore, biorthonormality is not something optional: it should always
hold in "coherent" multiresolution systems, for which multiresolution approximations are unique. It
will be therefore generally assumed in this paper. What is optional is orthonormality, a special case
of biorthonormality for which one further imposes
8.8 > (24)
so that the family of shifted signals {g_,, } form an orthonormal set (see (23))

1 if k=1

} (g,..y, > 8o )= ;gn-Zk g:—ZI = {0 kel (25)

Note that from (24) and the discussion of section II, orthogonality is again a shorthand for the
combination of two properties: biorthogonality, plus "up and down scaling operators are Hermitian
transpose of eachother."

IV. MULTIRESOLUTION RESIDUE SIGNALS AND PYRAMID
TRANSFORMS

The aim of this section is to give a precise idea of what a mutiresolution signal decomposition
can be, based on the definitions and properties of scale and resolution discussed in the preceding
sections. We assume that scale and resolution characterizes scaled signals as discussed in the last
section (conditions (21)-(23)). Intuitively, in a multiresolution analysis, the original signal {x } is
decomposed into several multiresolution components associated to different resolutions. During
synthesis, the signal is reconstructed from its multiresolution components.

From (20), (22), a signal at some resolution r contains all the necessary information to obtain
versions at lower resolutions < r. Therefore, to avoid redundancy of information in a
multiresolution analysis, the signal is decomposed into residue signals that catch "details" from one
resolution to the next finer one. These residue signals are defined by difference as follows.

Assuming that
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§22r, . (26)
the residue signal of {x} at scale s and resolution r is the signal that doubles the resolution (i.e.,
increases resolution from r to 2r) when added to the scaled version of {x_} at scale s and resolution
r.
scaled signal +  residue signal = scaled signal @7
(scale s, resolution r)  (scale s, resolution r)  (scale s, resolution 2r)

Note that, from (26), the right-hand side of (27) is well defined according to (16).

Therefore, a multiresolution decomposition of an original signal {x } is a collection of residue
signals at sucessive resolutions 1/2, 1/4, 1/8, ... . These residue signals are computed during
multiresolution analysis. During multiresolution synthesis, the signal {x } is reconstructed
starting from a low resolution scaled version of {x.}, by applying (27) iteratively to increase
resolution until resolution 1 is reached. Note that with this definition, a multiresolution
decomposition differs from another only by the scales of multiresolution components.

The Pyramid Transform is a direct application of these ideas. It was first introduced by Burt and
Adelson [5] for image coding purposes; we describe here pyramid decompositions for one-
dimensional signals in the framework of this paper. A Pyramid Transform onJ "octaves"
decomposes the signal {x_} into the collection of residues signals at scale 2" and resolution 27,
where j=1, ..., J, plus a low resolution version of {x }, namely the scaled signal at scale and
resolution 2”. This description is sufficient to fully describe a Pyramid Transform.

It is easy to connect this to the well-known, original description of Burt and Adleson [5], by
deriving a computational tree-structure for its implementation: Start with one step of decomposition,
i.e., let J=1. From the above definition, the original signal x is decomposed into two components:
its residue signal at scale 1 and resolution 1/2, which from (19), (27) is

x-Ax=x-GTlG', (28)
plus its scaled version at scale and resolution 1/2, i.e., dG'x. The corresponding flow graph is
depicted in Fig. 4 (a). To reconstruct x, +G'x is brought back to scale 1 and (27) is applied, i.e.,

GT{dG%) + x-GTIGY) = x. (29)
In other words, one simply adds what has been previously substracted! The corresponding flow
graph is depicted in Fig. 4 (b). This decomposition readily extends to a full computation of a
Pyramid Transform on J octaves. Simply note that from the definition above, both scale and
resolution parameters of multiresolution residue signals are halved at each stage (octave). Now,
since any residue signal is a difference of scaled versions of x, the rules (18) apply for residue
signals as well. Therefore, scale and resolution parameters of a multiresolution residue signal are
halved when replacing x by 4G'x. This amounts to iterate the basic computational structure (one
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step decomposition) of Fig. 4 (a), (b) on (L G'Yx at each step {octave) j=0, ..., J-1. This gives the
flow graph of Fig. 4 (c).

In Burt and Adelson's terminology (5], the above multiresolution residue signals form a
Laplacian Pyramid, while the set of versions of {x} at scales 2% (i=0, ..., J) is called a Gaussian
Pyramid. The terminology "pyramid"” comes from the fact that muitiresolution components are
computed at successive scales, from scale 1 ("base" of pyramid”) to scale 2" ("top" of pyramid).
"Gaussian" and "Laplacian" were named after the type of scaling filters used in [5].

Note that from the discussion above, perfect reconstruction is always vouched since one adds
backs what has been substracted (see (29)). Therefore there is no constraint at all on scaling filters
g.and g' . Even the basic biorthonormality constraint (23), which ensures uniqueness of scaled
versions of x at a given scale, is not necessary for the scheme to work !

There is a price to pay, however: the multiresolution residue signals live at scales s=2" (i=0, ...,
J-1) that are always twice their resolution. Therefore the transform is overcomplete: starting from
an original signal sampled at rate 1/7, the multiresolution components of a Pyramid Transform are

J=-1
sampled at rate llT(z 27 4277 ] =2 /T . This means that there are about twice as many transform

i=0
coefficients than the original signal samples! (In two dimensions this factor becomes 4/3 [1], [6],
[11].) :
In contrast with the Pyramid Transform, the Discrete Wavelet Transform, presented next, is not
overcomplete (there are as many wavelet coefficients as signal samples) but requires design
constraints on scaling filters.

Y. THE DISCRETE WAVELET TRANSFORM AND PERFECT
RECONSTRUCTION FILTER BANKS

We have seen in the preceding section that a potential drawback of the Pyramid Transform is its
overcompleteness, due to the fact that residue signals involved are "over-scaled", i.e., their scale
parameter is always twice the resolution parameter. In a Discrete Wavelet Transform (DWT), each
residue signal is "critically sampled,"” i.e., its resulting scale and resolution parameters are equal. To
describe the DWT we therefore need to extend the basic definition of residue signals (27) to the case
where scale and resolution parameters are equal (thus violating the previous restriction (26)).
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- This can be easily done by considering a perfect reconstruction two-band filter bank [24], [30],
[32] depicted in Fig. 5 (a), in which the approximation operator at half the resolution (see Fig. 3
(a)) explicitly appears. The perfect reconstruction condition can be rewritten in operator's notation
as

x-GTlG'x = HT lH'x, (30)
where HT ($H', respectively) is defined similarly as GT ({G', respectively), but with different
filter impulse responses k_ (h',, respectively). It is a well-known fact [24], [30], [32] that these
filters should be high-pass, since the scaling filters g_and g', are assumed low-pass.

Now, (30) is recognized as the residue signal of {x_} at scale 1 and resolution 1/2 (28). We can
therefore define $H'x as the residue signal of {x )} at scale 1/2 and resolution 1/2. It is brought
back to scale 1 by applying HT to give (30). This definition is immediately extended to residue
signals at other common values of scale and resolution by application of the rules (18) as in the
preceding section. This gives

‘ JH'G'Yx | (31)
as the residue signal at scale and resolution 27 (j>0).

Using this extended definition of multiresolution residue signals, we are now ready to define the
Discrete Wavelet Transform (DWT): A DWT of a signal {x_} onJ "octaves" decomposes it into
"wavelet coefficients" {w/,}, which are precisely the residue signals (31) at scale and resolution 27,
for j=1, ..., J, plus a low resolution version of {x_}, namely, the scaled signal at scale and
resolution 2” called {v’_}. To reconstruct the signal {x_}, residue signals are first up-scaled by
means of HT (as in (30)), then the basic definition (27) is applied to iteratively increase the
resolution until resolution 1 is reached, i.e., until the original signal {x,} is recovered. This is
performed by the Inverse DWT (IDWT).

This definition easily recognized as an octave-band filter bank [30] of Fig. 5(b), since in order to
halve both resolution and scale parameters of residues signals at each step j, one just iterates the
basic computational cell of Fig. 5 (a) to the scaled version ({G'Y x, according to the rule (18a). In
Fig. 5 (b), the analysis filter bank computes the DWT, whereas the synthesis filter bank computes
the IDWT. Note that since this filter bank is critically sampled, there are as many computed wavelet
coefficients as the signal samples. This can be considered as an improvement compared to the
situation encountered in the last section for the Pyramid Transform. However, the four low-pass
{g,), {g',), and high-pass {A_}, {h'} filters are constrained to satisfy the perfect reconstruction
property (30). :

Since a DWT and an octave-band perfect reconstruction Filter Bank share the same
computational structure, it can be argued that nothing is new with the DWT. However, one interest
of the DWT is that it provides an alternative formalism, which focuses on temporal multiresolution
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decomposition rather than on subband frequency decomposition. This formalism can be developped
as a signal decomposition using temporal basis functions called wavelets, as follows.

Define the basic analysis (synthesis) scaling sequence to be g' (g , respectively). Also define
the basic analysis (synthesis) wavelet to be the corresponding high pass impulse responses, i.e.,
’?. (h, respectively). The whole set of scaling sequences and wavelets is obtained from the basic
scaling sequences and wavelets by successive up-scalings:

analysis scaling sequences: 3" = (G'TY" g’
analysis wavelets: hY = (G'TY' k'
(32)
synthesis scaling sequences: ¢ = (GTY'g
synthesis wavelets: ¥ = (GTY' h

Then we have the following, proven in Appendix C: The wavelet coefficients w/, of the original
signal {x } at octave j (j=1, ..., J), that is the residue signal at scale and resolution 27, are inner
products (12) of x with the corresponding analysis wavelets:

“’ik =<xg; il"ju—zjk )= le (ﬁ'£—2ik ).’ j=1’ hah J (338.)

Similarly the low resolution component is .
Ve=(x,3 8", ) (33b)
Thus, the DWT on J octaves computes the inner products (33). Then, the Inverse DWT (IDWT)
reconstructs the signal as a linear combination of shifted synthesis wavelets weighted by the
corresponding wavelet coefficients, plus a very low resolution approximation of x, which is
obtained similarly:

J

=YY W H YV (34)

j=l & k
Equations (33)-(34), proven in Appendix C, are simply a rewriting of the previous definition of the
DWT/IDWT. They show that wavelet basis sequences underly a multiresolution decomposition: for

example, each wavelet # — shifted in proportion to their scale, as is usual [8] — contributes to

=27k
represent x at a given resolution 27, around a given location 427 in the signal.
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V1. BIORTHONORMAL AND ORTHONORMAL DISCRETE
WAVELETS

The biorthonormality property (23) derived in section IIT ensures that scale and resolution
parameters uniquely determine a scaled or residue version of an original signal {x }. Ina DWT, we
moreover have the constraint of perfect reconstruction (without delay) (30) of the two-band filter
bank of Fig. 5 (a). Because of perfect reconstruction, the biorthonormality property can be extended
to wavelets: in fact, restricting to FIR filters for convenience, it is shown in Appendix D that the
four filters g, g', h, A’ are related by

{hn = (_1)nglu—l (35)

h,=(-1)"g..
(When the filters are moreover assumed causal, this set of equations is slightly affected and induces
a delay on the output of the filter bank.) Therefore, to actually design a DWT it is sufficient to find
two low-pass filters satisfying biorthonormality (23) and to assign high-pass filters by (35). Now,
using (35) and biorthonormality (23), it turns out that the two families of analysis and synthesis
wavelets are mutually biorthonormal not only across time-shifts at a given scale, but also across
scales:

1 if k=l and i=j

(hi,‘..zik ’ n—-2‘ > Z n=2) k h‘: 2’1 { 0 O[thWiSC (36)

A proof is given in Appendix D. In fact Appendix D shows more, namely that biorthonormality
(23), hence (36) is already implied by perfect reconstruction. Thus, biorthonormality always occurs
in a DWT because it uses a perfect reconstruction filter bank.

Biorthonormality of wavelets (36) is perhaps easier to undertand if we note that, in (34), the term
contributing to resolution 27 is

z <xu ’ };'ju-zit > hiu—zik‘ (37)
k
Now (36) allows (37) to be a projection of x onto the subspace of signals spanned by the wavelets
{# e ;} since if x belongs to this subspace, then using (36) one finds that (37) reduces to x. In
other words, owing to biorthonormality, the DWT decomposes a signal into projections of this
signal onto subspaces corresponding to different resolutions 27 (j=1, ..., J). This point of view is

close to the original "Multiresolution Analysis" theory of Meyer [23] and Mallat [22].
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The Orthonormal Case.

We have seen in section III that the orthonormal case is a special case of biorthonormality for

which one further imposes g, = g', .From (35), this implies
h=h'_. | (38)

Thus, analysis and synthesis wavelets are equal. From the discussion of section II, it follows that
the analysis and synthesis filter banks of Fig. 5 (b) which perform the DWT and the IDWT
respectively, are Hermitian transpose of eachother. In other words the DWT is an orthogonal
transform: it is composed of lossless or paraunitary two-band filter banks [31] for which analysis
and synthesis filters are paraconjugate of eachother.

From (38), (36), the wavelets form an orthonormal basis:

. (1 ifk=1landi=j A
( n-2/k ’ 2'> z 2‘k .-211 ={ 0 otherwise (39)

hence (37) is now an orthogonal projection of x. This means that among all signals y belonging to

the subspace spanned by the {# 2ig}» (37) is the one that minimizes the quadratic distance Ilx - yi3,

-2/ k
Therefore, orthonormality can azlso be thought of as the condition for which multiresolution
components are most similar to the original signal [21].

Orthonormality is often considered as an essential property for coding applications (see e.g.,
[21]), where the coding strategy is based on an LMS error criteria. However it is well known that
orthonormal filters cannot be linear phase, except for a trivial choice [11], [35]. Note that
orthonormality also simplifies the design: scaling and wavelet sequences are easily deduced from

each other since (35) reduces to £ =(-1)"g", .
VII. COMPARISON WITH WAVELET SERIES

There is a remarkable parallelism between the DWT, presented in the preceding section, and its
countinuous-time counterpart, which has been developped for functions of a continuously varying
parameter by Mallat [21], [22], Meyer [23], Daubechies [11], [7] and other authors. We refer to the
latter as the orthonormal or biorthonormal wavelet series decomposition. Of course, this analog
model uses a continuous version of the inner product (12), namely
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(x)350) =[xy ®ar. (40)
and applies to analog signals x(r) which have finite energy { x(¢) ; x(¢) ). Also, up-scaling is the
simple dilation x(f) — 7’; x(1/2) (in the presentation of the DWT above, the constant V2 has been
integrated into the discrete scaling sequences). As for the DWT, one defines analysis and synthesis
basic scaling functions, denoted by &(t) and ¢(¢), and analysis and synthesis basic wavelets V(D)
and y(z). The whole set of scaling functions and wavelets are deduced as in (32), by successive up-
scalings. For example, the synthesis wavelets are y(r) = 272 y(27r). The other basis functions
involved, namely ¢/(¢), (), ¢/(t) are defined similarly. The wavelet series coefficients are
(compare with (33a), (33b))

W, = (x() ; W(-2k) )
V,=(x(0; -2’0 ). 41)

The reconstruction part uses a wavelet series (compare with (34))

J

=23 W, w2+ Y V, 020, (42)
k k

j=t
Analog wavelets are biorthonormal (compare with (36))

1 if k=1 and i=j

0 otherwise 43)

(V-2'k); ¥'(-2D)) = {
and, of course, orthonormality occurs when analysis and synthesis wavelets are equal. Other
properties such as symmetry or linear phase [7], [34], [35], finite length or "compact support” [7],
[11], [35] are also expressed equivalently as they would be in the discrete-time case.

Therefore, the sole ability of the wavelet transform to do multiresolution signal decomposition,
using orthonormal or biorthonormal bases, should not be determining to decide whether to choose
the discrete-time model or the continuous-time one, because both models share the same
properties.

It has been argued, however, that the regularity property is an exception to this rule: continuous-
time wavelets are said to be regular if they are at least continuous, possibly with several continuous
derivatives. Evidently this cannot be expressed directly on discrete-time signals. However we show
in the next section that the regularity property can be expressed for discrete-time wavelets, and that
the effect on the multiresolution analysis and synthesis are equivalent to what happens in the
continuous-time case. Therefore, even the regularity property is no exception.
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- Because of the strong parallelism that exists between the discrete-time and the continuous-time
formalisms, it can be shown [7] that a DWT can always be deduced from a biorthonormal analog
wavelet basis. More precisely, the discrete counterparts are defined by the relations [7]

6 =v2ZY & 0Qrn), GO=+2Y k' §Qrn),
" " (44)
o) =2 g, 0Qe-n), (@O =v2Y h yQin).

Furthermore, additional properties satisfied by continuous-time wavelets, such as orthonormality,
symmetry, and finite length are automatically satisfied by the associated discrete-time wavelets [11],
[7]. Thus, a continuous wavelet series decomposition scheme induces an associated DWT, the latter
being implemented as an octave-band Filter Bank. Moreover, fed by the discrete input {V°,}, this
filter bank provides the continuous-time wavelet series coefficients [ij} (=1, ..., J) and {V/ B
[7]. The algorithm was first derived by Mallat [21] in the context of orthonormal wavelets (see also
[26], [27]). However, any arbitrary DWT cannot always be deduced from a Wavelet Series
decomposition scheme, because this association implies that the obtained discrete wavelets satisfy
other constraints than (23), (35). For example, they must satisfy the relations [7]

Z hu = 2 ii'u = O’ (45)

which are not always met in perfect reconstruction filter banks [24], [30].

This has motivated several researchers [71, [19] to determine the minimal conditions under which
the converse deduction holds, i.e. under which continuous-time wavelet bases can be deduced from
discrete-time wavelet bases. Necessary and sufficient conditions were recently derived, which turn
out to be quite technical [7], [19]. It was previously shown [11], however, that a sufficient
condition for the equivalence between the continuous-time case and the discrete-time case is the
regularity property, which is by itself interesting; it is discussed in the next section.

VIII. FILTER REGULARITY

The regularity property was first required on continuous-time wavelets in order that analysis and
synthesis be performed with "smooth" basis functions [8], [23]. Necessary conditions were then
derived on discrete FIR filters involved in a DWT, so that they generate regular, compactly
supported continuous-time wavelets [11], [7]. Therefore, the regularity property, brought by
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wavelet theory, was soon recognized as a new design constraint for perfect reconstruction filter
banks. The regularity property has also been observed in Pyramid Transforms [5].

The aim of this section is to show that, in multiresolution schemes, regularity can be properly
expressed only in terms of discrete signals. We then make the connection with continuous-time
basis functions and show how regularity can be taken into account in a filter design procedure. The
results listed in this section can be found in [11], [13], [14], [28].

Intuitively, a discrete-time signal is "regular,” or "smooth" if its samples vary smoothly in time.
In the framework of multiresolution decomposition schemes, we give below a definition of
“"regularity,” or "smoothness" for basis sequences obtained by successives up-scalings: the goal is
to find the conditions on an up-scaling operator G T (8) under which signals like

GTYx (46)
vary smoothly, even for large j. We shall therefore say that the underlying scaling filter {g_} is
regular if the iterated signals (46) are. In a DWT, for example, regularity of the scaling filter {g, )
implies regularity for all synthesis discrete wavelets and scaling sequences, since they are defined
by successive up-scalings associated to {g,} (32). On the other hand, regularity of analysis discrete
wavelets and scaling sequences (32) holds if the scaling filter {g' } is regular. Note that regularity
can also be studied for Pyramid Transforms because their equivalent basis functions (5] are also of
the form (46).

Regularity is believed to be useful in multiresolution decomposition schemes for several reasons
(4], [2]. In a DWT, for example, any error ocurring in a wavelet coefficient w"k results, from (34),
in a perturbation in the synthesized signal which is equal to the corresponding synthesis wavelet

sequence {hi. }. It is therefore natural to require that this perturbation is smooth, rather than

-2/ k
discontinuous,zor even fractal-like, as in the example shown in Fig. 6 (a). This may be useful in
e.g. image coding applications where a "fractal” perturbation is likely to "strike the eye" much more
than a smooth one, for the same SNR level [4]. On the other hand, requiring that the signal is
analyzed by smooth basis functions {’?j,.} ensures that no "artificial” discontinuity (i.e., not due to

the signal itself) appears in the wavelet coefficients w/, = (x_; h' ). This should be of interest

a-27k
for compression purposes.

