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Abstract

Using an elementary approach based on careful handlings of Cauchy
integrals, we give precise effective lower and upper bounds for the Fourier
coefficients of powers of the modular invariant j. Moreover, we adapt an
old result of Rademacher to get a convergent series expansion of these
Fourier coefficients and we show that this expansion allows to find again
these estimates. Our results improve previous ones by K. Mahler and
O. Herrmann. In particular, we show that the Fourier coefficients of j
are smaller than their asymptotically equivalent given by Petersson and
Rademacher.

Keywords: modular function, modular invariant, Fourier coefficients, circle
method, Hankel function

Résumé

En utilisant une approche élémentaire consistant en une manipulation
précise d’intégrales de Cauchy, nous établissons des minorants et des
majorants fins des coefficients de Fourier des puissances de 'invariant
modulaire j. De plus, nous adaptons un résultat ancien de Rademacher
pour obtenir un développement en série convergente de ces coefficients
de Fourier et nous montrons que ce développement permet de retrouver
ces estimations. Nos résultats améliorent les résultats de K. Mahler et O.
Hermann sur ce sujet. En particulier, nous démontrons que les coefficients
de Fourier de j sont inférieurs & leur équivalent en l'infini établi par
Petersson et Rademacher.

Mots-clés: fonction modulaire, invariant modulaire, coefficients de Fourier,
méthode du cercle, fonctions de Hankel
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1. INTRODUCTION

Let § = {z € C;3¥(z) > 0} denote Poincaré’s half-plane. The modular
invariant j can be defined by
(14240375, 03(n)e*™7)?
(1) I = T erimr [ (1 — eZimnm2A
nf

, for 7 € 9,

where o3(n) = Zd?’. It is a modular function' of weight 0. More precisely, j
dln

is holomorphic on §), meromorphic at infinity (with a simple pole of residue 1

at infinity) and it satisfies the following property of modular invariance

() j(“”b) — i(7) for all (i Z) € ST (7).

ct +d

From (1), we can define a function J holomorphic in the punctured unit disk
D'={z€C:0< |z| <1} such that j(7) = J(e?*"7). We have

(1424035, 03(n)g")?
g (=g

It follows that the coefficients of the Laurent expansion of J in 0 (which are the
Fourier coefficients of j) are all nonnegative rational integers. For m € N\ {0},
we will denote j™ the function 7 € $ — (j(7))™ and J™ the function ¢ € D' —

(J(q))™. We put J™(q) = qim + Z ¢m(n)q" for all m > 1. When m =1,
n>—m+1

we write ¢(n) instead of ¢1(n). The computation of the coefficients ¢(n) posed

problems. The first seven were obtained in 1916 [Ber]|, the first twenty-four in

1939 [Zuc] and the first hundred in 1953% [VW].

for g € D'.

dm\/n
In 1932, H. Petersson [Pet] proved ¢(n) ~ ﬁ. In 1938, H. Rademacher
n

|[Rad3| obtained by a different method the same result. Later, O. Herrmann [Her|
and K. Mahler [Mah]|, in order to give estimates about modular polynomials,
established upper bounds for the ¢,,(n). O. Herrmann obtained ¢(n) < 6e*7V™,

for n > 1, and K. Mahler showed that ¢, (n) < 1200e*™V ™™ +") for n, m > 1.

These upper bounds did not seem optimal. Looking at tables of ¢(n) that we

computed, it appeared that the first ¢(n) are smaller than the asymptotically

equivalent given by Petersson and Rademacher. In this paper, we establish

effective lower and upper bounds for the Fourier coefficients of 3 that give, in
e47r\/ﬁ

SWfOYaIInZI

particular, the expected upper bound for m = 1: ¢(n)

We shall prove in section 4 the following result.

ISee [Ser] for basic definitions and results about modular functions.
2Today, using a simple GP (the calculator of PARI [Pari]) program, we can get the first
thousand in less than 26 seconds on a Celeron 466Mhz.
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Theorem 1.1. For all n, m € N such that nm > 1000 and n > 4mIn®m, we
have

1 m/t 31 0.055
— T/ Nm _ <
em(n) = 75 e <1 327 Jnm ) with Jenm| < =0

When m = 1, the computation of the first thousand ¢(n) shows that the
theorem is true for all n > 1.

Remark 1.2. As the reader will see in the proof of Theorem 1.1, the conditions
nm > 1000 and n > 4m In®m are a compromise. By this, we mean that we can
weaken one if we strengthen the other. Nevertheless, the reader should keep in
mind that these conditions have to imply the necessary (but not sufficient: cf.
section 8) conditions n > m and (6) that arise during the proofs.

Let us mention that this elementary approach applies also to the Dedekind
eta function and allows to find again some results, analogous to Theorem 1.1,
about the partition function that are contained in [Rad5, chap. 14] (see also
[Nic] [DN]).

Reading [Pet| and [Rad3|, we saw that Petersson and Rademacher had ob-
tained, not only an asymptotically equivalent but, in fact, a convergent series
expansion for ¢(n). Petersson used Poincaré series and Rademacher, inspired
by his work on the partition function [Radl] [Rad2], used Hardy and Ramanu-
jan’s circle method combined with a method of Kloostermann [Klo| extended
by Estermann [Est]. In this paper, we adapt Rademacher’s work [Rad3| to give
a convergent series expansion for ¢,,(n). This expansion allows to find a slightly
weaker version of Theorem 1.1 but leads to the following improvement in the
case m = L:

Theorem 1.3. For k >0, let

154 - (25 +1)%

(1,k) = 4k

Foralln>1, p>1, we have

A (1,k) rp(n)
e(n) = V/2n3/t ( < 7r> nk/z) + 71;’/2)

k=0

where

L|(]—7p)| —2m\/n, p/2
Irp(n)] < 75 (an)p + 62v/2¢ nP’=.

The outline of the paper is the following. In section 2, using a theorem by
Ingham, we give an asymptotically equivalent of ¢,,(n) as n tends to infinity.
Then, we prove in section 3 some technical results necessary to the proof of
Theorem 1.1 that we do in section 4, which includes also estimates of the ¢, (n)
for nonpositive n. Following [Rad3], we give in section 5 a convergent series
expansion for ¢,,(n) from which we almost recover our main result. We notice
in passing that this convergent series expansion remains valid for any modular
function of weight 0 holomorphic on §. In section 6, we prove Theorem 1.3 and
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e47r\/ﬁ
show that it implies, in particular, that ¢(n) < ———— for all n > 1, which

/2 n3/

improves Herrmann’s bounds [Her|. Then, we give in section 7 general upper
bounds for the Fourier coefficients ¢, (n), when m > 2, that improve those given
by Mabhler in [Mah| and we gather in a corollary the upper bounds we obtained
in the case m > 2. Finally, we examine numerically the conditions that appear
in the proof of Theorem 1.1.

2. AN ASYMPTOTICALLY EQUIVALENT OF cm(n) AS m TENDS TO INFINITY

In 1941, A. E. Ingham proved in [Ing| a tauberian theorem that implies the
following result.

Theorem 2.1. [A. E. Ingham] Let f(z) = Zakzk a power series with real
E>0
nonnegative coefficients and radius of convergence equal to 1. If there exist

A >0, A\, o € R such that
A
~ AIn(1 @ —_ 1~
F(@) ~ MIn(1/2))* exp <1n(1 /x)) as w5 17,

then
A Ae/2-1/4

n
Zak 57171 OXP (2\/ ) as n — +0o0o.
k=0 2\/_ na/ /

We apply this theorem to the function (1 — z)z™J™(z), m > 1, to obtain
an asymptotically equivalent of ¢,,(n) as n — +oo . For m € N\ {0}, we

have z™J™(x) = 1 + Zcm z" with ¢,(n) = e¢n(n —m), n > 1. Hence,
n>1
(1 —z)x™J"(x _1+Z ¢m(n) —¢m(n —1))z". But,
n>1
3m
(1 - 2)z™J™(z) = 9 z)

B (1 — )24m-1 Hn>2(1 — gn)2Am

where Q(z) = 1+240203(n)$". Therefore, (1 —z)z™J™(x) has real nonnega-
n>1

tive coefficients. We aim to find an asymptotically equivalent of z.J(x) as x tends

to 17. To do so, we use the modular properties of j. For z €]0,1[, let ¢ > 0 such

that z = e2"': we have J(z) = j(it). As z tends to 17, ¢ tends to 0" and con-

versely. Thus, J(z) which, from (2), is equal to j < ) =2/t 4 Zc e~ 2/t
n>0

. . e
is asymptotic, as x tends to 17, to e/t — exp (T) Hence, as z
n

1/x)