Definition of Regularity.
We study regularity for iterated signals like (46), i.e., for reponses to the operator (GTY. We
therefore consider the impulse responses |
g,=(G1Y9), @7
The following definition of regularity for g’_is inspired from Hélder regularity of continuous-time
functions [14], [28]
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- — For O<as<1, ¢ is said to be regular of order r=a if it satisfies

g . -& 1sc@) ' (48)
where c is a constant independent of j and n. In other words, the slopes
A= (&, £ )02 (49)

of the curve g’_ plotted against n27, are constrained to increase less than 2/"® as j increases: for
o<1 they may indefinitely increase (Fig. 6 (b) shows an example which satisfies (48) for
a=0.550...[12], [14]); for a=1 they are always bounded (see Fig. 6 (c)). Note that the regularity
condition (48) is stronger as a increases, thereby imposing smoother time evolutions of the
sequence g’ .

— In order to extend this definition to higher regularity orders, we impose (48) on the "discrete
derivatives" of g’ . The first "discrete derivative” of g’ is the slopes’ sequence (49). The Nth
discrete derivative AVg’_is defined by applying N times the difference operator A. Now, g’_is said
to be regular of order =N+a (0<a<1) if its Nth discrete derivative A”g’_ is regular of order ¢, i.e.,
i :

1AV - A% 1<c(2)® (50)
The example of Fig. 6 (c) is regular of order r > 2.102 [28]. Again this definition imposes a
stronger condition as r increases; the condition (50) is here imposed on "slopes of slopes" and
therefore requires very smooth evolutions of ¢ .

Connection with Wavelet Series.

It can be shown [28] that regular discrete wavelet and scaling sequences converge to continuous-
time functions as j—+eo. More precisely:

the discrete curves {g' } ({§" ), (K}, {ﬁ";} ), when plotted against n27,
uniformly converge to ¢(t) ((S(t), (1), v (t), respectively). _ 5D

(see [11], [28], for a more rigorous statement).
In addition, these limit functions have the same Hdlder regularity order r as their discrete
counterparts [28], Holder regularity r=N+a (0<a<1) being defined similarly as for discrete-time
sequences:

L oM (+h) - 0N () 1 £ ¢ 1A1°, (52)
where ¢™() is the Nth derivative of ¢(f) (compare with (50)). Note that a Hslder regularity order
r>N implies that N derivatives are continuous.

Now, the continuous-time limits ¢(z), <T>(t), y(1), and (¢) can be used to define a Wavelet
Series decomposition as in section VII. Compactly supported continuous-time wavelets have been
designed by this method [11], [7].
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" Therefore, owing to regularity, the identification between discrete-time and continuous-time
wavelet schemes is complete: it is only a matter of preference to say that continuous-time wavelets
underly discrete-time ones (44) or vice versa (51). Likewise, the regularity property can be seen
either on continuous-time functions (52) or on discrete-time sequences (50).

A First Necessary Condition for Regularity.
Regularity of the scaling filter {g_} also implies shape preservation by the up-scaling operator
GT (see assumption (c) of section I). In other words, up-scaling dilates the sequence {g’ } but does

not affect its shape: we have g’_ = g’”u = the approx1mat10ns bemg sharper as j increases.

2u+1’

Now since g*' = GT ¢/, using (8), we have g™, 2 g, 8., = (z g,) &, where L is the
k=0

length of the scaling filter (g }. Therefore Z g,, = 1. Similarly one proves Z £, = 1, starting
from g”l , (I28] contains a more ngorous proof). These conditions are ncccssary conditions for

shape preservation and for regularity. They can be written as

Y g=2and Y (-1yg,=0 (53)
or as . Gl ,=2 and G(e™) | __ =0, (54)

where G(£”®) is the transfert function of the scaling filter of impulse response {g, }. This justifies
that scaling filters are preferably low-pass.

Note that the first condition in (53) is simply a renormalization. In fact, in a DWT, one generally
imposes tl 11, [7] 2 g8.= z §', = +/2 so that biorthonormality (23) holds. Hence, the order of
magnitude of the .{gj_) decreases as 27 as J increases. This does not mean that the scaling
sequences {g'} involved in a DWT are not regular; simply, one has to renormalize { g,} according

to (53) so that the order of magnitude of { g"‘} is preserved for different j's.

Fig 6 shows several examples of iterated wavelet sequences {#.} corresponding to different
choices of {g,}. In Fig 6 (a), the curve {# } rapidly diverge as j increases. This example does not
even satisfy (53), therefore it is not continuous. The example shown in Fig. 6 (b) is the first
Daubechies wavelet of length 4 [11]. It satisfies (53) but is clearly not very regular; this shows that
(53) is not sufficient to obtain a high regularity order. Fig. 6 (c) is a very regular example.(see
below).

The example of Fig. 6 (d) is particularly interesting: it corresponds to one of Smith and Barnwell
filters derived in [30]. Mathematically speaking, this example is not regular because (53) is not met.
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However, in this case, the scaling filter has 40 dB attenuation in the stop band, hence the value of
G(e™) at w=n is very small (about 10'2). As a result, (53) is "almost" satisfied and the iterated
sequences {h"“} "pretend"” to be regular for small j's. For large j's the curves eventually diverge,
with strong oscillations near the modes of the wavelet (see Fig. 6 (d)). Although rejected by the
mathematical definition above, such wavelets may be "regular enough"” in applications where the
number of octaves in the multiresolution decomposition is not too large.

Necessary Conditions for Regularity: "Flat Filters” or "Vanishing Moments."
A regularity order r>N requires more than (53), (54). In fact it can be shown [28] that the scaling
transfert function G(e*®) is necessarily of the form
G(e”) =2V (1+e™) ™! F(e"), (55)
where F(1)=1. Conditions (53), (54) follow for N=0. Here (55) implies that up to N derivatives of
the transfert function G(e*®) vanish at w=m, hence a regular scaling filter is "flat" at half the
sampling frequency. In a DWT, using (35) one finds

Y A =0, i=0, ..., N. . (56)
and similarly for {A,} if the analysis scaling filter {g" } is "flat.” Equation (56) means that the
wavelet sequence [};'u} has N+1 vanishing moments [12], and this can be written similarly for the
continuous-time wavelet y (¢) [12], [22], [23]. For example, the wavelet shown in Fig. 6 (c) has
six vanishing moments. This property may be interesting by itself for some applications [12], [22].

The condition (55) or (56) can be easily integrated in a filter design procedure [7], [35].
However, it is only a necessary condition for regularity: there exist non regular examples for which
(55) holds [28]! It is therefore important to a posteriori determine the regularity order of a _
computed scaling filter {g }. An efficient method is presented next.

Estimation of Regularity.

Several regularity estimates have been derived. Daubechies estimate [11] is based on the
determination of maxima of spectra. It may require many computations to determine a good estimate
[11], [12] and is not optimal in general [28] (as far as the above definition is concerned).
Daubechies and Lagarias have derived a method based on matrix algebra which yields optimal
regularity estimates in some instances [14].

Another, easily implementable, method has been derived in [28]. We summarize it here because
it is of general applicability. It uses the sequence {f,} associated to F(e*®) in (55) to compute
iterated sequences f = (FTY (8). Then, for any j, the regularity order is at least
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r,=N-4{log, max S|fi. . (57)
(note that r; may be less than N). In addition, except for exceptional cases, r; (rapidly) tends to the
optimal regularity order as j increases [28].

CONCLUSION

The discrete-time multiresolution theory developped in this paper is entirely based on precise
notions of scale and resolution (section I-1II). We have described both the Pyramid transform
(section IV) and the Discrete Wavelet Transform (section V-VI) using these notions. We have
shown that, in the context of discrete-time signals, the DWT is naturally implemented as an octave-
band filter bank.

Biorthonormality was derived as an essential condition for scaled versions of an original signal
to be characterized by scale and resolution parameters. As explained in section VI, it also naturally
arises in a DWT, because the DWT uses perfect reconstruction two-band filter banks.
Orthonormality has been derived as a special case of biorthonormality, in which flow graphs are
self transposed.

Because this paper develops different multiresolution techniques unified in a common
framework, it enlightens either known or little-known links between the DWT and other
multiresolution techniques:

Links with Pyramid Transforms. The Pyramid Transform, as described by Burt and Adelson
[8], is based on an intuitive notion of multiresolution decomposition of discrete-time signals, and
the regularity property has been observed as well. The presentation of this paper therefore applies
naturally to Pyramid Transforms (section IV). Note that since a Pyramid Transforms uses "over-
scaled” multiresolution components, scale is here clearly distinguished from resolution, both
notions being sometimes confused in a DWT.

Links with Continuous-Time Wavelet Series. We have seen that the discrete-time
multiresolution theory derived here shares the same rich properties as the continuous-time
"multiresolution analysis" theory of Meyer [23]. These include basis expansions, scale and
resolution notions, orthogonality [11], [22] or biorthogonality [7], regularity [11], and the like.
Therefore, it is only a matter of taste to decide whether analog wavelets underly discrete-time ones
or vice versa. The DWT hence provides a coherent alternative of seeing things, and both
approaches have advantages and drawbacks. For example, a change of scale is evidently not so
easily expressed for discrete sequences than it is for continuous-time signals. The discrete



75

RIOUL: DISCRETE-TIME MULTIRESOLUTION THEORY -24-

approach, however, avoids technical proofs or makes them easier and readily provides numerical
algorithms.

Links with Filter Banks. Discrete-time Multiresolution Theory also gives a new way of looking
at Filter Banks: it describes them as a temporal multiresolution decomposition rather than as an
octave-band frequency decomposition. We have seen that new criteria in filter design are also
brought by wavelets. In particular, there is a —presumably important— notion of regularity. In
section VIII we have briefly discussed the regularity property for both discrete-time and continuous-
time wavelets.

Regularity has been taken into account in several FIR filter design procedures, in connection
with other, classical criteria such as linear phase [4], [7], [34], [35] or orthonomality [11] (i.e., self
transposition — see section VI). Although regular filters have been used in practical systems [4],
[4], [21], it is still not clear whether regularity is to play an important role in applications such as
image coding. Besides, a good regularity estimate was not easily obtained [11]-[14]. In with
respect, the recent estimate (57) might help [35]. Another, major difficulty in filter design is that
many design constraints may be desirable (short lengths, linear phase, orthonormality, selectivity in
frequency, regularity), and they often conflict with each other. For example, we have mentionned
that orthonormality precludes linear phase, except for a trivial choice [11], [35]. It may therefore be
necessary to relax most of the constraints in order to design scaling and wavelet filters that are e.g.
close to be orthonormal, close to be linear phase, reasonably selective in frequency and with at least
a given regularity order. Some results go in this direction: for example, [12], [30] contain
orthonormal FIR filters which are close to being linear phase. On the other hand, [4], [7] contain
biorthonormal, linear phase FIR filters which are close to being orthonormal.

APPENDIX A
GENERAL EXPRESSIONS FOR SCALING OPERATORS

Proof of (8). Let {g } be the impulse response of the up-scaling operator, that is the up-scaled
version of 8 =1 if n=0, 0 elsewhere. By assumption (b), g, ,, is the response to §_,. Since the input
signal can be written

xn = Z xk sn-k’

k

its up-scaled version is, using linearity (a),

Z xk gn—ﬂ’

which is (8). t
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" Proof of (9). Let- {g° } be the impulse response of the down-scaling operator to { 3.}, and
{g',,) be the impulse response to {§_, }. The input signal can be written

X = Z Xk Opzp ¥ Xopny 6.-1-2& .
3

Its down-scaled version is therefore

0 1
2 x?.kg mk+x2t+l g n~l-k °
k

Now let {g’ } be defined by g’, =g° and g', . =g' . The down-scaled version becomes

' '
2 ka g2n-?.t + x?_h-l g 2a-2k-1?
k

which reduces to (9). W

APPENDIX B
DERIVATION OF BIORTHONORMALITY

(i)=(ii). Since A approximates at half the resolution, it should leave Ax itself unchanged. That
is, both Ax and A% are at scale 1 and resolution 1/2, so they are equal and (21) holds. M

(ii)=>(iii). Equation (21) can be written, using (19),

GTy=0,
where y = LG'(GTIG' - ) x. Now since up-scaling is one-to-one (17), this yields y=0, that is
(G' GT -1 IG'x =0, for all signals x. (B1)
We now prove that any signal y with finite energy (13) can be written 4G 'x for some x. We can
always write y=y+y",

where y' belongs to the range of the down-scaling operator 4G' (hence it can be put in the form
4 G'x for some x), and where y" is orthogonal to any signal of this range:
(y"; 1G'z) =0, for all signals z.
Using the transposition property (15b) one obtains
(G'Ty";z)=0 forall z,
hence G 'Ty" = 0, which implies y"= 0 similarly as for GT (17). Therefore any signal y can be
written y =y' = LG'x for some x. Now from (B1), equation (22) immediately follows. W

(iii)¢=>(iv) Starting from (22) and the relation
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1 if k=1~
(8“’8*‘)’{0 if k1l

and using (15b), we have
(8,:8.)=(5_,;dG' GT35_))

=((G'T8,): (GT3,.))

1 if k=1

=((G'TY),,,; (GT9),,) = {o if kel

which is the biorthonormality property (23). M

(iii)=>@) From any possible expressiqn of up-scaled versions of {x_}, simplify using (22) each
time this is possible to obtain (20). W

APPENDIX C
DISCRETE WAVELET BASES

Proof of (33): The residue signal at resolution and scale 27 (31) can be written
w,=(H (GY'x), =(IH' dG'Y'x, ; 5,,)
Using the transposition property (15b) we have
w, =(x_; (G'TY'H'TS,,)
x5 (G R )

which reduces to (33a) by definition of A7 (32). One proves similarly that v/ = ({G'Y x is
equivalent to (33b). W

Proof of (34): To reconstruct the signal, the wavelet coefficients w/, and v/ are brought back to
scale 1 and (27) is applied. This gives

x=¥ G HIW + GTYV
j=1

Using the formula w/, =)' w/, 3, (and similarly for '), linearity and (32), this equation is easily
seen to reduce to (34). MW
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APPENDIX D .
PERFECT RECONSTRUCTION AND BIORTHONORMALITY

Proof of (35) and biorthonormality (23), assuming perfect reconstruction (30). It is well
known [24], [30], [31] that perfect reconstruction of the filter bank of Fig. 5 (a) can be expressed
by two conditions, expressing that both aliasing and linear distortion are cancelled at the
reconstruction. This can be written in matrix notation, using z-transforms: X(z) = Z x z" as

G(z) H()\(G@) (2
(G(—z) H(—z)) (H'(z)) - (0)
It follows that G'(z) = 2H(-z)/A(z) and H'(z) = -2G(-z)/A(z), where A(z) is the determinant of the
matrix. Assuming FIR analysis filters, A(z) is an odd polynomial in z and z': A(2) = G(2)H(-z) -
H(z)G(-z). In order that synthesis filters be also FIR it is therefore necessary that A(z) be an odd
delay. Within normalisation and time-shifts for impulse responses we can write A(z) = 2z It
follows that G'(z) = z H(-z) and H'(z) = -zG(-z), which reduces to (35). Note that whenever a
causal implementation is required, one just have to shift finite impulse responses accordingly.
Using the above relations the perfect reconstruction condition A(z) = 2z becomes

G()G'(2) + G(-2)G'(-z) =2
This can be interpreted using flow graphs as (22). It was shown in section III that this is equivalent
to the biorthonormality condition (23). B

Proof of (36): We have seen in section III that (23) is equivalent to lG'GT =1 From the
relations (35) on similarly proves that
JH'HT =, lH'GT =0 and {G'HT =0. | D1)
Now, using the definition (32), the left-hand side of (36) can be written
(GTY'HTS ,; (G'Ty'aA'TS,,)
Using the transposition property (15b), we obtain
(' Gy (GTY'HTS ,; 6 )
which, from (D1), reduces to the right-hand side of (36). W
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FIGURE CAPTIONS

Fig. 1. Two successive up-scalings (by a factor 2) of an original discrete-time signal (top of
figure). Up-scaling is performed by first-order interpolation (7). Up-scaled signals are stretched in
time, but no resolution is added (see section III).

Fig. 2. Flow graphs of up and down scaling operators. (a) Up-scaling (8) is up-sampling plus
post-filtering. (b) Down-scaling (9) is pre-filtering plus down-sampling. The filters of impulse
response {g } and {g' } are called scaling filters.

Fig. 3. A flow-graph illustration of the fact that the approximation Ax of an original signal x at
half the resolution is a projection.

(a) Down-scaling, followed by up-scaling approximate x at half its resolution.

(b) Re-approximating Ax by A leaves Ax unchanged. This is equivalent to (22), i.e., to the
condition that up-scaling, followed by down-scaling, is the identity operator.

Fig. 4. Flow graph implementation of the Pyramid Transform.

(a) One step of decomposition; the original signal x is decomposed into a version of x at half its
scale, and a residue signal at the same scale and half the resolution, the latter being obtained by
difference.

(b) The reconstruction part uses (27). Here, one simply adds back what have been substracted.

(c) The elementary cell of Figs. (a), (b) is iterated J times to provide a full Pyramid Transform on
J "octaves" (here J=3).

Fig. 5. Flow graph implementation of the Discrete Wavelet Transform (DWT)..

(a) One step of decomposition/reconstruction. The original signal x is decomposed into a version
of x at half its scale and resolution, and a residue signal also at half its scale and resolution. This is
simply a two-band perfect reconstruction filter bank; the decomposition (analysis) part uses the low-
pass “scaling" filter {g',} and the high-pass "wavelet" filter {4’ }. The reconstruction (synthesis)
part uses the low-pass "scaling"” filter {g,} and the high-pass "wavelet" filter {4 }

(b) The elementary cell of Fig. (a) is iterated J times to provide a full DWT on J "octaves."
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- Fig. 6. Plots of iterated wavelet sequences {A'' }, plotted against n27, for four differents
choices of the scaling filter {g }.

(@) g,=¢,=.7,8,=-8, =1, g, =0 otherwise. This example satisfies orthonormality (25), and
can therefore be used in a perfect reconstruction paraunitary filter bank (see section VI). However,
the obtained curve is a highly irregular, fractal function. In fact this curve rapidely diverges as j
increases indefinitely.

(b) Daubechies wavelet of length 4: g, = (1++/3)/4+/2, g = (3++/3)/44/2, g, = (3-4/3)/44/2, g,
= (1-4/3)/4+/2. (after [11]).The regularity order is r = 0.5500... The obtained curve rapidely
converges, as j increases indefinitely, to a continuous, but not differentiable, function.

(c) Daubechies "closest to linear phase™ wavelet of length 12 (after [12]). The regularity order, as
determined in [28] is at least 2.102.

(d) This example corresponds to the 8-tap scaling filter designed by Smith and Barnwell [30].
Mathematically speaking, the obtained curve is irregular: due to small, but rapid, oscillations present
in the wavelet, the curves slowly diverges as j increases indefinitely. However the obtained curves
look "reasonably regular” for small j's, due to the fact that the scaling filter's transfert function is
strongly attenuated in the stop band (see section VIII). This behavior cannot be predicted by the
mathematical model of regularity.
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Fig. 2. Flow graphs of up and down scaling operators. (a) Up-scaling (8) is up-sampling plus
post-filtering. (b) Down-scaling (9) is pre-filtering plus down-sampling. The filters of impulse
response {g,} and {g',} are called scaling filters.
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Fig. 3. A flow-graph illustration of the fact that the approximation Ax of an original signal x at
half the resolution is a projection.

(a) Down-scaling, followed by up-scaling approximate x at half its resolution.

(b) Re-approximating Ax by A leaves Ax unchanged. This is equivalent to (22), i.e., to the
condition that up-scaling, followed by down-scaling, is the identity operator.
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Fig. 4. Flow graph implementation of the Pyramid Transform.

(a) One step of decomposition; the original signal x is decomposed into a version of x at half its
scale, and a residue signal at the same scale and half the resolution, the latter being obtained by
difference.

(b) The reconstruction part uses (27). Here, one simply adds back what have been substracted.

(c) The elementary cell of Figs. (a), (b) is iterated J times to provide a full Pyramid Transform on
J "octaves” (here J=3).
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Fig. 5. Flow graph implementation of the Discrete Wavelet Transform (DWT)..

(a) One step of decomposition/reconstruction. The original signal x is decomposed into a version
of x at half its scale and resolution, and a residue signal also at half its scale and resolution. This is
simply a two-band perfect reconstruction filter bank; the decomposition (analysis) part uses the low-
pass "scaling” filter {g' } and the high-pass "wavelet" filter {4’ }. The reconstruction (synthesis)
part uses the low-pass "scaling” filter {g,} and the high-pass "wavelet" filter {4}

(b) The elementary cell of Fig. (a) is iterated J times to provide a full DWT on J "octaves."
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Fig. 6. Plots of iterated wavelet sequences {h" ), plotted against n27, for four differents

choices of the scaling filter {g }.
(@) g,=8,=7.8,=-8,=-18, =0 otherwise. This example satisfies orthonormality (25), and

can therefore be used in a perfect reconstruction paraunitary filter bank (see section VI). However,
the obtained curve is a highly irregular, fractal function. In fact this curve rapidely diverges as j

increases indefinitely.
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(b) Daubechies wavelet of length 4: g, = (1+/3 YA2, 8, =(B+3 Y42, 8, =033 /42, 8,
= (1-4/3)/4/2. (after [11]).The regularity order is r = 0.5500... The obtained curve rapidely
converges, as j increases indefinitely, to a continuous, but not differentiable, function.



(c) Daubechies "closest to linear phase” wavelet of length 12 (after [12]). The regularity order, as
determined in [28] is at least 2.102.
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(d) This example corresponds to the 8-tap scaling filter designed by Smith and Bamwell [30].
Mathematically speaking, the obtained curve is irregular: due to small, but rapid, oscillations present
in the wavelet, the curves slowly diverges as j increases indefinitely. However the obtained curves
look "reasonably regular” for small j's, due to the fact that the scaling filter's transfert function is
strongly attenuated in the stop band (see section VIII). This behavior cannot be predicted by the
mathematical model of regularity.
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DYADIC UP-SCALING SCHEMES:
SIMPLE CRITERIA FOR REGULARITY

OLIVIER RIOUL*

Abstract. Convergence of dyadic up-scaling schemes to limit functions arises in several fields of
applied mathematics and signal processing, to construct special curves and surfaces, fractals, and compactly
supported wavelets. In this paper, we use a polynomial description to study existence and Holder regularity of
such limit functions. Sharp regularity estimates are derived, and optimality is proven in most cases. They
can be easily implemented on a computer, and simulations show that the exact regularity order is accurately
determined after a few iterations. Connection is made to regularity estimates of solutions to lattice two-scale
difference equations derived by Daubechies and Lagarias, and to other known Fourier-based estimates. The

former are generally optimal, while the latter are optimal only for a subclass of symmetric limit functions.

* . Centre National dEtudes des Télécommunications, Centre Paris B, CNET/PAB/RPE/ETP, 38-40 rue du Général
Leclerc, 92131 Issy-Les-Moulineaux, France.



98

DYADIC UP_SCALING SCHEMES OLIVIER RIOUL

Introduction and definitions.

This paper focuses on real-valued discrete sequences u[n] (ne Z) of finite length, and

on their behavior under repetitive action of a dyadic up-scaling operator G, defined as
¢)) G: uln]——v[n]=Y, ulk] gln—2k].
keZ

The terminology "dyadic up-scaling” will be justified later. The fixed sequence g[n] that
parameterizes G is called the scaling sequence. It plays a central role in the following.
Starting from the initial "impulse" sequence d[{n] = 1 if n=0, 0 otherwise, a dyadic up-
scaling scheme is an infinite collection of sequences gl.[n] (jeN), defined as shown.
8,[n1 =G{d8[n] } =gln],
g,[n1=G{gln]},

1
.

@ g.[n1 = G(g[n] ),

The g [n]'s are fully determined when the scaling sequence g[n] is given. Of course other
inital sequences can be considered.

The aim of this paper is to find the necessary and sufficient conditions on the scaling
sequence g[n] for the existence and regularity of a function of a continuous variable g_(x),
obtained as a limit of (2) as j indefinitely increases. More precisely, we use the following
definition.

@3) g-(x)= lim g;[x;2],

where x; is any sequence of dyadic rationals (of the form n27?, ne Z) converging to x as j
tends to infinity. For example, x, could be | 2/x | 27, where | y | denotes the largest integer
not exceeding y. Fig. 1 shows that the limit function g_(x) can be thought as a limit of the

discrete curves g[n], when plotted against n27. By abuse of notations we say that the



DYADIC UP_SCALING SCHEMES OLIVIER RIOUL

sequences gl.[n] converge to g_(x) as j—+oo. The regularity is estimated using Holder spaces
"C’ (reR).

In this paper, we first describe (2) using the very convenient polynomial notation
(section 1) and derive a basic necessary condition for (3) to hold (section 2). We then show
how limit functions can be computed exactly on a computer (section 3). This leads us to
define "ordinary" limit functions, to which the results of this paper fully apply (section 4).
Fortunately, almost all limit functions are "ordinary."

To tackle the regularity problem, we characterize regularity properties of limit functions
in terms of discrete sequences: continuity is connected to uniform convergence of the g[n]'s
(section 5), Holder regularity C* (0<asl) is expressed by a very similar property of the
gj[n]'s (section 6), finite differences of the gj[n]'s play the role of derivatives (section 7), and
N-times continuously differentiable limit functions are therefore characterized by uniform
convergence of finite differences (section 8). From these equivalences a full characterization
of Holder regularity C’ (for all r>0) naturally emerges in terms of discrete sequences
(sections 9 and 10). The main result of this paper is an easily implementable, optimal
regularity estimate derived in section 11. This estimate is then compared to related previous
work [3]-[12].

The purpose of this paper is close to the one of Daubechies and Lagarias' [5]-[6] that
studies the existence and regularity of solutions of two-scale difference equations. In fact

we shall see in section 3 that the limit function g_(x) satisfies the following "lattice two-scale

difference equation.”

4) 8.0 =Y glkl g (2x-k).

k
Although it can be shown [6] that solutions of (4) are not necessarily limit functions (3),
both approaches are closely related. In fact, it can be shown [2] that the study of regularity

of solutions of (4) can be reduced, after suitable transformation, to that of limit functions
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(3). However, the contents, formulations and proofs of this paper differ notably from [5]-
[6]; Daubechies and Lagarias derive conditions for the exis£ence of L!-solutions of (4) and
estimate global and local regularity of solutions that are in fact limit functions. This paper
concentrates on the determination of optimal estimates for global regularity of limit
functions, with interpretation in terms of discrete sequences and comparison with Fourier-
based techniques.

Dyadic up-scaling schemes and two-scale difference equations arise in several fields of
applied mathematics. They have been used for curve fitting and to generate fractal curves or
surfaces numerically [8]-[12]. They also play an important role in wavelet theory [1], [3]-
[4], [13]-[15], a newly born theory in functional analysis closely realted to filter banks in
signal processing [13], [15]. Whether limit functions g_(x) are regular or not may be
relevant for image coding applications using wavelets [1], and this has motivated the work

presented in this paper.
1. Polynomial notation.

Dyadic up-scaling schcme§ have been mostly described using Fourier transforms or
matrices [3], [5]-[6], [8]-[10]. Throughout this paper we often use the polynomial
description ~

UX)= Lz—lu[n] X"
=0
of any causal sequence u[n] of length L (u[n] = 0 for n<0 and n>L). Sequences of finite
length can always be made causal by shifting; we therefore assume all sequences causal in
the following.

In polynomial notation, the up-scaling operator (1) reads _

® U - Ve = 660 U?)
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This shows that it can be seen as resulting from two operations.
1) change X to X2in U(X), i.e., insert zeros betwccn.e;/cry two samples of u[n].
2) multiply by G(X), i.e., convolve the result with the scaling sequence g[n].
In other words the operator (1), (5) smooths u[n] at twice its scale; this justifies the
terminology "up-scaling.” Equation (5) can therefore be seen as a discrete version of a
dilation by two: fix) = f(x/2).
Iterating (5) gives the polynomial GI.(X) associated to the sequence gj[n] ).

(62) G,(X)= G(X)G(X") G(X*) - G(X*™),

Of course, when the initial sequence in (2) is different from d[n], say h[n], (6) is simply
multiplied by H(X* ).

(6b) H(X) = G(X) H(X™).

Therefore the iterated sequence hj[n] is not gj[n] in this case, but hj[n] = z hik] gl.[n-Z"k].

k

From definition (3), it follows that the limit function is k_(x) = z h(k] g_(x-k) instead of

k

g.(x) itself. Since the convergence and regularity properties of h_(x) and g_(x) are the same,
we can restrict to the study of the gl.[n]‘s and g_(x).

One easily finds that the length of gj[n] is (¥-1)(L-1)+1 (where L is the length of g[n])
by estimating the polynomial degree of (6a). Therefore g_(x), if it exists, has compact
support [0, L-1]. As a result, all functions considered in this paper are compactly sixpported.

Equation (6a) fully describes dyadic up-scaling schemes in terms of polynomials. It

can be rewritten in recursive form in two ways.

(7a) G, () = GO G(X7), ie., g, [n] = 3, g[k] gln-2K1.

(7b) G, =G0 G(XY), ie., g, [n] = 3, gkl gn-2Kl.

k
Both are useful in the sequel. We also consider (6) for other polynomials than the fixed
scaling polynomial G(X): given any polynomial U(X), U(X) (with a subscript index j) is
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® U(X)=UX)UXHUX*)- UX?).

We shall use /' and I” norms of discrete sequences in terms of polynomials,

WO _= max lulk]l

TGO, = Y, lulkl,

k
and the following well-known inequality.
® NUX) VEOI_ < IVEOH TITEON_.
For polynomials with real coefficients, the following useful inequality holds whenever V(X)
has no roots on the unit circle.
(10) NWUEOH_ < ¢, IUX) VDI,
where ¢, is a constant depending only on V(X). This is trivially true for infinite sequences
when the roots of V(X) lie outside the unit circle; the constant c,.is then the converging /'-
norm of the Laurent series’ coefficients of 1/V(X), which is analytic in the complex-domain
region XI<1. Here since v[n] is a sequence of finite length L, the index reversal n <> L-1-n
in v[n] transforms roots of V(X) inside the unit circle into roots outside the unit circle. Hence

(10) holds when V(X) has no roots on the unit circle.
2. A necessary condition for existence of limit functions.

In order that g_(x) is well defined or does not vanish for all x's, the dyadic up-scaling

sequences g [n] should neither diverge nor tend to zero as j—+e. This requires specific

conditions to be fulfilled by the scaling sequence g[n].

PROPOSITION 2.1. If g_(x)#0 exists for some xeR, then

(11) Y, gl2kl=Y gl2k+1] =1, ie,G(1)=2and G(-1)=0.
' k

k
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Proof. The key point is to consider the even and odd-indexed sequences gi[2n] and
g[2n+1] scparatély. On one hand, from definition (3), their common limit for j—+eo is
£_(2x). On the other hand, from (7a) we also have

g[2n] = X, g[2k] g, [n-k]
gl2n+1] = X, g[2k+1] g, [n-k].
Applying (3) to the right-hand sides of these equations, we easily obtain that their respective
limits as j—+oo are (X, g[2k]) g_(2x) and (X, g[2k+11) g_(2x). By identification we have
8.(20) = (X, g[24]) g_(2x) = (X, g[2k+1]) g_(2x), hence condition (11). m

Condition (11) may be interpreted as follows. On one hand, G(1)=2 is just a

normalization condition that ensures that the order of magnitude of the g}[n]'s is preserved

when j—+oo. On the other hand, the fact that G(X) must have at least one zero at X=-1is a
"local" requirement. It ensures that the gj[n]'s, for large j, do not rapidly oscillate in n
between two different limits (E,‘ gl2k]) g_(2x) and (Z,‘ g[2k+1]) g_(2x) (see Fig.2).

Note that (11) is not sufficient to ensure continuity of the limit. For example, the choice
G(X) =1+X, for which gj[n]=l for 0<n<? and 0 elsewhere, gives the non-continuous limit
8. (x)=1 for O<x<1, g_(x)=0 for x<0 and x>1.

In fact, (11) does not even ensure convergence. Consider for example G(X) = 1+X>:
GXisa polynomial in X°, therefore g;{n] vanishes for n=(3k+1)27 and (3k+2)27 whereas

g}{3k2"']=1. It therefore cannot converge to a limit function.

3. Exact computation of limit functions.

Using (7b) and definition (3) one obtains the following two-scale difference equation
[5]-[6] satisfied by g_(x), which is the same as (4).
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8.0 =72, glkl g (2x-b.
. .

This equation can be used to derive a method for computating exactly the limit function at

dyadic rationals g_(n27), ne Z, with a finite number of operations.
Let G_/(X) be the polynomial associated to the sequence g_(n27). Letting x=2*' in the

two-scale difference equation yields g_(n27') = Z glk] g_(2%(n-2k)), i.e., G/*'(X) =

k

Gi(X) G(X*"). By iteration we therefore have

(12) G.JX) =G’ G,
where
(13) G0 =Y, g.(mX"

This means that the exact values of g_(n2”) can be computed directly from the g[nl's by
convolving them with the sequence g_(n), provided that this latter can be precomputed.
There are several methods for precomputing g_(n), which is, by definition, the limit of

gj[n2’] as j—+oo, First note that one has, from (7b),

g.[n2*"1=3 glkl g[(2n-k)21 = G'(g[n21),

k

where G' is the following "down-scaling operator,” a transposed form of G (1) [12]:

G:uln]l—vn]= Y, glk] u[2n—k).

keZ

Therefore g_(n) can be determined as the limit of (G'Y{3[n]} when j—+co. Another method
stems from the resulting equality g_(n) = G*{g_(n)}. The sequence {g_(n)}, n=0, ... L-1, is
here determined, up to normalization, as the eigenvector of the operator G associated to the

eigenvalue 1. Since we have, by proposition 2.1, G(1)=2 and G(-1)=0, it follows that G"

preserves the sum of the coefficients of sequences. Therefore the g_(n)'s are normalized

according to

(14) G'H=) g.(m=1
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4. Ordinary limit functions.

There are exceptional classes of limit functions g_(x) for which the regularity estimates

derived in this paper will not be proven to be optimal. Optimality, as well as some other

results of this paper will hold only if g_(x) is "ordinary," in the sense of the following

definition.

DEFINITION. The limit function g_(x) is ordinary if no roots of G_"(X) (13) lie on the
unit circle, i.e.,

Y g.(n) €= =0, forall veR.

This condition slightly restricts the choice of the scaling sequence g[n]. For example, if the

scaling sequence's length is L=4, non-ordinary g_(x)'s are such that g[0]=g[3] and
g[1]=g[2]. All (real-valued) limit functions are ordinary for lengths up to 3.

5. Continuous limit functions.

In this section we show that any ordinary continuous limit function g_(x) of a dyadic
up-scaling scheme {gI{n]} is a uniform limit, i.e., that the "discrete curves” gl.[n] of Fig. 1

converge "as a whole” to the limit curve g_(x).

THEOREM S.1. If g{nl uniformly converges to the limit function g_(x), i.e.,

(15) lim sup [¢_(x)-g;[x;2/]=0

j¥+e xe

then g_(x) is continous for all xe R. The converse is true whenever g_(x) is ordinary.
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Proof. (=) Let >0 be an arbitrary small number. To prove that g_(x) is continuous at
x=x,, consider tﬁe inequality B
(16) lg_ ()-8 (e <1g_(x)-g[x 2+ Ig [x271-g [ 2] + Ig_(x))-g [x" 2!,
where x; and x°j are dyadic rationals of the form n27 converging to x and x,, respectively.
Assume for example that x; = |_2’ x_| 27 and x°; = |_2’ xOJ 27, For j large enough, the first
and third terms in the right-hand side of (16) are bounded by €/2 because of (15). Now fix
such a j and assume that x is close enough to x, so that both x and x, belong to the same
interval [n27; (n+1)27]. Then X, =x°l. and the second term in the right-hand side of (16)
vanishes. Therefore Ig_(x)-g_(x)! < €/2 + €/2 = ¢, which shows that g_(x) is continuous.

(<) We have sup Ig_(x)-gj[xlzf]l < sup lg_(x)-g_(x)! + sgplg_(xj)-gj[xp"]l, where x; is a
sequence of dyadic rational xj=nl2'j converging to x. Since g_(x) is compactly supported and
continuous, it is uniformly continuous. Therefore sup Ig..(x)-8..(x)! tends to zero. The other
term can be written sup, lg_(x)- gl.[xIZ"]I = IG_(X) - G, (X)l_. From (12) we have
G’ (X)) (GX) - GX) = (G°_(X)-1) G_/(X). Since (14) holds, X-1 divides G_°(X)-1 and
we can write, using (9), IG°_(X) (G _/(X) - G (XN, <c I(X-1) G_X)_ =
c sup, lg_(xj-2"')-g_(xl.)l. This tends to zero as j— +oo because g_(x) is uniformly
continuous. Now we can use (10) with V(X) = G"_(X) because g_(x) is ordinary. This yields
NG _I(X) - G (X)li_—> 0 as j—>+e0, which ends the proof.

The framework of uniform convergence is shown to be very convenient in the

following. Note that uniform convergence fails for the choice G(X)=1+X seen in section 2

because sup lg_(x) - gj[x/2"]l = 1. This was to be expected since we have seen that the

corresponding limit function is not continuous.

10
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6. Lipschitz limit functions.

In this section we want to characterize Lipschitz limit functions g_(x) e ce (O<a<l1).
Recall that g_(x) is said to be Lipschitz of order & (O<a<1) if one has, forall x and 2 € R,
amn Ig_(x+h) - g_(x)l <c lhl®,
where c is a constant. Here, since g_(x) is compactly supported, (17) only needs to be
satisfied for small A's. Since the spaces (:‘“, for 0<a<1, interpolate between C°® and C', a
C*-function will be said to be regular of order c. There is a slight irritation in that C' and C!

do not coincide; for example a linear spline function is C but not differentiable at its knots.

THEOREM 6.1. If G(1)=2, G(-1)=0, and
(18) max|g[n+1] - g[nll <c 27
Sfor some 0<a<l1, then g_(x) is C®. The converse is true if g_(x) is ordinary. In addition,
the more regular the limit, the faster the convergence to this limit:
(19) suplg_(x) - gj[xl2"]l Sc2”*,

for any sequence x; of dyadic rationals of the form n27 such that -x| < c 27,

Proof. (=) Let us first prove equation (19). Let x; satisfying the conditions of the

theorem. One has sup g, [x, 2"*'] - g [x 2]l = maxlg, [2n+m] - g [n], where m =

(xf.ﬂ-x,.)Z"’l is a bounded integer. From (7a) we can write g, [2n+m] = z g[2k+m] g [n-k].

k

Therefore the sequence gl.ﬂ[2n+m] - gj[n] is a convolved version of gl.[n], hence its

associated polynomial can be written in the form U(X) Gj(X). But from (11), we have

2 8[2k+m] = 1 (for all m) and therefore U(1)=1. Using (9) it follows that

k

mexlgj*l[2n+m] - gj[n]l = IU(X) Gj(X)II_ <c I(1-X) Gj(X)II_, where ¢ is a constant
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independant of j since m is bounded. Now from (18) the latter norm is bounded by ¢’ 27

j+1

We therefore end up with sup lg,,, [, 2"*'] - g [x 2]l < ¢ 2%, Iterating this inequality we

obtain, for />0,
sup IgN[xPﬂ"”] - gl.[xlzf]I' Sc2H® 4 4o 2P oo 2R
Letting />4 gives (19).
We now prove that g_(x) is C®. Let x; as before and A, 2= l_h2’ _l Consider the
inequality suplg_(x+h) - g_(x)I < supIg_(x+h)-gj[x12"+h12"]l + sup Igj[x12j+hl2"]-gj[x12"]l +
sup Igj[xll"]-g_(x)l. By (19), the first and third terms in the ﬁght-hand side are bounded by

¢ 27°, Now assume for example that 0<h<! and let j be such that 27< h < 27*', Then
|_h2j _|=1 and sxiplgj[xj2"+|_h2" J]-gj[xIZ"]I = maxlgfn+1] - g[nll < c 27, Putting all together
this yields sup lg_(x+h) - g (I Sc' 27 < clhl®, ie., g_(x) is ce.