- . . 472m
tends to 17, (1 — z)z™J™(z) is asymptotic to (1 — z)exp or yet

In(1/x)
4’m , . .
to In(1/z) exp m . Ingham’s theorem applied with A =1, a =1, A =
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47%m, gives

o ~ 1 (4n2m)/4
L+ p;(cm(p) “Tnlp=1) | 5= ey,

~ 1 m!/*
Therefore, ¢, (n) et 75 i/t exp(4my/nm) and
~ 1 ml/4
cm(n) =c¢p(n+m) ~ —————exp(dmy/(n+m)m).

n—+oo /2 (n+ m)3/4
Finally, we obtain

1 m1/4

cm(n) Wl 75 i/t exp(4my/nm).

This result is also a corollary of Theorem 1.1 that we establish in the next two
sections.

3. PRELIMINARY RESULTS

3.1. An inequality.
The Fourier expansion of j gives, since its coefficients are nonnegative, |j(7)| <
§(iST) for all 7 € . Hence, let 2,y € R, if 7 =z +iy € 9, |j(7)| < > +

744 + Zc(n)e*%”y. The function y — ¢(y) = Zc(n)e*%"y is a decreasing
n>1 n>1

function of y €10, +oo[. Consequently, for y > 1, g(y) < g(1) = 5(i) — 2™ — 744.

Therefore, if y > 1, j(iy) < €*™ + 1728 — €?™ and, using the modular relation

@%ﬁ0<ygldﬁw:j(i>gehw+1ﬁ8—¥TSqwe%wmt
(0

Lemma 3.1. Let z, y € R, for 7 =2 + 1y € $, we have
G(r)] < jliy) < TN 41728 — &7

Now, we prove two intermediate results.

3.2. Some technical lemmata.

Lemma 3.2. For z > 0, we have

z ) 2 1 . 1 ) 2
e ™ du=—=—1, with 0<r; < —e 7™,
0

22 4t

1
Proof. Since f0+oo e*yZdy = /7/2, we have f0+°° e 2l dy = ﬁ and, for

z > 0,

+oo 2 2 +o0 1 2 2 1 2 2
0<7‘:1::/ e_mdu</ 1+ 5 ) e du = —e T
" " 4w drx
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Lemma 3.3. For a > 5, let
a2 2l 2\ —3/2
Ay = / e 2mu? cos — % (1 — u_) — 1] du.
0

Then, we have

3 15 0.355
+ B, with |By| <

a =

64ma?v2  4096m%0tv/2 b
Proof. For u € [0, /2], we write
2mu3 2m2y®
S R (N S
oS NI (1 —u2/a?) + Ra(u)
and 32
u? 3 u?
with
1 (2n)tu!? 1 (2m)0u!® R (u) < 1 (2m)4ul?
J— J— u JE—
Aat(l—u2/a2)2  6lab(l —u2/a2)d = 7 = a1 — u2/a?)?
and 4 6 4 6
15u 35 u 15w U
80{4 1—6a6_Sa(u)§—g+304 6
Thus,

3 u? 2m2ub R, (u)

T a2(1- u?/a?)5/2 + (1 —u2/a?)3/2

u? —5/2 5 u? 354t ut

since u € [0, «/2]. Hence,

23 2\ —3/2 342 27208 5nud
<—) (S I
o

V1—u?/a?

2m2ub T R (u)

Ualu) = Sa(w) = == TalW) + 7 5 ays7a

Then, from the inequalities above and

W2\ "7/? 72 u?
(1_¥> = 1+ Va(w) with 25 < Va(u) < 7o,
2 2

’U,2 _9/2 9u u
(1 - $> =1+ Wy(u) with 9.2 S Wa(u) < 11@7
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if u € [0, /2], we have
15 6 10 (97)4,12 2
Bu® 3w g 0u” @0 Tu
8 at  16ab ab 4lat 2a?

(2m)6ut® u? 15 ut u®
- (141155 ) SUalw) < 255 4+3.04

6!ab
35 2,10 2 4,12 2
R LT SR
4 of Aot o?

Several integrations by parts (done with Maple) give

7roc2 a/2 2
Ki(a)em 2 + KQ(a)/ e 2™ dy,
0

%
<Ay < Li(a)e 2 + Lg(a)/ e 2 qy
0

with
1 5 11 277 4 9 973 3 7 1573 5 5
«

K (o) = ol T
1) = 5msea™ @ T o3s02000" @+ 23502060 " ¢ T 572864 "
120471, 3439207 8146573 1 11070887 1

2621440 "¢ T 7864320 T 2621440 7 | 524288 nlal
54546219 1 160044885 1

524288 7r3oz5+ 524288 mia’
3 1 15 1 299481 1 160044885 1

Ko(a) = — >~ _ _ N
20) =~y T a8 %at 65536 nPaf | 262144 miad
1l 45, s 61, 897
L) == 70152™ * ~To3aa” @ T 29152 ~ Te3sa”
405303 424703 1275009

409600 819207203 8192073 ab

and
3 1 15 1 1275009 1

Lo(a) = ——— — .
2(%) = 33707 T 08Pl T 40060 ad
The function Lg(«) is negative when « > 5. Hence, from Lemma 3.2, we have

2
Ay <e ™5 <L1(a) - L;EZ)) + L;\(/‘;i)
<_1 <31+15 1 1275009 1>
— 2v/2 \327ma? 2048 w2t 40960 w3ab
m2 (61 4 3 1 15 1
e’ (mm T 5a72a® T 1096 7r3a5> '
Moreover, as Ki(«) is positive and K («) is negative for all o > 0, we get

1 i 1 n 15 1 299481 1 n 160044885 1
32 ma? 2048 m2at 65536 m3ab 262144 w48
1 3 1 15 1 1275009 1
> — — + +
2\/§ 32 T2 2048 w2t 40960 w3ab

A, > —
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if &« > 5. Thus, for a > 5,

1 3 1 15 1 1275009 +/2
Ao + Q9.2 + 2 4 < 3.6
22 \327ma? ' 2048 m2a 163840 w3«
N a2 (61 3, 3 1 N 5 1
¢ 491527 T 64208 | 4096 miad
1275009 V2 xa? 3 5\ _ 0.355
kit S 4-10 <
= 763840 a8 ¢ (49152m * = T8
which is the estimate desired. O

4. PROOF OF THE MAIN RESULT

Let m € N*. We put ¢,,(—m) = 1. Cauchy’s formula applied to J™(q) =
1 Jm
E em(n)g", |gl < 1, gives: for n > —m, cp(n) = % 5 an(rql)dq where

n>—m

Yo x € [~1/2,1/2] = re?™ ¢ €]0,1[. Putting r = e~ 2™, y > 0, we get

1/2 : : .
cm(n) _ 627rny/ Jm (e2z7r(m+7,y)> e 2T 4 0
~1/2

1/2 :
(3) — 627rny/ ]m(x +,L-y)ef2z7mmdx‘
1/2

Moreover, we know that ¢,,,(n) € Nand j(z + 1y) = j(—z+iy). Hence, ¢;,(n) =
1/2 :
2e2 R (/ 3" (z + iy)emmwdx) for all y > 0.
0

As we shall see, the coefficients of the principal part of J™(q) at 0 are involved
in the estimate of the ¢, (n) for n > 1. Thus, we need estimates of the ¢,,(n)
for » negative that we establish in the two propositions hereafter.

We start by a general (but not necessarily good) estimate of the coefficients

cm(n).
Proposition 4.1. For all m € N*, n € Z, such that n > —m, we have
cm(n) < e™1728™,

Proof. 1If we choose y equal to 1, we get

1/2 _
cm(n) = 2¢2™ R /0 3" (x + i)eiZW”Idw ,

hence

1/2
cm(n) < 2e2™ / ™) dz = e*™1728™.
0

Now, we sharpen this result for some negative values of n.