(=) G(1)=2, G(-1)=0 results from proposition 2.1. Since g_(x) is C"“, we have
lg_((n+1)27)-g_(n27)l € c27%, i.e., I(1-X)G J(X)II_ = 11IG_"(X) (1-X)G Xl < €27 (see
(12)). Because g_(x) is ordinary, (10) applies to give lI(1-X) GI.(X) ll_ < ¢'27, which is
(18). m

This theorem provides an intuitive interpretation of regularity of order 0<a<1 for
dyadic up-scaling iteration schemes: regularity C* holds if and only if the absolute values of
the "slopes" (gl.[n+1]-gj[n])/2"' of the discrete curves gj[n]'s (see next section) grow less than
20 when j indefinitely increases. For example, if the slopes of g[n] are always bounded

for all j's, then g_(x) is C'. On the contrary, less regularity allows slopes to increase

indefinitely and the resulting limit function, although continuous, may present a "fractal"

structure as shown in Fig. 3. Note that in this case, (19) means that uniform convergence of

the curves gl.[n] is slower as slopes increase faster.

12
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Since we have a characterization of regularity for ordinary g_(x)'s, it is easy to find a

condition on the scaling sequence g[n] that states an exact regularity order O<o<1.

COROLLARY 6.2. Assume G(1)=2, G(-1)=0, and that g_(x) is ordinary. If, for
O<axl,

(20) - maxig[n+1] - g [n]l decreases as 2™ when j—+oo,

then g_(x) is C*® but is not C**, for any €>0.

Proof. This is an immediate consequence of Theorem 6.1: If g_(x) were C™* (with

>0 small enough so that o+e<1), we would have max|g [n+1] - g[n]l <¢c 27@*9) which is

in contradiction with (20). m

Corollary 6.2 does not hold if a=1, since max lg’.[n+1] - gj[n]l cannot decrease faster
than 27 as j—+eo when g_(x) is more regular than C' (see section 9). Otherwise, intuitively
the derivative of g_(x) would vanish identically, which would imply g_(x) = 0 since g_(x) is

compactly supported.
7. Finite differences.

We now turn to the definition of finite differences of the g [n]'s as a prerequisite to
study derivatives of the limit function g_(x). The first finite difference is
@1  Agn) = (gfn] - gn-11) / 27, ice., AGX) = 2(1-X) G,(X)
In other words, the Agl.[n]'s are the slopes of the "discrete curve” gj[n] plotted against n27
(see Fig. 2). Finite differences A“g}.[n] of order k are simply obtained by applying & times the

difference operator A.
(22) A"Gj(X) = 2X(1-x)* G(X)

13
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In order to study finite differences A*g j[”] similarly as for the gj[n], it is convenient to

express them as dyadic up-scaling sequences as well, associated to other scaling sequences
than g[n]. The following lemma shows that this is possible when G(X) has enough zeros at

X=-1.

LEMMA 7.1. Assume G(X) has at least k zeros at X=-1. Define G*(X) by
23) GX) = (4E)" G*0).
Then the finite differences A'gj[n]'s follow a dyadic up-scaling scheme with initial

sequence’s polynomial (1-X)* and scaling sequence’s polynomial G*(X).

. il k '
Proof. From (22), (23), we have A'G (X) = 2*(1-X)* H(wfi) G*(X), where

i=0
G"l.(X) = (G")I.(X) is defined by (8). Using the identity (1-Y)(1+Y)=1-Y*for Y =X, X?, ...
we therefore obtain A"GI(X) = G‘j(X) (1-X? )%, which from (6b) proves the lemma. =

8. N-times continously differentiable limit functions.

Using the preceding sections we are ready to extend the results of section 5 to higher

order regularity C¥ (V-times continously differentiable functions).

THEOREM 8.1. If finite differences A"gj[n] uniformly converge for k=0, ..., N,
then g_(x) is C". The converse is true whenever g_(x)#0 is ordinary. In addition:

24) G(X) has at least N+1 zeros at X=-1,
(25) A'gj[n] uniformly converges to g_"(x), the kth derivative of g_(x), for k=0, ..., N.
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Proof. (=) Let us first prove (25) by backward induction on k. We have to show that
if A"“‘gl.[n] conv;:rges uniformly to some (continuous) function f(x), then A"gj[n] converges
uniformly to the compactly supported primitive of f(x), called F(x). For simplicity we
assume k=0, the proof being identical for &>0.

Since F(x) is compactly supported and C', it is uniformly continuously differentiable
and therefore sup | Agj[xlzj] - (F(x)-F (xl.-2"))/2'i | tends to zero as j—+eo, where x; are
dyadic rationals n27converging to x. This can be written II2"(1-X)(GJ.(X)-F"_(X))II_ -0,

where F_(X) is the polynomial associated to the sequence f{n27). Now for any polynomial
U(X) we have lUX)NI_= max tulk]l < z lu[k}-ulk-1)1 < d I(1-X)UXOI_, where d is the
k

degree of U(X). Applying this to U(X) = G,(X) - F_(X) of degree (L-1)(2"-1), where L is the
length of g{n], we obtain II(Gj(X)-Fj_(X))II_ S(L-1) II?(I-D(Gjm-Ff_(D)II_, which tends to
zero. Therefore sup | gj[x’l"] -F (xl.)l = II(G’.(X)-F".(X))II_ tends to zero. This proves that gj[n]
converges uniformly to F(x) = g_(x), hence Agj[n] converges uniformly to F'(x) = g_'(x),
and by induction (25) holds.

It follows from (25) that the continuous uniform limit of A”gj[n] is g_*(x), therefore
g_(x) is C". By forward induction on the derivative order k, (24) follows as a consequence
of proposition 2.1 and lemma 7.1.

(<) We prove (25) from the assumption that g_(x) is ordinary and C¥ by forward

induction on k. For k=0, (25) is true by theorem S5.1. It remains to prove that this implies

lim sup, lg_®(x) - Ag[x2]l =0 for k=1, ..., N, where x; where x; are dyadic rationals n27
Jrtee

converging to x. For simplicity assume k=1.The proof is identical for larger &'s when one
replaces A by A*. Define AG'_(X) = 2/(1-X)G’_(X) or Mg (x)=2 (g.(x)- g_(xj-Z'i)). We
have ‘

sup, lg_'(x)—Agj[xI2"]I < sup, Ig_'(x)-g_'(xj)l + sup, lg_'(xj)-Ag_(xj)l
(26) + sup, IAg_(x)- Ag[x2,

15
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The first term in the right-hand side of tends to zero x as j—+eo because g_'(x) is continuous
and compactly s;xpported, therefore uniformly conﬁnuouﬁ. :I'he second term also tends to
zero because g_(x) is uniformly continuously differentiable on a compact support. Note that
this implies

27 sup, lAg_(xj)-Ag__(xl.-z"')l =I(1-X)AG _(X)Ii_— 0.

The third term in the right-hand side of (26) can be written IIAG/'_(X)-AG].(X)II_.. From (12)
we have G~ (X) (AG"__(X)-AGl.(X)) = (G~ ,(X)-1)AG’_(X). Since (14) holds, X-1 divides
G~,(X)-1 and we can write, using (9), IIG™(X) (AG"_(X)-AGI.(X))II_ <c IX-1) AG_(OH_
which tends to zero by (27). Now we can use (10) with V(X) = G~ (X) because g_(x) is
ordinary. This yields IIAG’_(X)-AGJ.(X)II__ — 0 as j —+oo, which ends the proof. =

This theorem is useful because it allows to estimate regularity of the derivatives of an
ordinary limit function g_(x) the same way as for g_(x) itself: since G(X) has at least (N+1)
zeros at X=-1, the finite differences of the gl.[n]'s, which converge to the derivatives of
g_(x), all follow dyadic up-scaling schemes.

Theorem also provides an upper bound for regularity. Since it is necessary that G(X)
has N+1 zeros at X=-1 to obtain C" ordinary limit functions g_(x), the regularity order of
8.(x) is always bounded by the number of zeros at X=-1 in G(X). We shall see that this

upper bound may be attained. However, it is important to note that imposing zeros at X=-1

in G(X) does not ensure any regularity in general. It does not even ensure convergence, as

in the example G(X) = (1+X*)™!. Here there is N+1 zeros at X=-1, but g{n] does not

converge for the same reason as for the choice G(X) = 1+X? treated in section 2.

16
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9. Checking a given Holder regularity order.

Recall the definition of Holder regularity. The limit function g_(x) is regular of order
r=N+a (0<a<l), g_(x) € C r if it is CY and its Nth derivative g_‘”’(x) is Lipschitz of order
a, g.™(x) € C* as defined earlier by (17). Holder spaces C” well interpolate the spaces C¥
of N-times continuously differentiable functions. As already mentionned for N=1, cv
contains functions that are not C", such as spline functions of degree N. In fact "g_(x) is
C™ can be thought of "g_(x) is almost C"," since if g_(x) is C***, for some £>0, then g_(x)
is truly C¥. Other spaces, based on the Fourier transform of 8.(x), are sometimes used to
define a regularity order re R as well. They will be considered later in section 17.

Using the results of the preceding sections, we can extend the characterization of

Lipschitz limit functions C* (0<a<1), derived in section 6, to any Holder regularity order .

THEOREM 9.1. If G(1)=2, G(X) has at least N+1 zeros at X=-1 and
(28) . max lA"g’.[n+l] - A”gj[n]l < c 2%,

for some a>0, then g_(x) is C™®. The converse is true whenever 8.(x)#0 is ordinary.

Moreover, (28) implies a<l (if g_(x)#0). In addition,

(29) max|A"g [n+1] - A% [n]l = I(1-X)AYG,CON
can be replaced in (28) by any of the following.

(30) max Ig¥[n+1] - g"[n]l = U(1-X)GY.CON_
(31 ‘ max If’l[n]l = IIF”J.(X)II__

(32) | Joax 3 I [2n+m]l,

where we have noted G(X) = (3%)"GV(X) = (%%)Y (1+X)FY(X), and where the iterated
polynomials and sequences G"j(X), g”l.[n], F”i(X), fvl.[n} are defined by (8).
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Proof. (=>) Assume for the moment that a<1. Since (28) implies, by theorem 6.1, that

[n] converges uniformly to a C* function, it follows from the proof of theorem 8.1 that
all finite differences A* g[n] converge uniformly to g_ ®(x), for k=0, .., N. Hence g_(x) is
(':Nm.

(¢=) If g_(x) is ordinary and C", then by theorem 8.1, AY [n] converges uniformly to
g™ e C°. Therefore by theorem 6.1, (28) holds.

It remains to be proved that (29)-(32) are "equivalent” in the following sense. Two
sequences 4, and v, are equivalent if there are two constants ¢, and c,, independent of j, such
that ¢, v, <u <c, v. From lemma 7.1, we have A"G(X) = 1-Xx¥)¥G¥;(X). Using (9)
we therefore have lI(1-X)AY GO, <2V |I(1-X)G”I.(X)II_. Now, since the degree of
(l-X)G"J.(X) is less than 2L, where L is the length of the sequence g¥[n], we also have

2/L
li(1-X)G" G0Nl = i (1— x¥H¥a -X)G¥ oo —||(11 X ) (1-X)AGON,

< c)Jl(l-X)A”Gl.(X)II_.
This proves that (29) and (30) are equivalent. The proof of (30) < (31) is very similar,
based on the relation (1-X) G¥(X) = (1-X*)F";(X), which comes from lemma 7.1. The
equivalence (31) & (32) is obvious.
We now prove that (28) implies a<l1. Since G(1)=2, we have F"(1)=F" (1)=1.
Therefore IIF"}.(X)II_ 227 IIF"I.(X)II > 27 \FY (1) =27, which shows, from (28) written with

(31), thata<l. =

All the above equivalent sequences (29)-(32) will be useful in the following. As in

section 6, the following corollary immediately results from theorem 9.1.

COROLLARY 9.2. Assume G(1)=2 and G(X) has at least N+1 zeros at X=-1. If,
for O<a<l,

18
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(33) maxIA”gj[n+1] - A”gl.[n]l = 27% g5 j—+oo,

then g_(x) is CY*®, but is not CM***, for any £>0.

This does not hold for a=1, since by theorem 9.1, (28) implies a<1. Of course in (33)
one can choose either (29), (30), (31) or (32).

Note that the characterization (28), or the criterion (33) depends on the choice of N.
Theorem 9.1 (or corollary 9.2) therefore allows to check whether the exact regularity order r
(that is, the number such that g_(x) is C’ but not C "¢, for any €>0) falls in the range
N <r<N+l1.

Assume for example that (33) is tested for some N=N, larger than the unknown exact
regularity order r. This test necessarily fails, and that only ensures that g_(x) is not C¥. On
the other hand, if the value of N is too small, i.e. N=N, < r-1, then necessarily (33) is
satisfied with a=1. This shows that g_(x) is C M+ "but does not tell whether g_(x) is actually
more regular or not. In both cases (under or over-estimated N's), the criterion (33) has to be
checked all over again for other values of N to determine . It is only when it turns out that
N<r<N+1 that the criterion is really optimal and provides N+a=r.

Therefore, the exact regularity order cannot be determined in general unless all possible

values of N are tried. This problem is addressed and solved in the next section.
10. Determining the exact Holder regularity order.

In the preceding section we have seen that (28) or (33), for a given N truly determines
the exact regularity order of the limit function g_(x) only if this regularity order does not
exceed N by one. This value of N is a priori unknown. However, if (28) can be extended to
negative values of a, then the exact regularity order r is determined even if N is "too large,"

i.e., N+1 2 r. That is, even if the criterion (28) for regularity r>N fails, it could be used to
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characterize lower regularity O< r <N. In particular, if one uses all zeros at X=-1 in G(X),
(i.e., if G(X) has no more than N+1 such zeros), then the characterization (28), extended to
any o<1, necessarily provides the exact regularity order r. This extension is provided by the

following theorem.

THEOREM 10.1. Theorem 9.1 and corollary 9.2 hold for -N < o £ 1, with the
following slight restriction.

If 28) holds for a=-n, An=O, 1, ..., N-1, then g_(x) is only "almost" C“""‘, i.e.its

(N-n-1)th derivative satisfies
(34) lg_¥*V(x+h) - g ¥ *(x)l < C.lhl llog Al for all x, he R.

This theorem will be proven if we can simultaneously increase o and decrease N by 1

in (28). We therefore need the following lemma.

LEMMA 10.2. Assume G(1) =2, and G(X) has at least N+1 zeros at X=-1. The
condition
(35) maxIA™g [n+1] - A™g [n]l < ¢ 27,
implies (28). The converse implication holds for a<0 only. When a=0, (28) implies
(36) max|A™'g [n+1] - AMglnllscj 2.

Proof of lemma. From theorem 9.1 we know that both (28) and (35) can be written
under several forms, using one of the sequences (29)-(32). Using (31), condition (35) is
IIF”"j(X)II_SCZ"‘°"’. But since F¥'(X)=G"(X)/2, we have F”“j(X)=2"'G"j(X), hence (35)
can be written IIG"j(X MI_<c27®. Now (28), using the equivalent form (30), is
Il(l-X)G"j(X)ll_SCZ""’. Since using (9), we have ll(l-X)G"’I.(X)II_SZIIG”J.(X)II_, (35) implies
(28).
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Assume a<0. To prove the converse implication, rewrite (28) and (35) using (31),

knowing that F"“}.(X)=2'f(1{§;i)F"i(X) by lemma 7.1. We therefore have to prove that

(28): P (X)ll_Sc2* implies (35): ||(*-X’ )F”(X)II <c27 There is a problem at X = 1; we
therefore subtract F¥ .(1)=F”(1)=1 to F¥ (X) as shown.
||( 2 )F" o0l_< n( -2 ) E@-DI_ + u( - )u

The second term in the right-hand side equals 1. Denote the first one by IIH (X)Il_. From
(7a), we have FNI.(X)—I = (FNj_l(Xz)-l) + (FY(X)- I)FNj_l(Xz), where (X-1) divides
(F¥(X)-1) since F*(1)=1. Therefore H/(X) = H, (X) (1+X) + (582)(x* -)FY,, (X?)
and IH (X)I_<IH, (X)I_+c2"*P*, By induction on j, for a.<0, IH X)Il_ < ¢'27 follows,
which implies (35). When a=0, we have IIHj(X)II_ < cYj, which implies (36). = '

Proof of theorem 10.1. If a is not a negative integer, the generalization of theorem 9.1

to -N<a<0 follows from several applications of lemma 10.2. When a=-n, n=0, ..., N-1,

by n successive applications of lemma 10.2, (28) implies max IA”"'gl.[n+1] - A"“‘gj[n]l <c.
Applying lemma 10.2 again we only obtain max!A"*'g [n+1] - A¥*'g[n]l < ¢ j27. By
theorem 9.1 this only implies that g_(x) is CY** (for any e>0), but we have a little more:

mimicing the proof of the direct part of theorem 6.1, we have suplg_**"(x+k) - g_#*"(x)!

S ¢ j27 for 27< h £ 27!, whichis (34). =
11. A practical, optimal Holder regularity estimate.
Theorem 10.1 already provides an optimal regularity criterion (28) (with -N<a<1).

However, it is not implementable on a computer as written since it needs to be verified for

~ all /s and since the order of magnitude of the constant ¢ in (28) is unknown. The aim of this
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section is to transform this criterion into an easily implementable estimate for Holder
regularity, computable with a finite number of operations. ;

The following theorem assumes some properties and notations we have already met:
- G(1)=2,
- G(X) has at least N+1 zeros at X=-1,
- FY(X) (corresponding to the sequence f*[n]) is, as defined in theorem 9.1., GXX) without
its N+1zeros at X=-1, i.e.,

GX) = ()" (1+X)F*(X)

It generates iterated polynomials F’ ”I.(X) and sequences f”j[n] by (8).

THEOREM 11.1. With the above notations and assumptions, define the Holder

regularity estimate N+a." by

(37 27 =oglg_l; I [2n+m])
and let &" = sup, a’ < 1.
If there exists j such that N+o."> 0, then g_(x) is eV (almost C wea if ofle-
N, see (34)). Therefore g_(x) is C Neal=¢ cor any 0.
In addition, if g_(x) is ordinary then o. tends to o as j—>+eo, with
(38) 0<o-a'<c/j,
and the regularity estimate is optimal: If o¥ # 1, or if a” = 1 and G(X) has no more

than N+1 zeros at X=-1, then g_(x) is C***"~* but is not C¥**"**, for any e>0.

Proof. From (37), the condition (28), rewritten with (32) is satisfied only when

a<liminf @ ¥<a¥. From theorem 9.1 we also have a <1 for all j, hence a’<1. Now if

jote ] /

S N+a¥+e

g_(x) were ordinary and C , where a”<1 and €>0, (28) would hold with a=a"+e,

which contradicts a<a”. Therefore if g_(x) is ordinary, a<1 implies that g_(x) is not
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CN*"* for any £>0. In addition, g_(x) cannot be C**'** if G(X) has no more than N+1
zeros at X=-1 bc;:ausc of theorem 8.1. N

We now prove that theorem 10.1 holds when a=aj", for any fixed j20 such that
aj”> -N. Let G*"X)=(1+X)F¥(X) and G”j(X) as in theorem 9.1. By lemma 7.1, the
sequence 8[n] = g¥[n+1]-g,"[n] follows a dyadic up-scaling scheme with scaling sequence
f'[n]. Therefore by iterating (7b) for F"(X) we have A X)) = Fl.”(X) AI(le), ie.,

8,ﬂ.[n]=2 8[k] fvj[n-2"k]. Now write n=2/p+m with 0<m<2/-1. We obtain 2 convolutions

k

indexed by m, 3, [2p+m]=3, 8[k]f"[2(p-k)+m]. Therefore 15, [2p+m]l <

k

(Y, f'[Zn+m]!) maxI8[n]l for all m. This gives max!3, [n]l < 2 max I3 {n]l, which by

iteration implies, for I=I, j+1,, max|8{n]l = I(1-X)G"(0Il_S ¢, 277, where ¢, depends only
on j. This equation is exactly (28), written with (30), where a=oc"l . Therefore theorem 10.1
applies for any a=a" ; such that aj" > -N. The limit function is thus (:‘Nmf (with the
restriction (34)), and therefore g_(x) is C Nea-e oo any £>0. Uniform convergence of finite

differences to derivatives is a consequence of theorem 8.1.
We finally prove (38). When g_(x) is ordinary and C Neal-e by theorem 10.1, (28),

written with (32), holds for a=a"-e. By definition of a"l. (37), we thus have

2770 < 27190 for any £>0, which implies (38). =

Let us precise the practical outcomes of theorem 11.1. For a given number of iterations

J, and a given N, the computation of N+a”j with a finite number of operations by (37)

always gives a Holder regularity estimate for g_(x). Of course the estimate is likely to be

improved when the number of iterations increases. Note that from theorem 8.1, finite

differences A"g}.[n] converge uniformly to the derivatives of g_(x) whenever these derivatives

exist.

23
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Fig. 3 shows that N must be chosen large enough because the estimate N+a”l. is
bounded by N+i, whereas the exact regularity order of g_;(.i) might be greater than N+1. It
is therefore recommanded that N whould be chosen maximal (i.e., such that G(X) has

exactly N+1 zeros at X=-1). In this case theorem 11.1 ensures that the regularity estimates

N+o ; are close to the exact regularity order of g_(x). Besides, it was numerically found that
the accuracy of the regularity estimates N+of"l. generally increases with N.

In most cases, g_(x) is ordinary and the regularity estimates N+a”j (where N is large
enough) tend to exact regularity order of g_(x) as j—+<o. Note that if N is not large enough,
N+a”i necessarily converges to N+1 (see Fig. 4). The rate of convergence of the estimate
to the exact regularity order is at least proportional to 1/j by (38). In practice, Fig. 4 shows
that this convergence rate is fairly high. When the scaling sequence length L is not too large
(e.g. L<10), the exact regularity order is numerically determined with precision 0.1 after a

few dozens of iterations j.

Theorem 11.1 is the main result of this paper. It permits to (sharply) estimate Hélder
regularity in most cases of interest. The remainder of this paper is devoted various
connections of this result to related work on Hélder regularity estimates, and illustrates
results with examples.

~

12. Connection with Daubechies and Lagarias' estimates.

In [6], Daubechies and Lagarias have determined sharp conditions for Holder
regularity based on matrix products. Although the approach in [6] relies on two-scale
difference equations (4) rather than on limit functions (3), the above results of this paper,
which were derived independently, are closely related to what can be found in [6]. In fact,

(29) reads, in matrix notation:

24
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where the matrices F," and F," of size (L-1)x(L-1) (where L is the length of the sequence

f'(n)) are defined as shown.

f”[O] 0 0 0
121 i £y o
F'=|f"14] 7'131 121 r'il
61 M5 M4 3
(40) | ¢ : : : .

[y fo1 o 0
31 121 i o
F' =51 Y41 31 12
/'t frel sl N4l
(41) | E M . . ‘. 4,

l 0 .
and where ILIl, denotes the I'-norm of a square matrix A = (a‘.J.), ie., Al = m‘axZIa,.'il.
]

To prove (30), one may notice, using some polynomial algebra, that f'[2/n+m), seen as a

25

J
vector indexed by a, is equal to the first column of [ [F, ", where m =g g, ... €; in base 2.

i=l
It can be shown that the /'-norm of the this column dominates the others and is therefore
equal to the /'-norm of the whole matrix.

Using (39) one may easily recover the results concerning global Holder regularity in
[6] from the results of this paper. The formulation (39) and that used in [6] differ only by
some minor differences: Daubechies and Lagarias use /-norms rather than /'-norms, and the

matrices they consider are a bit larger than (40)-(41), because they correspond to G(X) =

(1 ; X ) (1+X) F¥(X) rather than to FY(X). Although regularity estimates are not proven
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optimal in general in [6], Daubechies and Lagarias prove optimality for several examples,
such as those of .section 14, N

Working with matrices is useful when one wants to find optimal estimates of regularity
"by hand," [6] without implementing (37). Unfortunately, it seems difficult to derive a
general method for determining the optimal regularity by matrix manipulation. As a result,
unlike an implementation of (37) on a computer, each example has to be investigated
separately and requires fastidious treatment. We here recall for completeness the basic

method used in [6].

DAUBECHIES AND LAGARIAS' METHOD [6].

1. Write out the matrices Fo” and Fl" and compute their eigenvalues.

2. Diagonalize the matrix that has the largest module of eigenvalue (spectral
radius) p. Assume for example that this marix is Fo”. Define the matrix B, whose
columns are proportional to the eigenvectors of Fo” (that is, B Fo” B is diagonal and
its I'-norm is p). B is parameterized by L-1 numbers, one for each column.

3. Compute B" F " B. If one can find a parameterization of B such that
(42) B FYBli<p,

(where |l is any matrix norm) then the optimal Hélder regularity (for ordinary limit

functions g_(x)) is N - log, p.

/ N
in

i=]

-k
Proof. First we have 27 = max
e;=0ar

> II(F,*YIl by specifying €=0 for all i.

1

Let A be an eigenvalue of Fo" and v an associated nonzero eigenvector. We have, on one
hand, II(F,"Y.vii<i(F *YILivil, and on the other hand, WYY vil=IAV ilvil. Tt follows that
p'=suplAl’ S II(F ¥yl < 277 I Secondly, with the change of basis B we have 27/ =

26
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1 i ]
Ap N -1 Ap N Ay N
max B(LIB F,, BJB ls ¢ max, ]] [B'F, "B} . But one has IIB"'F'Bll = p and

(42), therefore 27 < ¢ p/ follows. We therefore have proven p/s 27° 7 < ¢ pl, which
implies that o'=lim, a.” = -log,p. ®

Note that this method is only optimal if (42) is met for at least one matrix norm, and it

is not clear whether this holds for a large class of scaling sequences g{n] [6].
13. A sharp upper bound for regularity.

So far we have seen two types of Holder regularity estimates: One is optimal in
(almost) all cases (section 11), but many iterations (performed on a computer) are required
to accurately determine the regularity order. The other (section 12) requires only the
calculation of two spectral radii of matrices, but is likely to be sometimes suboptimal. Based
on the latter, it is nevertheless possible to obtain a (possibly sharp) upper bound for
regularity which only fequircs the computation of one spectral radius. This upper bound is

derived as folloWs.

. N J
Using the notations of the preceding section we have 27/ = max ﬂIIF"Nl 2
&y =0ar inl
max (II(F,"YIl, I(F,*Y1l). As seen in section 12, this is greater than max (p(F,"), p(F,")Y,
where p(F,") (p(F,") ) is the spectral radius of F," (F,"). Therefore an upper bound for
the Holder regularity of the limit funcion g_(x) is N-log, max (p(F,"), p(F,")). In fact (42)
ensures that this upper bound is attained for ordinary limit functions.

The computation of this upper bound can be simplified to the search of the spectral

radius of only one matrix F¥, defined as the common sub-matrix of F," and F*.

27
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_ fiorjo - 0 :
2] R | fML-3)
FVo = FM =
=l evg| e | FML-2]

0 - o fL-11]
We have max (p(F,"), p(F,")) = max(i?*[0]!, Y'[L-1]!, p(F")). Therefore
(43) The regularity order of g_(x) is at most N-log, max(lf'[0]l, *[L-1]I, p(F")).
This result, used in conjonction with theorem 11.1, can be used to compute sharp lower and

upper bounds of Holder regularity of g_(x). Table I provides these bounds for the examples

presented in the next section.
14. Examples: Daubechies' orthonormal wavelets.

Daubechies has derived orthonormal bases of compactly supported wavelets using
dyadic up-scaling schemes [3]. The "basic wavelet” is defined as the limit function A_(x) of
the scheme (2) or (6), with scaling sequence g{n] of length L, and with initial sequence
h[n}=(-1)"g[L-1-n]. She shows [3] that regular basis functions 2"’2h_(2'ix-k), defined for
all integers j and k, form an orthonormal basis of L(R) if L is even and
(44) GX) G(X) - G(-X) G(-X) = 4 X*,
where G (X) is the polynomial associated to the sequence g[L-1-n]. In [3], G(X) is moreover
required to have as many zeros at X=-1 as possible. This results in several possible
solutions for G(X) that have exactly L/2 zeros at X=-1 [3]-[4]. Examples of G(X) in [3] have
all zeros outside the unit circle ("minimum phase" choice in the signal processing
terminology, since X corresponds to a delay). In [6], the optimal regularities of "minimum
phase" wavelets h_(x) for L=4, 6, 8 are obtained using the method described in the
preceding section. It turns out that (42) holds for these lengths: the upper bound (43) is

attained and actually equals |f*[0]I, where N=L/2-1. The estimated regularity of Daubechies
"minimum phase" wavelets derived in [4] is therefore -log, Ig[0]! for lengths L=4, 6, 8. This

28
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estimate is optimal as can be checked directly from theorem 10.1 by noting that the first
“slope" of A”gj'[n] is 12g[0]¥=2/""" where a=-log, Ig[0]l. Table I lists these optimal
regularities and upper bounds (43), as well as the corresponding program outputs
implementing (37).

There are other solutions g{n], derived for L28 in [4], which, unlike "minimum phase
solutions" are close to being symmetric. Table I shows that the regularity estimates for these

wavelets, based on theorem 11.1, are lower than those of "minimum phase" wavelets.
15. "Strictly linear phase" symmetric limit functions.

In this section we apply the above results to a subclass of scaling sequences which is
often encountered. This section is also a prerequiste to study the differences between Holder
regularity estimates and those determined using Fourier techniques (section 17). The
subclass considered here consists of scaling sequences for which either G(X) or G(X)/(1+X)

is "strictly linear phase,” in the following sense.

DEFINITION. A polynomial U(X) (or its associated sequence u[n] of finite length L) is

29

strictly linear phase if it is symmetric: u[n} =u[L-1-n] and if U(e*) ei%" does not change

sign for any w € R.

Symmetry of u[n] implies U(c™) e‘%" € R. This condition is éalled “"linear phase" in
signal processing [S]. The above definition requires more, namely that no discontinuities of
the phase due to a change of sign in U(e*) e‘i’-‘l” occur. Therefore, complex zeros of the
symmetric polynomial U(X) occur in pairs (z, 1/z") not only for lzI#1, but also on the unit
circle. That is, roots on the unit circle have even order. It follows that U(X) has an even

number of roots, hence L is odd.
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If either G(X) or G(X)/(1+X) is strictly linear phase, then for N odd (even,
respectively), th'e sequence f¥[n] in (37) is strictly anir i)hasc. The following theorem
shows that in this case the determination of the exact regularity order of the limit function
8_(x) only requires the computation of the spectral radius of one matrix. This is to be
compared with sections 12 and 13, where it is shown that two matrices are involved in the
general case, and that the computation of one matrix’s spectral radius only provides an upper
bound for regularity.

The following regularity estimate has been derived independently, by other means, and
on particular examples of strictly linear phase scaling sequences, in [3] and [8] (see sections

16 and 17).

THEOREM 15.1. Assume G(1)=2, G(X) has at least N+1 zeros at X=-1: G(X) =
EEWV (1+X)FN(X), and FY(X) is strictly linear phase. Define the 51 x &5 matrix F¥ by
folding the following 5* x(L-2) matrix:

-~ A3 M2 ' Ao A AR 7V
- 'm0 7Y M 7Bl 7Y )
- f'mof1 fre M fMs fre £

(where f¥[n] = f'[44n] ) around its middle column:

101 27" 2/"12]
o | F121 7Y+ P01+ 4]
14 7B+ 72+ )
(45) : : :

-

Let p be its spectral radius. One has p21/2. If p < 2", then the limit function g_(x) is
C 7 ** (almost C" 7" in the sense (34) if ae -N). In addition, if g_(x) is ordinary,
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and if either p>1/2 or p=1/2 and G(X) has no more than N+1 zeros at X=-1, then g_(x)

5 N-log; p +

is not C : for any €>0.

Proof. Define f "I.[n] = f"l.[Zf '(L-1)+n]. This non-causal, symmetric sequence is
strictly linear phase. We first prove that IIF";(X)II_ = max_| f "I.[n]l =If¥ [0])1. Using Fourier

coefficients, we have f"l.[ n] = f;]:'ﬁ}"(e"“)e“""dm where
E¥(e™)=Y fYnle™ =|F¥ ()| Therefore max, I f¥ [nll < & [*1EF (€*)ldw =17 [0].
The theorem therefore results from theorem 10.1 if we prove that | fj” [O]l is equivalent

to p/, as j— +o. From (7b) written for F¥(X), we have, for 0sm<2i-1,

2% n+m+21=Y flk+1] ff[2/(2n-k)+m]. This means, in matrix notation,
1 - J

(f’jﬂ[Z"* 'n+m+27]) =F" (f"j[2"n+m])., where F", is defined by (41). Let m=2/-4 (for
sufficiently large j's to ensure m20.) The above equation is then rewritten, in terms of the
£ (n), as (FY [2*U(n- 520, = F*, (f* [2(n-552))),. By symmetry this equation can be
restricted to n=0, ..., &2, in which case the action of F¥| is exactly that of F¥. It follows

by induction on j that | f;" [0]! is equivalent to I(E¥YIl_, hence to p/, when j—+<-. m
16. Examples: Deslauriers and Dubuc's interpolation schemes.

Deslauriers and Dubuc have studied regularity of limit functions of particular dyadic

up-scaling schemes [9]-[10]. In such schemes, the iterated sequence is left unchanged at

each iteration, and one simply inserts between the coefficients gl.[n]= M[Zn] and
g{n+1]=g,,,[2n+2] the value g [2n+1] of the Lagrangian polynomial interpolation of the K
consecutive values gl.[n+ 1-K/2], ..., gl.[n], gl,[n+1], vy gj[n+K/2], where K is even. This
reduces to a dyadic up-scaling scheme (2), where the scaling sequence g[n], of length
L=2K-1, when made causal by shifting, is defined by

31
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g{2n] = 8[n] = 1 if n=0, 0 elsewhere.
46) ' g2n+11=L (51), -

where L (X) is the Lagrangian polynomial L (X) = H(X

k»n

_:) associated to the

interpolation points k=0, ..., K-1.

We have to show that theorem 15.1 applies in this case. It turns out [14] that G(X) of
length L=2K-1 is exactly G_(X) GW(X), where G_(X) is the scaling polynomial of
Daubechies' wavelets of length K (see section 14. - this fact will be useful in section 17).
From section 14 it follows that G(X) has exactly K zeros at X=-1. Moreover it is strictly
linear phase because G(€™) = G, (e") Gw(e‘“’) =G, (e*)I’20. Thus theorem 15.1 applies
with N=K-1. :

In addition, since g,,,[2n] = g [n], we have g_(n) = 11_1&1 gj[2fn] = g[2n] = d[n],
therefore the limit function g_(x) is ordinary: theorem 15.1 gives the exact regularity order
of g_(x).

The computation of the matrices ) (45) needed by theorem 15.1 can be easily done
using the formula

=N\ a -1\
Flnl=c (Kn 2) 2(-1)‘(Ki 1) , n=0, ..., K-2,
i=0

which results from (46) after some calculation. Determination of their spectral radii yields to
the optimal regularities of Table IL
In [8], Deslauriers and Dubuc extended the study of the previous scaling sequence for
L=T7 (i.e., K=4) to the following scaling sequence (here defined for n=-3, ..., 3).
g[0]=1, g[x1]=1/2-qa, g[13]=a, and O elsewhere,
where ae R. The case a=-1/16 correspond to the previous example, which from Table 2

yields regularity C2.
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The simplicity and usefulness of theorem 15.1 is well illustrated through this example.
Note that since g[2n]=8[n], the limit function is ordinary as'above for all aeR. This scaling
sequence is easily seen to be strictly linear phase for -1/16<a<1/2, therefore theorem 15.1
applies in this case (for other values of a one has to use more general theorems such as
theorem 11.1). Here (for a#-1/16) G(X) has exactly two zeros at X=-1, and we can

therefore apply theorem 15.1 with N=1. We have f'[0]=1+4a, f'[+1]=44, and f'[$2]=2a,

f?'— 1+4a -8a
"\ 2a —4a

Its spectral radius is p=%(1 +V1+ 16a). From theorem 15.1, the exact regularity order of

hence

g.(x)isr=2-log, (1++14+16a), which decreases from 2 to 0 when a increases from
-1/16 to 1/2 (see Fig. 5).

17. Comparison with Fourier-based regularity estimates.

This paper has developped a direct approach based on the definition of Hélder
regularity to estimate regularity of limit functions g_(x) of dyadic up-scaling schemes. But
various other approaches for estimating regularity were also published. Some of them
estimate the decay of the Fourier Transform g_(w) of the (compactly supported) limit
function g_(x) when lol—-+o. One has easy access to 2. (w) from the scaling sequence g[n]
by (3]

@47 §-(@) = lim G,(e*).

Here other spaces than the C" are used to interpolate the spaces C¥ of N-times continuously
differentiable functions. One generally considers one of the following spaces: H", H,’, H_,
defined by the conditions lal” _(w)e L', L? L=, respectively. Estimations of parameters r

for these spaces guarantees some Holder regularity, since we have, for any >0,

33



130

DYADIC UP_SCALING SCHEMES OLIVIER RIOUL

(48) H % c H e < H'c C".
Most of these iﬁclusions are easily proven. The second one uses the Cauchy-Schwarz
inequality and [9] contains a proof of the last one.

In [3], Daubechies has derived an estimate for g_(x) € C™* based on H_"'**. This
estimate is easily deduced from the above results of this paper. We have, using the notations

of theorem 9.1,
WP GO = max, f'[n]l < g;jo"lp" (e®Ydo> < max| F¥ (e™).
Define the number ﬁ,— such that 2™% =r£alzdF N (™). Then by theorem 10.1 and 11.1, g_(x)

is C**® where B = limsup B In fact, A.Cohen has shown [7] that this method gives the

best number B such that g_(x) € H_™P!_ This estimate is therefore optimal "in the Fourier

"

sense.

But is this estimate optimal for Holder regularity? The following theorem shows that

the answer is no. The basic reason for this is that the exact Holder regularity order of g_(x)
depends on the phase of §_(®), i.e., on the phase of G(¢”®) by (47), whereas Fourier-based
regularity estimates only depend on the module of g_(). This theorem also shows that in
the framework of section 15 (the "strictly linear phase" case), optimal Fourier-based
estimates are also optimal for Holder regularity. Note that the strictly linear phase case

corresponds to limit functions that can be made zero-phase by shifting, i.e., g_(®)20.

THEOREM 17.1. Fourier-based regularity estimates, i.e., based on either H',

H, or H, are not optimal for Holder regularity in general. They are nonetheless off by

less than 1 compared to optimal Holder regularity estimates.

For strictly linear phase sequences, based regularity estimates based on H " are

optimal for Holder regularity.
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Proof. We first prove optimality in the strictly linear phase case. From (47), the
framework of séction 15 can easily be reduced to the case §. (®)20. Optimality for spaces
Hand C’ coincide if we prove that in this case g_(x) € c® implies g_(x) € H l“", for any
£>0. We may restrict to 0<<1, otherwise just consider a derivative of g_(x). The integral
() = I! sin(wh/2) | **¢ dh absolutely converges for 0<a<1; making a change of variable
yields /() = loi*® I(1). Therefore [§_(0) 101>t do = ¢ [| 5_(®) sin(wh/2) |AI** dh do
=c] (g_(h/2)-g_(-h/2)) IAI'**¢ dh absolutely converges because g_(x) is compactly
supported and C®. This proves g_(x) € H™™.