8 Nicolas Brisebarre and Georges Philibert

2w
Proposition 4.2. For all m € N*, n € Z, such that —-m+1<n < _n

1728’ we
< (1728 2mym+n n m .
m(n)_( ¢ ) (m—i—n) (m—i—n

Proof. First, we notice that m > 2 necessarily. From Lemma 3.1 and (3), we
have

have

2™ (/Y + 1728 — ™)™ if y €10, 1]
< _ 7 7
4)  cm(n) < gmaly) { 2™ (2™ + 1728 — 2™ if y > 1.

When n < 0, the function gy, is decreasing on ]0,1]. The derivative of g, n

2w
27

1 _
on the interval [1,4o00[ cancels at ymn, = —In (—n(1728 - 62”)>. The
’ m+n

condition ¥, , > 1 is equivalent to n < — Hence, for —m +1 < n <

1728 °
me27r
1728°
-n n m m
¢m(n) < gmn(Ym,n) = (1728 — ey (m + n) (m + n) '
m 27
For — 1728 < n < 0, we notice that the best choice is y = 1 which gives
cm(n) < e2™M1728™, O

We start the proof of Theorem 1.1.
All along this section, we assume that n > m.
Inequalities (4) lead us to choose y €]0,1] so that e*™¢?™™/Y is minimal.

This is done for y = 4 /ﬂ_ Hence, we study R (K) with

n
1/2 .

K = / g™ ((II +iw/m> e 2y,
0 n

Thanks to (2), we have

(5) j(w—i—i\/g) _j (%)

. . [m
To take this fundamental property into account, we have to compare 1, ,/ — and
n

1/4 1/2 Yy
7\,m/n Let a5, denote (m) (1 — 4/ m) , the inequality L/n

zZ2+m/n n z2+m/n —
1 is equivalent to £ > an,,. We notice that an,, € [0,1/2], for ap, < 1/2 is

2
1 1
equivalent to UL I < - e m_ - > 0. Hence, we write
n n 4 n 2

K = L+ M with

Am,n ) 1/2 .
L= / g ((II + 4/ T) e HMEqy M = / g (:E + 4/ ﬂ) e~ 2T,
0 n am,n n



Effective lower and upper bounds for the Fourier coefficients of j™ 9
4.1. An upper bound for |M]|.
1/2 Y ey
. —T +1v/m/n Y .
From (5), we have M = g (—/> e~ 2%z, We have just

o zZ2+m/n
seen that, for © > apm p, P % < 1. Then,
1/2 1/2 m
M| < / P PEAALIL, PP / (eprte®tm/m/alin 11728 — %) da
Am,n xz + m/n Am,n

from Lemma 3.1. This is equivalent to
1/2
|M| < 627r7774/m/n/ / 627“1;2\/% <1 n (1728 B eQW)e*ZW(I2+m/n) /—n/m>m d];,
Am,n

which gives

1/2 m
|M| Se?wm\/m/n/ / 627@2\/7% (1 + (1728 — 627r)e—27r(a$n,n+m/n)w/n/m> dz

Am,n
m. r1/2 .
— g2mm m/n (17228> / 627m2\/md:13.
ad a

m,n

1/2 , 1/2
As / I P / e”‘/ﬁdx, we finally get

|M|<€27rm m/n 1728\ ™ 1 em/nm/2‘
- e2r T/nm

4.2. An estimate of L.

am,n _ VA .
From (5), we have L = / " (Lm/n) e~y e,
0

z?2+m/n

. —z+iy/m/n
dman 727,7rm( z2+m/n ) —2iTnx
L= e e dz
0

Ly
Qm,n ziﬂp(M) )
Y anly) [ i
p>—m 0
Lo
First, we compute an upper bound for |Ly|. Let pg = — L%J — 1 where

am,n . Po —1

|z] denotes the floor of z. We have Ly = / e~ 2 ( Z + Z
0 p=—m-+1 p=po+1

+Z ) = Loy + Loo + Loz where Lo = 0if m =1 and Loy =0if m =1, 2, 3.
p>0
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We have, for all m > 2,

Po Am,n _27rp\/m_/n Po
Ianl< S en) / s < S cm()ampe VT,
0

p=—m+1 p=—m+1

Hence, if A, denotes —% € [%,1 — %}, Proposition 4.2 gives

po
|Lot| < amp > B™(Ap) with In(h(X)) = (1 — A) In(1728 — &)
p=—m+1

—Aln A — (1 =X)In(l — X) + 27A/n/m.

-1
The derivative h'()) cancels if and only if A = ((1728 — *m)em2mV/nim 1) .

. ~1
Let us recall that A, € [%’ 1- %} . We have ((1728 — g2 2mVnm 4 1) >
1- % if and only if
1 2
(6) n>m (2— In((1728 — &*™)(m — 1))) .
s

1728 m
implies A™(),) < (1728 — %) m el T2r(Vmn—y/n/m)
Finally, we obtain

(1728 — 22 %% | o
|Lo1| < o R—vr ¢! t2m(ymn=y/n/m)

for all m, n € N satisfying m > 2 and condition (6) that we assume until the
upper bound for |Ls| is achieved.
Then, we turn to Lgo. For all m > 4,

In this case, for all A € [e% 1-1 ], m > 2, we have h(\) < h (1 - %) which

-1 am,n _27"13\/”17/" —1
|L22| < Z / Cm(p)e 224+m/n dg < Z amyneZFp1728m6727rp\/n/m
p=po+1"" p=po-+1

from Proposition 4.1. This implies

1/4 — 2w(y/n/m—1)me?~ /1728 _
|Laa| < (T) / 172877 nfm1) 1.
n

eZﬂ(\/n/mfl) -1

When m > 4, from (6), we have e (Vn/m=1) > ¢ which yields

1/4 e2m e2m 1/4 e2m
|L22| < (m) / 1728mg€2ﬂm nm6727rmm < g (m) / e5.51m627r1728\/nm.
n n
Lastly, we give an upper bound for |Las|. We have

Am,n _27rp\/m/n
|Las| < / > em(p)e” wHmin da.
0

p>0
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As 7"m/n > 1 for all z € [0, am ], we get

Am,n 1/4
Lal < [ [ S entole 2 | do = anaim) < (%) 17287,
0 n

p>0

We gather our results to get an upper bound for |Ls].

1
For m =1, we have |Ly| = |Los| < i 1728.

For m = 2, 3, we obtain

m/! (1728 — 2™)2 /4 _
|La| < |Lot| + |Las| < 7T 1728™ + T l+2m(vmn—y/nfm)
For m > 4, we have
/4
|La| < |Lat| + |Laa| + | Las| < Yy 1728™
(1728 _ eZF)Z m9/4 1+27" \/M—\/ n/m /4 5 51m+2m S5z 1728 VIV
1728 ni/d" 5 n1/4 :

The conditions m > 2 and (6) imply n > 1.27m, from which follows

(1) 1rag < (1) ot i

n n

Thus, for m > 4, we obtain,

L] < (1728 —-€2ﬂ)27”9/461+2ﬁ@ﬁﬁﬁ—4/n/nw_+ llfﬁii_ 55hn+2w1n8 i

1728 nl/4 5 pl/4
< 2238 19/4 w(vmn—/nfm) . 11 Wmt s simtosenyim
/4 5 pl/4

One can check immediately that this inequality remains true when m € {1, 2, 3}.

Remark 4.3. The condition (6) is a consequence (when m > 2) of the condition
n > 4mlin®m.

3/4,1/4

_nomir
(nz? 4+ m)l/2’

m T

Now we estimate L;. We make the change of variable u =

This gives
1/4 VIamn _o: ud
L = m 27r\/mn/ e 2w mm) A (1= a2/ Jmm) /2 e—27ru2 du
i (1 — 2/ Jmn)2
(mn) 1/4
1 — nam,
= m /4 QWW( 2 n Vnam,n
n3/4 0 @1/4

—_———
Ly Lo
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\/ﬁam’n 727.(.,“2 du n 3/4 \/ﬁam’n 727.(.,“2
|L1g| < G 5 55 < (—) e du
(mn) 1/ (1 —u?//mn)3/ m (mn)

+
< (ﬁ)‘“’/‘*ﬁ Yt gy < LV i

m 1/4 T m

mn)

from Lemma 3.2. Then,

(mn) 1/4

2’ 2\ —3/2
ReLi; = / ’ e~ 2mu? cos i (1 — u_) —1)du

2
0 (mn)1/4, /1 — u_ vmn
M1/4
+ ’ em2mu’ gy,

0
_ 3 _ 15 1 LC
327y/mn  204872mn ) 2/2 (mn)t/4
+00
with Cpy1/4 = Bipy/a — ﬂ e 2™ dy and

mn) 1/4

Lemmata 3.3 and 3.2 give Re L1; = (1

2
e~ mVmn/2 0.355
(7) |C(mn)1/4| < 21 (mm)1/4 + (mn)3/2"