When g[n] is not strictly linear phase, however, Fourier-based regularity estimates are
not optimal. This is the case for Daubechies' wavelets seen in section 14. In fact, Table I
shows that the regularity estimates of "more symmetric" Daubechies' wavelets are
numerically found to be less than those of "minimum phase" Daubechies' wavelets. These
two families differ only in the phase of G(¢”), therefore by (47) Holder regularity depends
on the phase of g_(w) Let us explain this point precisely.

As previously mentionned in section 16, the scaling polynomial G(X) of a Daubechies'
wavelet is such that G(X)G (X) is the scaling polynomial of a Deslauriers and Dubuc
scheme. We have G(£°)G (¢°) = IG(£®)I, thefore from (47) the Fourier Transform of the
limit function of a Deslauriers and Dubuc scheme is |g_(®)I, where g_(®) is the Fourier
Transform of the limit function of the corresponding wavelet. Since the Deslauriers and
Dubuc limit functions are strictly linear phase, their optimal Holder regularity estimates r,
listed in Table II, are optimal for H ". This implies g_(x) € H,, therefore g_(x) € cTe.
Table I shows that these regularities (r-1)/2, first derived in [3], are not optimal for Holder
regularity although they are for H,™ spaces.

It remains to be proved that optimal Fourier-based estimates are greater than r-1, where

r is the exact Hélder regularity estimate. This results from C'c H'_, which is certainly

known in the literature, although I was unable to find a reference about it. A proof is as

35



132

DYADIC UP_SCALING SCHEMES OLIVIER RIOUL

follows. If g_(x) is C* for O<a<l (for a>1 on just has to consider derivatives of g_(x)),
then Ig‘_(co)(e'“" - < | Ig_(x+h)-g_(x)l dx < 2Lclhl® where L is the length of g_(x).
Specifying h=1/w for @20 yields g (x)e H °. =

Acknowledgements., The author would like to thank P. Duhamel and T. Blu
(CNET, Paris) for fruitful discussions and for carefully reading the manuscript, and I
Daubechies (AT&T Bell Labs, Murray Hill) for letting me use her not yet published material

[4]-[6] and for suggesting me the result of A. Cohen mentioned in section 17.

36



133

DYADIC UP_SCALING SCHEMES OLIVIER RIOUL 37

(1

2

)

4]
(5]

(61

Y]
(8]

(9]

(10]
(11}

(12]

{13]

(14)

(15]

REFERENCES

M. Antonini, M. Barlaud, P. Mathieu and 1. Daubechies, Image Coding Using Vector Quantization in the
Wavelet Transform Domain, in Proc. 1990 IEEE Int. Conf. Acoust., Speech, Signal Proc., Albuquerque,
NM, Apr. 3-6, 1990, pp.2297-2300.

T. Blu, personal communication.

I.Daubechies, Orthonormal Bases of Compactly Supported Wavelets, Comm. in Pure and Applied Math.,
Vol.41, No.7 (1988), pp.909-996.

I. Daubechies, Orthonormal Bases of Compactly Supported Wavelets 1. Variations on a Theme, to appear.
I.Daubechies and J.C.Lagarias, Two-Scale Difference Equations I.Existence and Global Regularity of
Solutions, to appear in SIAM J.Math. Anal..

I.Daubechies and J.C.Lagarias, Two-Scale Difference Equations Il Local Regularity, Infinite Products of
Matrices and Fractals, 1o appear in SIAM J Math. Anal.

1. Daubechies, personal communication.

G.Deslauriers and S.Dubuc, /aterpolation Dyadique et Fractals, in Dimensions non entiéres et applications,
G.Cherbit ed., Masson, Paris, (1987), pp.44-56 .

G. Deslauriers and S. Dubuc, Symmetric lterative Interpolation Processes, Constructive Approximation,
Vol. 5 (1989), pp. 49-68.

S.Dubuc, Interpolation Through an Iterative Scheme, J. Math. Anal. Appl., Vol.114, (1986), pp.185-204,
N. Dyn, D.Levin, and J.A. Gregory, A 4-point Interpolatory Subdivision Scheme for Curve Design,
Computer Aided Geometric Design, Vol.4, (1987), pp.257-268.

C.A. Micchelli and H. Prautzsch, Refinement and Subdivision for Spaces of Integer Translates of a
Compactly Supporied Function, in Numerical Analysis, D.F.Griffith and G.A.Watson e¢ds., Academic
Press, New York, (1987), pp.192-222,

O. Rioul, A Unifying Discrete-Time Multiresolution Theory that unifies Octave-Band Filter Banks,
Wavelet and Pyramid Transforms, submitted to IEEE Trans. Signal Proc., (June 199Q).

M.J. Shensa, Affine Wavelets: Wedding the Atrous and Mallat Algorithms, IEEE Trans. Signal Proc., 10
appear.

M.Veuerli and C.Herley, Wavelets and Filter Banks: Relationships and New Results, in Proc. 1990 IEEE
Int. Conf. Acoust., Speech, Signal Proc., Albuquerque, NM, Apr. 3-6, 1990, pp. 1723-1726.



134

DYADIC UP-SCALING SCHEMES OLIVIER RIOUL

FIGURE LEGENDS

Fig. 1. A dyadic up-scaling scheme convérging to a limit function (after [3]). The
discrete sequences g/[n] are plotted as pulses, against n27 for j=1, 2, 3, and 6. At each
iteration step the up-scaling operator (1) is applied, which approximatively doubles the
number of coefficients while preserving a global shape. When j—+oo, these discrete curves

converge to a "nice-looking," regular limit function, compactly supported on [0, 13].

Fig. 2. Two examples of diverging dyadic up-scaling schemes. Figures (a), (c) show
six plots of the discrete sequences gln] (=1, ..., 6), represented as coefficients joined by
segments and plotted against n27. Figures (b), (d) show the obtained curve after 9 iterations.

(a), (b) g[0]=g[1]=g[2]=2/3, g[n]=0 elsewhere. Here G(-1)=2/3 #0. Note that up-
scaling follows a fractal law.

(c), (d) g[0]=g[4]=0.5, g[1]=¢[3]1=0.99, g[2]=1, g[n]=0 elsewhere, renormalized such
that G(1)=2. Here G(-1)=0.01 is so small that divergence is not obvious at the level of the
figure. Divergence is here due to very small oscillations that occur in the graph of g[n].

Although very small, these oscillations are so rapid that they preclude convergence.

Fig. 3. Two examples of converging dyadic up-scaling schemes (after [3]). The
g[n]'s are plotted against n2’ for j=1, ..., 6, with coefficients joined by segments, so that
the behavior of the "slopes” can be observed.

(a) The limit function is C**® and not C'. Therefore slopes are allowed to increase
indefinitely near the peaks of the limit function.

(b) The limit function is C %™, therefore C'. Slopes are constrained to be bounded,
especially near the apparent "peaks"” of the limit function.
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Fig. 4. Program output of regularity estimates N + a (37) with N=0, 1, 2, for j=1
to 20 iterations. The corresponding limit function is thc Daubcchles minimum phase”

wavelet of length S (see section 14), whose exact regularity order is =1.0878.... For N=0,

the estimate is bounded by 1 and therefore does not converge to r. For N=2 the estimate

converges fairly rapidly to r. After 20 iterations one finds 2"'0‘220 = 1.0831....

Fig. 5. Plots of Deslauriers and Dubuc limit functions corresponding to g[0]=1,
g[£1]=0.5-a, g[E3]=a, g[n]=0 elsewhere. The successive values of a are a=-1/16 (regularity
order 2), a=0 (regularity order 1), a=1/4 (regularity order logz(\/—S_ -1)=0.305...) and a=0.4

(regularity order 0.104...).
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TABLE I
REGULARITY ESTIMATES OF DAUBECHIES'
ORTHONORMAL COMPACTLY SUPPORTED WAVELETS [3]-[4]

FOR DYADIC LAGRANGIAN INTERPOLATION
SCHEMES OF DESLAURIERS AND DUBUC [8]-[10]

Interpolation| Length | Optimal Holder
order K L Regularity

2 3 1.
4 7 2.
6 11 2.83
8 15 3.25

10 19 4.19

12 23 4.77

1 (for both types of wavelets) Minimum Phase Daubechies’ Wavelets ﬁore symmetric
Wavelets
Scaling | Best Fourier- |Program output | Optimum Upper Bound |Program output
sequence pased estimates | (20 iterations) regularity -log)g{0]I (20 iterations)
length L | (3] - section 7 eq. (37) (6] section 14 eq. 37)
4 0.4999 0.5500 0.5500 0.5500 -
6 0.9150 1.0831 1.0878 1.0878 -
8 1.1275 1.6066 1.6179 1.6179 1.3961
10 1.596 1.942 - 2.143 1.762
12 1.888 2.163 - 2.665 2.102
TABLE IL
REGULARITY ESTIMATES
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Abstract - This paper first derives the precise conditions under which the Wavelet Transforms of
analog signals are computed exactly using discrete algorithms. Implementation issues for the Discrete
Wavelet Transform, Wavelet Series, and the Continuous Wavelet Transform are addressed. Fast
algorithms, either FFT-based or Fast-FIR-based are then derived. These algorithms reduce the
arithmetic complexity of wavelet transforms in any practical case of interest. :
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INTRODUCTION

Wavelet Transforms are becoming of increasing interest for various tasks in Signal Processing.
Their continous version, known as the Continuous Wavelet Transform [12], [13], [18], [36]
provides an alternative [10], [27], [29] to classical time-frequency representations of signals such as
the Short-Time Fourier Transform. Their semi-discrete version (Wavelet Series), as well as their fully
discrete version (Discrete Wavelet Transform) have been recently used in various signal coding
schemes, including image compression [1], [21] and in various tasks in computer vision [19], [20].
This paper intends to provide efficient algorithms for computing these various wavelet transforms,
hence concentrates on their computational structure rather than on their properties. -

The computational structure of the Discrete Wavelet Transform (DWT) was soon recognized to be
an octave-band filter bank [4], [19], [28], [34]. The primary purpose of this paper is to show that
filter banks also arise naturally when implementing Wavelet Series and Continuous Wavelet
Transforms, thereby precising the strong links existing between the different types of wavelet
transforms. ‘

As far as implementation issues are concemed, filter banks have the interesting property that they
are easily implemented by repetitive application of identical cells: they have a regular structure. In this
paper, we derive fast algorithms by applying various computational techniques on these elementary
cells.

Wavelet Transforms can be seen as an inner product of the signal with various analysing
functions, named wavelets. The wavelets to be used at scale a and around time b are deduced from a
basic prototype () (which can be thought of as any band-pass function) by

w) g
where a is a dilation/contraction factor, b a time-shift, and 1//a a factor that ensures energy
preservation. Roughly speaking, all wavelet tranforms compute the coefficients representing the
signal x(t) in a basis of wavelets (1). Various discretization schemes are possible, yielding various
types of wavelet transforms. More precisely, we use the following terminology that parallels the
classical one used for Fourier Transforms:

Continuous Wavelet Transform (CWT): continuous time (f) and time-scale parameters (b,a).

Wavelet Series’ Transform (WST): continuous time, but discrete time-scale parameters.

Discrete Wavelet Transform (DWT): Both time and time-scale parameters are discrete.
(the WST is sometimes called DWT in the litterature [11], [20]).

This paper is organized as follows: Section II addresses the links existing between the WST and
the DWT, and shows that the WST can be computed as a DWT on a prefiltered version of the signal,
at least when scale is sampled as a=2'. Denser sampling in scale is also discussed. Section III then
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provides fast versions of the DWT. The first one, based on FFT's, is most efficient for large wavelet
prototypes (corresponding to filter lengths L216), while the second one is of greater interest for
short-length ones. Note that the set of algorithms provided here allows for a reduction of the
arithmetic complexity in any case of interest. Section IV shows that successive WST computations
provides a full CWT, and derives a modification of the basic DWT computational cell, suitable for the
CWT computation (the organization of the computation is slightly changed because a denser set of
outputs is required). Tables of the required number of operations are provided for all algorithms
presented in this paper.

The material of this paper develops and extends previous papers [25], [26]. A brief comparison
with some previously published algorithms [2], [9], [11], [17], [19], (301, [32], [34] is made.

L. IMPLEMENTING WAVELET SERIES

Before deriving precise algorithms for implementing Wavelet Series, we first outline some
properties of the WST and the DWT.

A. The Wavelet Series’ Transform (WST).

Wavelet series
x)=2 3, i ¥u® @
. j€Z kel
decompose an analog signal x(r) into a basis of analog wavelets y; ,(¢). These wavelets usually
correpond to discretized parameters a=2' (an "octave-by-octave” computation), and b=k in (1):
V()= 27127t~ k), j ke Z. 3
Other choices are sometimes considered [5] (see section LD).
The Wavelet Series' Transform (WST) computes the wavelet series’ coefficients C; i3S

WST{x(t); a=2, b=k2) = ¢, , = [x()¥ )t @

where the "analysis wavelets" _

v, 0= 22 y(27t - k), ke Z (5)
are chosen to guarantee perfect reconstruction in the synthesis process (2), and are not necessarily the
same ones as the "synthesis wavelets" (1) Equation (2) is therefore the expression of the Inverse

Wavelet Series’ Transform IWST)

IWST(c,,} = X ¥, €2 ¥,400). (6)

jel kel
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The perfect reconstruction requirement: IWST{WST{x(#)}} = x(¢), can be met by many choices of
wavelet prototypes y(#) and y(¢). These choices either fall in the theory of "wavelet frames" [5],
[14], [15] or in the theory of "biorthonormal” or "orthonormal" wavelets [4], [19], [20], [28], [35],
{36]. The resulting constraints on the shape of wavelets can sometimes be used to (slightly) reduce
the computational load of the WST. Nevertheless, we focus here on implementation issues, not on
the wavelet design. Therefore, to be as general as possible, the constraints on y(z) and \(¢) will not
be taken into account.

Various data compression schemes, although fully discrete in nature, have been described using
the WST formalism, because wavelet coefficients are indexed by a (relatively sparse) discrete set of
numbers (j,k). A two-dimensional version was successfully used for image compression [1], [20],
[21]. Wavelet series are also closely related to octave-band filter banks used in speech coding [32]
via the Discrete Wavelet Transform.

B. The Discrete Wavelet Transform (DWT)

The DWT formalism closely follows the Wavelet Series' formalism, the main difference being
that one deals with discrete-time signals x[n], ne Z. The DWT coefficients are (compare with (4), (5))

DWT{x[n}; 2, k%) =c,, = ), x[nl h'[n-2K], j21,j keZ, o)

and the inverse transform (IDWT) reconstructs the signal by (compare with (2), (3))

DWT(c,} =3 Y ¢, hln-2/k] ®

j=t keZ
This latter expression equals x[n] only if both hj[n] and ﬁj[n] satisfy specific constraints [4]. Since
we use here both DWT and IDWT as intermediate computation steps to compute various wavelet
transforms, these constraints do not always hold in the context of this paper and, unless mentioned,

are not considered.
Note that the octave parameter j is here restricted to j21 so that the sampling rate of ¢, , in k,

which is 27, is less than or equal to half the sampling rate of x{n]. Therefore, from a set of N input
points, the DWT computes about N(1/2 + 1/4 + ... + 27 + ...) = N wavelet coefficients.

The discrete "analysis wavelets" hj[n-2jk] and synthesis "wavelets" l;j[n—Zi k] are discrete
substitutes for v, (-2k) = v, (1) and ¥ i 0(t-2’k) = \]'tj_ 1), respectively. They are stretched (or
dilated) versions of two prototypes k[n] and h[n], as in the continuous-time case. In constrast with

continuous-time wavelets, however, a dilation by 2 is not so easily expressed as
v - 27y =y, 0
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since the hj[n]'s and i;l.[n]'s are discrete sequences. We therefore define the discrete equivalent of a

dilation (by a factor two) as the following interpolation processes {281, [29], [35]:

il = hylnl= 3, hfK gln-2k]
k

hinl > kg0l = ; h [k} gln-2k]. ©)

This defines the wavelets 4[n] and ,[n] by induction starting from h,[n] = h[n] and k,[n] = h[n].
This "dilation" operators use a "scaling sequence” g[n] (or g[n]), which is the impulse response of a
low-pass interpolation filter.

The DWT and the IDWT can always be seen as an analysis and synthesis octave-band filter
bank [23], [32], depicted in Fig.1. In this filter bank the basic filters are precisely g{nl, h[n], g[n]
and h[n]. It can be shown that DWT and IDWT are true inverse transforms of eachother if and only if
this filter bank allows perfect reconstruction [3], [23], [28], [31], [32], [35].

C. DWT Computation of the WST.

1. Basic Assumptions. The whole paper is centered around the computation of wavelet
transforms of a continuous-time signal x(tf) by means of the DWT, which is the only wavelet
transform we can compute exactly on a computer anyway. Since the DWT acts on discrete-time
signals, we need a precise writing of continuous-time signals in terms of their discrete counterparts.
This requires some knowledge about x(f). Once these assumptions hold with sufficient accuracy, the
rest of the computations will be exact.

Assume that x(7) is related to its discrete version x{n] by a (possibly non-perfect) D/A converter of
the form

x@ =), xnlx@n). (10)

Throughout the paper we assume that the sampling rate of x(¢) is 1. A typical choice is the zero-order
holder, for which y(¢) = 1 for 0<¢<1, 0 elsewhere. This choice corresponds to approximating a
continuous curve by a piecewise constant one.

Also assume a similar correspondance for all the wavelets used in the WST:

2PWQI) = 3, k] 6@n), 21, (1)

where ¢(¢) is some interpolating function of time. The sequences (hl.[n]} are seen as the discrete

versions of the wavelets 272 ¥ (27f), therefore they must follow, as in the DWT, the "discrete
dilation" scheme (9).
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Although (10), (11) are assumed to hold exactly in the following, when met with sufficiently high
accuracy, the resulting DWT computation is a good approximation of the WST.

Since (11) must be met for all j21, it is not usable as such, and it is more practical to replace this
set of equations by a single one on the basic wavelet (j=1), plus a writing of the equivalence of the
continuous and discrete dilations. This is obtained by writing (11) in two equivalent forms,

200 = V2 Y, hln] 6(t/2-n)

=y (Zh,[k] g[n—2k])¢(t—n).
n k

By identification, ¢(¢) satisfies a "two-scale difference equation” [6]
0(t) =V2Y, gln] $2z-n). (12
Now clearly (11) is equivalent to (12), plus (1 1)“written for j=1:
N2 ¥@t12) =), hin] ¢(-n). (13)

We shall see that the DWT computation of the WST is exact once (12) and (13) are assumed to hold.
It is therefore crucial to choose a good interpolating function ¢(¢) satisfying (12) such that the basic
wavelet y() can be accurately approximated by (13).

2. Examples of interpolating functions. These are two simple examples of ¢(#):

Assume that Y (#/2) is band-limited to [-1/2; 1/2]. By Nyquist's sampling theorem, ¢(f)=
sin w2 /xt is a solution that ensures k[n] = 272 y(27n) in (11). Equation (12) here holds with g{n] =
1/v2 ¢(n/2). However, this scheme involves an infinite, ideal low-pass filter g[n], with slow decay
as n—+oo, which makes this choice impractical.

_ Another solution for ¢(¢) is the basic spline interpolating function of some degree k, whose
Fourier Transform is [3]

=sin1q_k+l
0 (#)'

In this case (13) reduces to a classical curve fitting problem. Rewriting (12) in the Fourier
domain, one finds, within time-shifting,

. k+1
g[n]=72- 0 P n=0, ..., k+1,

which is refered to as a (FIR) binomial filter [3], [32].
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3. Derivation of the basic algorithm. Expand (10), (11) into the expression of the WST (4).
One obtains

WST{x(t); %, k2} = I(Zx[m]x(t—m)IZhj[n]q)(t—2’k- n)) dt

= Z(Zx[m]jx(t -m)d"(t— n)dt)h;[n -2/k]

This immediately gives the following WST algorithm.

WST{x(?); 2, k2/} = DWT{x'[n], 2%, k2}, (14)
where x'[n] is a corrected version of x[n], namely the discrete convolution
x'[n] =x{n] * fln], where fin] = [ x(1)" (¢ - m)ds. (15)

Note that in the case of a perfect sampling, we have h[n] = 27 y(27n), and (14) reduces to a simple
discretization of the integral defining the WST (4). Compared to the perfect sampling case, our
approach allows a greater flexibility in the curve fitting (13) of the wavelets, hence on the acéuracy of
the computation (14).

Using (10), equation (15) can be rewritten as

X[l = [x(t)9’ (e~ n)ds. (16)
If %(¢) = ¢(¢) in (10) and if the family of functions ¢(¢-n) (ne Z) is orthonormal, then prefiltering is
avoided: x'[n] = x[n] and (14) reduces to the Mallat algorithm [4], [19], which was specifically
derived for orthonormal wavelets v, A0. In [19], [22], equation (16) has been further interpreted in
terms of multiresolution spaces as being the approximation coefficients of x(¢) at the Oth octave
(j=0). Similarly the synthesis Mallat algorithm is a special case of the IWST computation derived in
section LE.

As a result of (14), a filter bank implementation of the WST vig a DWT is possible within a much
broader framework than the orthonormal case treated by Mallat, provided that a pre-filtering (15) is
performed on the data. This result is used throughout this paper to derive various efficient wavelet
transform algorithms based on DWT. The DWT is therefore the basic computational structure.
However, it may be necessary to compute a WST on a set of points denser than the octave grid in the
scale axis a=2. This is the aim of the following section, which extends (14) to obtain other points in
scale.

D. Finer Sampling in Scale.

So far Wavelet Series' coefficients were computed on a dyadic grid in the time-scale plane
{b=k2/, a=2'} (see Fig.1). In applications such as signal analysis, it may be desirable to
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"oversample" this discretization, i.e. to compute a denser set of wavelet coefficients along the scale
axis (computation on "M voices per octave" [5]). This means that a = 2/ is replaced by
a=2""" m-0, .. M-1 ("voices").

Now, for each m, replace y(#) by the slightly stretched version 2™ y(2™Mp) in the expression

of y, () = 272 \y(27t-k). The wavelets basis becomes:
2 GHmML Ny (2 G M1k,  j, ke Z, m=0, ..., M-1.

The obtained points in scale (a) and time-shift (b) parameters are shown in Fig. 2: this corresponds
exactly to the desired WST computation on M voices per octave. Since this full set of wavelets is
derived from M different (slightly stretched) wavelet prototypes, a WST computation on M voices
per octave results from M successive applications of the octave-by-octave algorithm (14), each one
corresponding the following prototype

‘ 2™y (2™p), m=0, ..., M-1. amn
Of course (13) must be satisfied for each of these M basic wavelets (17), which means that the
coefficients of each discrete wavelet must be derived again for each m using the same procedure as
explained in section I.C. Clearly, the whole algorithm requires about M times the computational load
of the octave-by-octave algorithm (14).

Note that the separate computation of several WST's based on prototype wavelets (17) is not the
best possible algorithm for an "M voices per octave” WST computation, because these prototype
wavelets are related in a simple manner. However, we could not find a method that takes advantage
of both time redundancy and scale redundancy when g=2/"™. This paper uses mostly time
redundancy, while the algorithm derived in [2] is mostly based on scale redundancy (see section
1I1.D).

E. IDWT Compuzation of the IWST.

Just as the WST can be computed using a DWT, its inverse transform can be computed using an
inverse DWT (8), under the same assumption (11) expressed on synthesis wavelets j2(0) for j21:

27527 1) =Y b (oG —n). (18)
Let ¢, , = WST(x(), 2, k2/}. Expand (18) into the expression of an IWST (6) (for j21). One
obtains

IWST{c;,} = 3, y[n] $(-n), (192)

where
yln] =IDWT(c,,} (19b)
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The IWST thus results from the IDWT followed by a D/A converter (interpolation) associated to
&(2). The overall analysis/synthesis WST procedure is depicted in Fig.3: First the analog signal x(f)
is "sampled" (A/D converted) according to (10) to provide the discrete signal x{n]. This latter is then
pre-filtered by fln] (15) to give the discrete signal x'[n] which feeds the DWT algorithm (the analysis
octave-band filter bank of Fig. 1). The synthesis part is obtained by an IDWT, followed the
interpolation (D/A conversion) (19a).

Note that in this WST/IWST computation, the analysis and synthesis discrete wavelets do not
necessarily form a perfect reconstruction filter bank pair. If by any chance the DWT/IDWT turns out
to be a perfect reconstruction filter bank, i.e., if y[n] = x'[n] (16), then it can be shown [3] that
analysis and synthesis wavelets are "biorthonormal” [3] (at least for FIR filters g[n], k[n], g[n] and

h [n]) and we have

fo-m& c-ma=3,, (20)

Since y[n] = x'[n], it follows that

IWST{WST{x()}) = ¥ ([ x@)¢"(u~m)du )§(t - n) @1
The right-hand side of (21) is a projection of x(f) onto the subspace V spanned by linear
combinations of the $(t—n): indeed if x(f) belongs to V, i.e., if x(u) = ZC,t q->(t—k), then using

(20), equation (21) reduces to x(7).

Therefore, any general signal x(f) which does not @ priori belong to V is not exactly recovered in
a WST/IWST computation using a DWT/IDWT. Only its projected approximation onto V is
recovered. This loss of information is due to the "sampling" operation x(#) — x{n] (accordingly the
DWT/IDWT is performed for j21 only). The only way to reconstruct x(¢) is to ensure that x(¢)
belongs to V from the start (e.g. choose % (¢) = 43(:) in (10), in which case x'[n] = x[n]).

This precises the fact stated above: the only approximation in our algorithm is in the "sampling",
and in the way the continuous-time signal and wavelets are recovered from the discrete samples.

II. FAST ALGORITHMS FOR THE WST AND THE DWT
A. Preliminaries on Filter Bank Implementations of the DWT.
The aim of the following sections is to derive fast algorithms for the DWT/IDWT, and therefore
for the WST/IWST via (14), (19). We assume real data and wavelets. The complex case can be

handled without difficulty (it can be shown that fast algorithms presented in sections II.B-D require
about twice more complexity in the complex case than in the real case). We also assume that the basic
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filters involved in a DWT/IDWT implementation (Fig.1) are FIR and have same even length L. We
may always restrict to this case, padding impulse responses with zeros if necessary (which does not
greatly influence the efficiency of the algorithm because the involved filters are of comparable length).

In the following, we restrict to the derivation of fast algorithms for the DWT only. Algorithms
implementing the IDWT are easily deduced from any DWT algorithm as follows. If the wavelets form
an orthogonal basis, the exact inverse algorithm is obtained by taking the Hermitian transpose of the
DWT flowgraph. Otherwise only the structure of the inverse algorithm is found that way, the filter
coefficients g{n], h[n] have to be replaced by g[n], };[n]. In both cases, any DWT algorithm, once
transposed, can be used to implement an IDWT, with exactly the same number of operations
(multiplications and additions) per point.

The derivation of fast algorithms is primarily based on the reduction of arithmetic complexity. By
"(arithmetic) complexity" we mean the total number of real multiplications and real additions required
by the algorithm, per input point. For the DWT/IDWT, this is also the complexity per output point
since the input and output rate in a DWT/IDWT are the same (see section L.B). Of course, complexity
is not the only relevant criterion. For example, regular computational structures (i.e. repetitive
application of identical basic computational cells) is also important for implementation issues.

A straightforward computation of the DWT implements (7) exactly as written, all discrete
wavelets h[n] being precomputed using (9). This method does not take advantage of the dilation
property of wavelets (9) inside the algorithm, and therefore does not use the filter bank structure of
Fig.1. Since the length of hl.[n] is (L-1)(2-1)+1, we end up, at each octave j, with (L-1)(2/-1)+1 real
multiplications and (L-1)(2’-1) real additions for each set of 2/ inputs. Assuming the DWT is
computed on J octaves (j=1, ..., J), this yields

J(L-1) + 1 mults/point. .
J(L-1) adds/point. (22)

This complexity increases linearly with the number of octaves J.

A better implementation uses the DWT filter bank implementation of Fig.1. Owing to the
decomposition of the computation into elementary cells and to subsequent subsampling operations at
each stage, it can be shown that the complexity is significantly reduced compared to the "naive"
method above. More precisely, the set of operations to be performed for one elementary cell at the jth
octave (Fig. 1(a)) is, on one hand, the "wavelet filtering" by h{a] which directly provides the wavelet
coefficients at the considered octave j, and on the other hand, the down-scaling operation (filtering
by g[n] plus decimating) which is necessary to address the next cell. A direct implementation of the
filters g[n] and A[n] plus decimation requires 2L multiplications and 2(L-1) additions for every set of
two inputs, i.e.,
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L mults/point/cell
. L-1 adds/point/cell (23)
for each elementary cell. Since the cell corresponding to the jth octave has input subsampled by 2,
the total complexity required by a filter bank implementation of the DWT on J octaves is (1+ 1/2 + 1/4
+ ... + 1/2") = 2(1-2”) times the complexity (23), i.e.,
21(1-2”) mults/point
2(L-1)(1-2”) adds/point (24)
This is significantly better than (22): the DWT is here roughly equivalent, in terms of complexity, to
one filter of length 2. The complexity remains bounded when J increases.

The fact that the total complexity of the DWT equals 2(1-2”) times the complexity of one
elementary cell is general: it occurs in any filter bank implementation of the DWT, provided that each
cell requires the same complexity. In order to derive faster algorithms, it is therefore sufficicent to
apply fast computational techniques to one elementary cell only. In the next few sections we propose
two classes of fast algorithms: the first one is based on the FFT and the other one is based on short-
length FIR filtering algorithms.

Note that in the elementary DWT cell of Fig.1(a), filters do not appear as a whole: they are always
followed by subsampling, that discards one output out of two. However it is well known that
reducing the arithmetic complexity of an FIR filter implementation is obtained by grouping the
computation of several successive outputs [24]. Since these successive outputs do not appear in
subsampled filters, it is necessary to rewrite the computations in such a way that "true" filters appear.
To do that, it is convenient to use z-transform notation

X@) =Y, xn]z*,

for any sequence x[n]. The "biphase decomposition" [32}, [35] of X(z) consists in considering
separately the odd and even terms of X(z), i.e., the odd and even-indexed samples of x[n]:

X, ()= x[2n]z*and X,(2) = Y, x[2n+1] z*, ie.,

X(z) =X () + 7' X (). (25)
Apply the biphase decomposition (25) to the input X(z) of one cell, and to both filters G(z) and H(z)
involved in the computation. The output Y(z) of the elementary cell resulting from the down-scaling
operation is obtained by first filtering by G(z), then subsampling. Since we have
G(2) X(2) = G (DX () + 2* G (D)X,(2)) + 0dd terms,

selecting the even terms of this expression gives Y(z) = G, ()X (2) + 2! G,(2)X,(2). In other words,
Y(z) is now obtained as follows. First extract the even and odd-indexed input samples X (z) and z°
1Xl (2) as they flow (hence the delay factor z* for odd-indexed samples). Then filter by L/2-tap filters
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G,(2) and G (2), respectively, and finally add the results. The other output of the elementary cell (the
one corresponding to the filter H(z)) is similarly obtained from H(z) and H,(2).

The resulting flow graph of the basic cell is depicted in Fig. 4 (the corresponding IDWT cell is
simply obtained by flow graph transposition). Compare with Fig. 1(a): there are now four "true"
filters of length L/2, whose impulse responses are the decimated initial filters G(z) and H(z).

B. An FFT-Based WST/IDWT Algorithm.

This method simply computes the four L/2-tap filters of Fig. 4 using FFT's. The cell input is
blocked B samples by B samples, hence the filters’ inputs, being decimated by two, are blocked on
B/2 samples. The filter convolutions are performed in a classical way as the IFFT of a product of the
input FFT by the filter FFT. Since the latter can be precomputed once and for all during the
algorithm, only one IFFT and one FFT are required per filter, for each input block. However this
does not give a true filter convolution, but a cyclic convolution [24]. Therefore some time-processing
must be done in order to avoid wrap-around effects. There are two well-known methods for this,
called overlap-add and overlap-save methods [24]. Both are transposed of eachother and require
exactly the same complexity. For one filter of length L/2, with input block length B/2, wrap-around
effects are avoided if the FFT-length N satisfies

N2L2 +B/2 -1. (26)
Therefore the block length is determined according to (26) as
B = 2N-(L-2). 27

From now on we use the "split-radix" FFT algorithm [8] which has, among practical FFT
algorithms, the best known complexity for lengths N=2" [8]. For real data, it requires (for both
FFT's and IFFT's)

2*!(n-3) + 2 (real) mults
2"/(3n-5) +4 (real) adds. (28)

Each elementary cell is performed with an identical structure shown in Fig.5. The input is first
divided into even and odd-indexed sequences. Then a length-N FFT is performed on each decimated
input, and four frequency-domain convolutions are performed by multiplying the (Hermitian
symmetric) input FFT by the (Hermitian symmetric) filters' FFT. This requires 4N/2 complex
multiplications for the four filters. Finally two blocks are added (2N/2 additions) and two IFFT's are
performed. Assuming that a complex multiplication is done with three real multiplications and three
real additions [24], this gives

2 FFT, + 4.3.N/2 mults + 4.3.N/2 adds + 2N/2 adds + 2 IFFT,,

per cell, for B inputs, i.e.,
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n2**! +8

m mults/pomt/cell .

(3n-1)2""' +16
ga+l _ (L-2)

For a given length L there is an optimal value of B=2N-(L-2), i.e., an optimal value of N=2" that
minimizes (29). Table I and II show the resulting minimized complexities for different lengths L.

After one cell is computed, wrap-around effects are eliminated in the time-domain. To enter the
next cell, one could immediately feed the previous cell's outputs, whose number would be halved at
each stage. But we have seen that FFT-based schemes are most efficient for an optimized value of the
block length B (at fixed filter length L). It is therefore advisable to work with the same, optimized
degree of efficiency at each cell. This can be done by waiting for another block before entering the
next cell, so that each cell has the same input block length B and FFT length N (not only cells have
the same structure of computations, but they also are exactly identical!). The resulting total
complexity of the DWT is, as shown in section ILA, 2(1-2”) times (29).

Table I and II show that this FFT-based DWT computation is efficient only for medium and large
filter lengths (L216) compared to the direct method (23), if we choose the criterion to be the total
number of operations (multiplications + additions) needed by the algorithm. With today's technology,
this criterion is generally more useful than the sole number of multiplications [23], at least for

adds/poin/cell (29)

implementations on general purpose computers. A more precise comparison with (23) can be done
for large filter lengths by minimizing the criterion (mults+adds) of (29)
(4log, N-1)N+12

N-(L/2-1)
with respect to N. The minimal value of C(N) is obtained for N = N" such that the first derivative of
C(N) vanishes. One has

e =

C(N")=min,, C(N) =4 log N" + (4/In2 -1),
where N satisfies N* = (L/2-1)(InN" + 1 -In2/4) + 3In2. For large filter lengths L this gives InN" =
InL + O(In In L), hence
min, C(N) = 4 log L + O(log log L).
This is to be compared with (23), for which the total number of operations (mults+adds) is 2L-1. The

FFT-based DWT algorithm therefore a significantly improves the direct method (23) for large lengths
L, the gain being about L/(2log L).
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C. A Generalization: Vetterli’s Algorithm.

The FFT-based DWT algorithm presented in the preceding section can be generalized by gathering
J, consecutive stages, using a method due to Vetterli (initially in the filter-bank context [34], and then
applied to the Wavelet Transform computation [32]). The idea is to avoid subsequent IFFT's and
FFT's by performing the subsampling operation in the frequency domain. This is done by inverting
the last stage of a decimation-in-time radix-2 FFT Algorithm [32], [34]. The FFT length is then
necessarily halved at each DWT stage, whereas the filter lengths remain constant = L/2. Therefore,
theses schemes have two disadvantages. First, the structure of computations is less regular than for
the simple FFT algorithm of the preceding section because FFT's have different lengths. Secondly,
the relative efficiency of an FFT scheme per computed point decreases at each stage. The difficulties

brought by this method are easily understood even by evaluating its arithmetic complexity... One
finds, assuming the DWT is computed on a multiple of J octaves, an average of

277 2*(2n+5-10.27")+2(J, +3)

Pl 2@y uipomieel

277! 2*(6n+5-14.27")+4(J, +3)
2 -1 2™ — (2% 1) (L-2)
per elementary cell. This complexity was derived such that the total complexity of the DWT algorithm
is exactly 2(1-2”) times the average complexity per cell (30), so as to permit a precise comparison
with (29). Note that (30) reduces to (29) when J, = 1. Table I shows the resulting complexities for
J,=2, 3, 4, when minimized against N=2". Vetterli's algorithms are efficient only when the filter
lengths are large (L232) and efficiency is lost in any practical case whenever J is greater than 3.

adds/point/cell (30)

D. Short-Length WST/IWST Algorithms.

For short filter lengths L, the complexity of the DWT can be significantly reduced compared to
direct or FFT-based algorithms, by applying short-length "fast running FIR" algorithms derived in
[23], [33]. The class of "fast running FIR algorithms" is interesting because the multiply/accumulate
structure of computations is partially retained. These algorithms are in fact very easily implemented
[23], [33].

A global description of these short-length algorithms, applied to the computation of one filter of
length [ is as follows (see [23] for more details). The involved sequences (input, output, and filters)
are divided into sub-sequences, decimated with some integer ratio R. Assuming the filter length /is a
multiple of R, filtering is done in three steps:

1. The input is decimated and the resulting R sequences are somehow combined, with A,

additions per point to provide M subsampled sequences.
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2. These sequences serve as inputs to M decimated sub-filters of length I/R.
. 3. The outputs are recombined, involving A additions per pqir}t, to give the exact decimated filter

outputs.
tl;:ig. 6 provides an example for R=2, A.=2, M=3. In this paper we also make use of other
algorithms derived in [23], with R=3, A=4, M=6, A =6, and with R=5, A=14, M=12, A =26.

Further application of the initial algorithm is feasible, since the sub-filters are still amenable to
further decomposition. For examplc; to implement a filter of length 15, one may use either a fast
running FIR algorithm with R=3, or with R=5. Another solution is to decompose this filter by a 3x5
algorithm which performs one elementary fast running FIR algorithm with R=3, the subfilters (of
length 5) being themselves decomposed using fast running FIR algorithms corresponding to R=5.
Similarly, the initial filter can be also decomposed by a 5x3 algorithm. All the above algorithms yield
to different complexities, which are treated with some detail in [23].

In this paper we restrict ourselves to at most two successive application of fast running FIR
algorithms (as in the above example), in order to retain as much as possible the simplicity of these
schemes, even at the cost of a slight loss of efficiency. '

To derive a short-length DWT algorithm, we apply fast running FIR algorithms to the four filters
of length / = L/2 in the elementary cell of the DWT (Fig. 4). Here since two pairs of filters share the
same input, all pre-additions (A,) can be combined together on a single input.

Table II lists the resulting complexities, using the decomposition of fast running FIR algorithms
that minimizes the total number of operations (multiplications + additions). When two different
decompositions yield the same total number of operations, we have chosen the one that minimizes the
number of multiplications. Another choice would have been to minimize the number of multiplication-
accumulations. Table IT shows that short-length algorithms are more efficient than the FFT-based
algorithms for lengths up to L=18. Since DWT's are generally computed with short filter lengths to
maintain the complexity at a reasonable level [1], short-length algorithms give the best practical
alternative we could find. Compared to the straightforward filter bank implementation, these schemes
provide noticeable savings: for example, a DWT cell with filter length L=18 requires a total of 25
operations per output point instead of 35 for the filter-bank scheme (23).

III. IMPLEMENTING CONTINUQUS WAVELET TRANSFORMS
A. The Continuous Wavelet Transform (CWT)
In the previous section, we derived a filter bank implementation and various fast algorithms for

the computation of Wavelet Series coefficients. The same ideas and techniques can be readily used to
implement the Continuous Wavelet Transform (CWT) [10], [12], [13], [18], [29], [36], defined as
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CWT{(x(t); 8, b} = [x(0) Jrv* (52)ar. @)

In contrast with the WST (4) for which time-scale parameters were discretized according to a=2/,
b=k (j, keZ), here a, be R vary continuously. Roughly speaking, the basic wavelet prototype y(r)

can be any regular, band-pass function of ¢, and it is generally assumed Iw(t)dt=0 for

reconstruction purposes [12], [13], [36]. Note that a can clearly be restricted to positives values a>0
when both signal x(¢) and wavelet y(¢) are either both real-valued or both complex analytic (i.e., their
Fourier Transforms vanish for negative frequencies). As a two-dimensional time-scale representation
of analog signals x(), the CWT has many applications in Signal Analysis [10], [12], [18], [29],
[36].

Inverse CWT. Since the CWT brings a lot of redundancy into the representation of the signal (we
represent a 1-D signal into a 2-D plane), there are several possibilities to reconstruct the signal x(¢)
from its CWT coefficients (31):

-One can use the classical, but computationally expensive inversion formula [12], [13]

x() = [[CWTix(ey a, b} ow(t3) 282,
where c is a constant depending only on y(z).
-More efficient is to use an Inverse WST on the coefficients WST{x(¢); 2, k2/} =
CWT{x(2); 2, k2’}, when y(?) is carefully chosen [5].
-Still another way is to use Morlet's formula [12], [13], [18]

x(b) = ' [CWT{x(s) a, b} Sor

which requires a single integration. This computation is performed from available CWT coefficients,
which should be known for enough values of a in order to give an accurate reconstruction.

The above reconstruction methods are straightforward to implement. In the sequel we focus on
the computation of CWT coefficients for signal analysis purposes.

B. DWT Computation of the CWT.

The aim of this section is to use the DWT (7) as an intermediate step to compute the CWT (31) on

a fine, regular sampling grid in the time-scale plane (b, a), i.e.,

a=a/

b=kT (32)
where g, > 1 is reasonably close to 1, and where T is the sampling period of the discretized signal
(we assume T=1 in the following). With discretization (32), one obtains a large number of
coefficients, and therefore a nearly continuous representation in the time-scale plane for analysis
purposes.
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Note that the WST computation we studied in section I and II is nothing but part of the
computation required here: .
CWT{x(t); 2, k2'} = WST{x(s); 2, k%) (33)
We shall therefore heavily use the results of section .C (WST computation) for implementing the
CWT. In particular, we always assume, from now on, the basic assumptions (12), (13). We also
assume that the input signal has been pre-filtered in a suitable manner, as explained in section I.C.
These assumptions ensure that the equivalence between discrete computations and continuous ones
hold with sufficient accuracy.

From (33) it is likely to obtain a CWT algorithm by combining several WST computations in a
suitable manner. Nevertheless, the algorithm thus obtained would not be the most efficient one. To
understand the differences between the WST and the CWT, let us first concentrate on an octave by
octave computation, as was done in the WST case.

Octave by octave computation of the CWT (a=2’). Consider the WST computation vig a filter
bank scheme depicted in Fig. 1. More specifically consider the computation performed at the first
octave j=1. Half the wavelet coefficients required for the CWT at this octave are computed: the
missing ones are the outputs of H(z) that are discarded by the decimation process in Fig. 1(a). It is
therefore sufficient to remove the subsampling on H(z) to obtain the required wavelet coefficients of
the first octave.

The filter G(z) performs the down-scaling part: as explained above (section II.A), the output fed
into the next cell corresponds to a down-scaled signal, which is used to compute the wavelet
coefficients for j=2 with even time-shift parameters. The sequence that allows to obtain the
coefficients with odd time-shift parameters is nothing but the discarded subsampled sequence.

The organization of the resulting (octave-by-octave) CWT cell is provided in Fig.7.(b). All
outputs of both filters have to be computed, the outputs of G(z) being used to build two interleaved
sequences. However the basic computational cells of the fast DWT algorithms were specifically
designed for subsampled outputs. Their structure is therefore not adapted to this new situation, and
the operation counts have to be re-worked. This is done in section IV.

At the next octave j=2, each of the outputs corresponding to a down-scaled signal has to be
processed by the same basic cell: the "even output" provides the same points as in the WST
computation (round dots in Fig. 7(a)), while the "odd output" allows to start a new computation of
the same type, shifted in time, and beginning at the next scale (e.g. squared dots in Fig.7(a)). The
whole process is iterated as shown in Fig.7(a).
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C. Finer Sampling in Scale.

For Signal Analysis purposes an octave by octave computation of the CWT is generally not
enough. It is desirable to obtain more wavelet coefficients, with finer sampling in the scale parameter
a, namely a=2™, where M is the number of "voices per octave" [5], [13],[18].

To do that we apply the same trick as in section II.D. An "M voices per octave” CWT
computation results from M successive applications of the octave-by-octave algorithm, each
correponding to a different basic wavelet prototype:

2 (2™ 1), m=0, ..., M-1. 34

The approximation (13) must be satisfied for each of these slightly stretched wavelet prototypes
(34), and the whole algorithm requires about M times the computational load of the octave-by-octave
algorithm of Fig.7.

D. Comparison with other algorithms.

The "a trous” algorithm of Holschneider et al. [9], {17], [30] appears as a special case of the
octave by octave CWT filter bank implementation of Fig. 7. The authors have derived the octave-by-
octave CWT algorithm using similar assumptions (12), (13), in the case where discrete signals and
wavelets are obtained by perfect sampling of their analog counterparts.

x[n] = x(t=n)
hin] = 272 y(27n). (35)
It can be shown that in this case one actually computes a sampled version of the integral defining
CWT{x(#); 2, k}. This condition strongly restricts the choice the interpolating function ¢(¢) (12),
since we must have g{n] = ¢(n/2), which from (12) implies
‘ gl2n] =3, , (36)
This latter condition is referred to as the "A trous" [with holes] property in {17]. The simple high
order spline interpolating functions (see section 1.C.2) are not usable under the "a trous" restriction.
Some examples of ¢(7) meeting (36) are described in [7], and cannot be written in closed form.
Therefore the curve fitting problem (13) (the solution on which the CWT algorithm crucially depends)
is more fastidious to solve in the "2 trous" case.

Another CWT algorithm using DWT's has been proposed recently by Gopinath and Burrus [11],
which differs notably from ours. They assume that the signal is completely determined from its WST
coefficients, hence the CWT can be computed using only these coefficients by some reproducing
kernel equation [11], similar to an interpolation procedure described in [16]. In this paper we
"oversample" the discretization a=2/, b=k2’ by computing more coefficients, namely the octave-by-
octave CWT coefficients, directly from the signal and not from the sole wavelet coefficients
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corresponding to a=2/, b=k2’. This should result in a faster implementation compared to [11] which
uses a computationally- expensive kernel expansion.

An original CWT algorithm has also been proposed by the Bertrands and Ovarlez [2], which uses
the scaling property of wavelets y(f) — a'? y(t/a) rather than the convolutional form of (31) (which
is x(¢) convolved with @’ y(t/a)). Let us outline the derivation of this algorithm. Write (31) in the
frequency domain, assuming that the signal x(r) and wavelet y(¢) are complex analytic. This gives

CWT(x(1) a, b} = [X(N)e**Vay'(a) df &p)
0

where X(f) = J'x(t)e'”’“ dt and y(f) are the Fourier transforms of x(f) and y(7), respectively. Then

perform the change of variable ¢ =1n f. A correlation form in & = In a appears in the integral.

CWT{x(t); a, b} = [ X(e")e™ ™™ y(e™**)e ™ do (38)
R

After suitable discretization, this correlation can be performed using FFT's. As stated in [2], the
Mellin Transform M _(B) of x(¢) plays a central role, since it turns out to be exactly the Inverse

Fourier Transform of +[f X(f) in the variable ¢ = In f:

MB)= [X(f) F722 df = [e*X (e*)e™* do

730
As a result, the FFT's involved in the computation of (38) are "Discrete Mellin Transforms," which
are defined in [2].

This algorithm requires the pre-computation of the entire Fourier Transform of x(f), which makes
a running implementation (in case of infinite duration signals) cumbersome. To overcome this
difficulty we present a variation of the Bertrands/Ovarlez algorithm, which focuses on the time-
domain rather than on the frequency domain. Assuming signals and wavelets are causal (i.e.,
supported by 120), (31) is rewritten using the change of variable 1 =In ¢, as a convolution in a=ln a.

CWT{x(s); a, b} = [ x(e" +b) ey (") dr (39)

The CWT coefficients are obtained, for a given b, by discretizing the convolution (39), resulting in a
discrete filtering operation that can be implemented for running data.

Both algorithms (38), (39) have common characteristics:

Some of them can be considered as drawbacks: first, they involve a geometric sampling of either
the input X(f) (38) or x(¢) itself (39). Also, the approximation error made by discretizing (38) or (39)
is not easily controlled. Finally, in contrast with the ocatve-by-octave CWT implementation proposed
in this paper, the regular structure of time-shifts b has completely disappeared, and one has to
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recompute the input for each value of b. As a result, the complexity of such algorithms (about two
FFT's of length 2JM per input point, where J is the number of octaves and M is the number of
voices per octave) is found higher than the one obtained for the fast octave by octave CWT algorithms
presented in the next sections.

On the other hand, for both algorithms (38), (39), the CWT coefficients are computed for all
desired values of In g at the same time (for given value of b). This is much more straightforward than
in the CWT algorithm described in the preceding sections. This property makes the Bertrands/Ovarlez
algorithms very useful if e.g. a "zoom", or a refinement of the wavelet analysis is desired in a short
extent around some time location b.

IV. FAST ALGORITHMS FOR THE CONTINUOUS WAVELET TRANSFORM
A. Filter Bank Implementation of the CWT.

We have seen that when the discrete filters g[n], h[n] have been determined according to (12),
(13), the general computation of the CWT reduces to several octave by octave CWT's, whose
computational flow graph is depicted in Fig.7. This computation is obtained by combining several
identical cells, as was the case for the WST. As in section II, we assume that both filters g[n] and
h[n] are FIR filters and have same length L.

Assuming that the filters are directly implemented by an inner product, the octave-by-octave CWT
algorithm requires

2L multsfinput point/cell
2(L-1) addsfinput point/cell. (40)

In contrast to the DWT filter bank of Fig.1, there are 2! elementary cells at the jth octave in Fig.
7. These cells are identical but "work" at a different rate: a cell at the jth octave is fed by an input
which is subsampled by 2! compared to the original input x(). Therefore, the total complexity

J
required by an octave-by-octave CWT algorithm on J octaves, is exactly Z%% =J times the
j=l

complexity of one cell. The complexity of any filter bank implementation of a CWT therefore grows
linearly with the number of octaves. In case of a direct implementation (40), the total complexity
required by a CWT on J octaves is simply
2] multsfinput point
2(L-1)J adds/input point. 41)
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This is of course a significant improvement compared to the "naive method" which would consist in
directly implementing-(31) without taking the dilation property of wavelets into account. (This would
require a complexity exponentially increasing with J ).

Since the basic cell involves only FIR filters, it is amenable to a reduction of the arithmetic
complexity by the same techniques described in sections II.A-C for the WST. Moreover in the CWT
case, for a given wavelet prototype, filter lengths are larger than in the WST case. We shall see that
compared to the WST case, this increases the efficiency of the fast algorithms described below.

B. An FFT-Based CWT Algorithm.

As in section II.B, FFT's can be used to accelerate the two filter computations in the elementary
cell of the octave-by-ocatve CWT. The method has been shortly explained in section II.B. In the
CWT case, wrap-around effects are avoided if the FFT-length N is such that

N 2 L+B-1, (42)
where B is the input block length, and where L is the filters' length. The block length is therefore
chosen according to (42) as B =N - (L-1). Each elementary cell is therefore computed by first
performing an FFT of length N on the input, then performing two frequency-domain convolutions by
multiplying (Hermitian symmetric) length-N FFT's of g[n] and h[n], and finally applying two inverse
FFT's on the results. This requires

2 FFT,, + 2 N/2 complex mults + IFFT,
per cell (for B input points). Assuming, as in section II.B, that a complex multiplication requires
three real multiplications and three real additions, and that "split-radix" FFT algorithms with
complexity (28) are used for real data and filters, we end up with

3.2 (n-1)+6
2"-L+1

mults/input point/cell

9.2"'(n—-1)+12

2"-L+1
for each elementary cell. As in the WST case, once a cell is computed, wrap-around effects are
eliminated in the time-domain and one waits for one block before entering the next stage, so that each
cell has the same input block length B and the same FFT length N. From the discussion of section
IV A, the whole CWT algorithm computed on J octaves requires J times this complexity, therefore

adds/input point/cell 43)

(43) is also the total complexity per input point per octave. Hence it is also the total complexity per
output point. Table III shows the obtained complexities, when minimized against N for different
filter lengths. Since all cells are computed with FFT's of the same length N, once N is optumzcd for
one cell, it is optimal for the whole algorithm.
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Table III shows that compared to the direct implementation (40), the FFT computation becomes
more efficient for L29, in terms of total number of operations (multiplications + additions). By
deriving this number with respect to N, one finds that the c;ptimal FFT length satisfies N =
(0.69 n + 0.31)(L-1). For large L the corresponding minimized total number of operations per input
point is

6n +2.65 = 6 log,L + O(log log L).
This is a significant improvement compared to (40), for which the total number of operations per
input point is about 4L. The gain of the FFT computation is therefore asymptotically 2L/3log,L for

large filter lengths L. This gain is asymptotically larger than in the WST case (section IL.B).
C. A Generalization: Application of the Vetterli's Algorithm

The method shortly presented in section II.C, that Vetterli derived for DWT algorithms, can also
be used for the octave-by-ocatve CWT computation. The discussion of section ILC could have been
made here as well. '

We provide an example, when two octaves are gathered together. Three elementary cells of Fig. 7
are therefore merged into one 1-input, 7-output cell that covers two octaves. Here the FFT length
N=2" must be greater than or equal to B + 3(L-1) to avoid wrap-around effects (compare with (42)).
This results in an average of

2*'2n-1)+6
2" -3L+3

mults/input point

6.2"'(n-1)+12
2" ~-3L+3
per octave (more precisely, twice this complexity per cell). Table III shows that the resulting
complexities, when minimized against N, are significantly better than (43) for large lengths only,
although they slightly reduce the complexity as soon as L28. The price to be paid is a more involved
implementation, with much larger FFT lengths.

adds/input point (44).

D. Short-Length CWT Algorithms.

Fast running FIR algorithms for decimation ratios R=2, 3, 5, described in section II.D, can be
easily applied in the CWT case. As in the WST case, in one elementary cell of Fig. 7(b), one input
feeds both filters and pre-additions can therefore be combined on the single input.

Table III lists the resulting complexities, using the fast FIR decomposition (of depth at most 2)
that minimizes the total number of operations (multiplications + additions). When two different
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decompositions yield the same number of operations, we have chosen the one that minimizes the
number of multiplications.

Table III shows that short-length CWT algorithms are more efficient than the FFT-based
algorithm of section IV.B for lengths up to 20. It even remains more efficient than the generalized
algorithm of section IV.C (which gathers two octaves) for lengths up to 12. If the CWT is computed
with medium filter lengths so as to maintain the complexity as a reasonable level, short-length
algorithms may be a good trade-off both in terms of structure and complexity.

CONCLUSION

This paper has provided fast algorithms for computing various kinds of Wavelet Transforms,
from the fully discrete version to the fully continuous one, and for any type of wavelet. Prefiltering
the signal allows DWT schemes to be used as an intermediate computation for any type of Wavelet
Transform. We have given indications on how the pre-filter can be designed, together with examples.
This pre-filter is avoided in the orthonormal case. o

The remainder of this paper is devoted to the derivation of fast algorithms to be applied on the
prefiltered version of the signal.

The WST is computable by means of a DWT, for which two different fast algorithms have been
derived: the first one is based on FFT's: it is efficient for medium to large wavelet prototypes (L216).
The second one is based on short-length fast FIR algorithms: it is efficient for small to medium size
filters. Compared to the situation encountered for fixed coefficient filtering [23], [24], these fast
algorithms are useful for shorter ﬁltcrs, while the reducuon of the arithmetic complexity, although
substancial, is lower.

We have finally modified these algorithms for use in the computation of the CWT. The resulting
algorithms are efficient for even shorter wavelet prototypes than in the WST case, with an
improvement which is asymptotically greater.

The availability of both FFT-based and Fast-FIR-based algorithms allows computational
efficiency in any case of interest.
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FIGURE CAPTIONS

Fig. 1. Basic computational cell of the DWT (a) and the IDWT (b). The organization of cells
shown in (c) provides the wavelet coefficients corresponding to a dyadic grid in the time-scale plane
(d). The signal may be reconstructed using the scheme (e).

Fig. 2. A "three voices per octave” WST output in the time-scale plane (b,a), showing the
imbrication of the computation. Points labelled by circles, squares and crosses are computed
separately by a DWT-based algorithm.

Fig. 3. A full analysis/synthesis WST scheme. Under suitable assumptions on x(z), this scheme
may have exact reconstruction, i.e. y(f) = x(#). (see text).

Fig. 4. A rearrangement of the DWT cell of Fig. 1(a) which avoids subsampling, thereby
allowing the application of fast algorithms.

Fig. 5. FFT-based implementation of the DWT cell of Fig. 4. The overlap-add (or overlap-save)
procedure is not explicitly shown. '

Fig. 6. A simple example of fast FIR algorithm with decimation ratio R=2. Subscripts 0 and 1
indicate biphase decomposition (25).

Fig. 7. Basic computational cell (a) for computing ocatve by octave a CWT. (b) shows the
connection of the cells and the corresponding position of the outputs in the time-scale plane.
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TABLE CAPTIONS

TABLE. I. ARITHMETIC COMPLEXITY PER OUTPUT (OR INPUT) POINT PER OCTAVE OF FFT-
BASED WST ALGORITHMS. Each entry gives the number of operations in the form mults+adds, and
the corresponding initial FFT length.

TABLE. II. ARITHMETIC COMPLEXITY PER OUTPUT (OR INPUT) POINT PER OCTAVE OF
VARIOUS WST ALGORITHMS. Each entry gives the number of operations in the form mults+adds,
and either the FFT size or the type of fast running FIR algorithm used (see text).

TABLE. III. ARITHMETIC COMPLEXITY PER INPUT POINT PER OCTAVE (OR: PER COMPUTED
POINT) OF VARIOUS CWT ALGORITHMS. Each entry gives the number of operations in the form
mults+adds, and either the FFT size or the type of fast running FIR algorithm used (see text).
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Length Filter Bank Algorithm (2 octaves merged)|(3 octaves merged)| (4 octaves merged)
L (section I1.A) (section I1.B) (section I1.C) (section I1.C) (section I1.C)
W
2 2 + 1 3 + 6 3.17 + 5.83 3.07+ 6.07 317+ 6.17
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L (section IV.A) (section IV.B) (section IV.C) (section IV.D)
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8 16 +14 7.9 +23.5 7.8 +21.6 9 +12
(32) (128) (2x2)
9 18 +16 82+245 8.1 +223 8 +16
(32) (128) (3x3)
10 20 +18 8.6+25.6 8.3 +229 7.2 +20.4
(32) (128) (5x2)
12 24 +22 9.2 +274 8.6 +24.2 12 +17
(64) (256) (2x3)
15 30 +28 97 +29 9 +25.2 9.6+ 26
(64) (256) (5x3)
16 32 +30 99 + 29.6 9.1 +25.5 18 +21
64) (256) (2x2)
18 36 +34 10.3 + 30.9 9.4 + 26.3 16 +24
(64) (256)' "(3x3)
20 40 + 38 10.6 + 31.8 9.6 +27 144 + 27.6
(128) (512) (5x2)
24 48 +46 11 +33 9.8 +27.8 24 +29
(128) (512) (2x3)
25 50 +48 11.1 +33.3 9.9 +27.9 11.5 + 449
(128) (512) (5x5)
27 54 +52 11.3+34 10 +28.3 24 +32
(128) (512) (3x3)
30 60 + 58 11.7 + 35 10.2+ 28.9 19.2 + 35.6
(128) (512) (5x3)
32 64 +62 119 + 35.7 10.4+ 29.4 36 +39
(128) (512) (2x2)
64 128 + 126 13.7 +41.1 11.6+ 33.1 72 +175
(512) (2048) (2x2)
128 256 + 254 154 + 46.2 12.7+ 364 144 + 147
(1024) (4096) (2x2)

TARBLE TITC.