4.3. End of the proof of Theorem 1.1.
For all m, n € N'\ {0}, we have

cm(n) = 2¢>™V"™ (Re Ly 4+ Re Ly + Re M)

1/4
_tm e (o 3 L g
/3 il 537 o
with By = 2v207/*m e 2™V (Re M + Re Ly)
15
B W + 2\/§nm0(nm)1/4 + QﬁnmRe L12.

We shall prove in the sequel that |E}, ,,| < 0.055 if nrm > 1000 and n > 4m In?m.

First, QﬁnmReng‘ < an%*ﬂmﬂ < ﬁ(nm)w%*“/m/2 <1077
s s
if nm > 1000.
If nm > 1000, we have from (7)
(mn)3/te=mVmn/2 () 355
‘2\/§nmc(nm)1/4 <2V2 ( o 7 | < D016
Then,

‘2\/§n7/4m3/4€—27r\/7nmRe LQ‘ < 4476\/§m3n3/2e—2m/n/m

N 22g/§n3/2m€5.51m—1.38m/nm_
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The function f, : & — 23/2e=2"V*/™ ig decreasing for z > max(1,4m In®m).
For m <7, as n > 1000/7 > max(1,281n?7),

1000

44767/ 203 2mPe 2TV ™ < 44767/ 2md |, (T)

1000
< 4476V/2 - 73f7( - >§0.0018.

For m = 8, we have n > 32In%8 i.e. n > 139 which implies

4476\/§n3/2m36727r\/n/m _ 4476\/§n3/2836727r\/n/8
< 2291712v/2f5(139) < 0.02244.

For m > 9, as n > 4mIn% m, we have
447672032 mBP e TV < 44767/ 2m frn (4mIn m) = 35808v/2m /24 Ind m.

The function z — z%2747 Inz is decreasing for z > exp ( 9/2>. Hence, if

m>92> (exp (m», we get
44767203 ?mPe 2"V ™ < 0.011.

Now, we give an upper bound for 22‘[ n3/2medPm=1.387vnm \We notice that

e if m <10 then 1000 < nm < 10n hence n > 10m;
e if m > 10 then n > 4mIn®>m > 4m1n® 10 > 20m.

It follows
225_\/§n3/2me5.51m1.387r\/m < y(nm)w%amm\/ﬁl-%ﬂﬁ
Finally,
W/ Am3/ e 2mVimRe M| < wn5/4m1/462ﬂm\/m—/n <%>m€3w\/ﬁ/2
s (&
< 2—f(nm)5/4(1728)m6_3“/%/2

since n > m. As n > 10m, we have

2v2 (nm)5/4emln 1728v/nm—3m/nm/2
T

2\/§n7/4m3/4€727r\/nmRe M| <

< 2\/5(,'1,',’,1})5/4 —2. 3\/% < \/7(1000)5/4 —2.34/1000 < 10—27

T ™
These upper bounds collected give

15
| Bnm| < 55705+ 1077 +0.03176 + 0.02244 + 10727 + 10727 < 0.055

if nm > 1000 and n > 4m In? m, which concludes the proof.
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5. THE CIRCLE METHOD, AFTER RADEMACHER

5.1. A series expansion of the Fourier coefficients of ;™

In this subsection, we establish, following step by step the proof given in
[Rad3] in the case m = 1, a series expansion of the Fourier coefficients of 5
We give details of the key steps to make an easier reading. Let IV be a positive
rational integer. From Cauchy’s formula, we have

1 J™(q)
= — —~~dg =
2mi Jey q”"‘1 1= 27 /ﬁhk qn‘i‘1

gcd(h k)=1
0<h<k<N

where the &, 1, are the Farey® arcs of order N of the circle Cy = {z € G;|2| =

e 2™N""Y Let h/k be a Farey fraction of order N, we consider its two neighbours

hi h _h

hi/ky and ho/ks: we have k—l << k—Z with 1 < k, ki, ko < N and hk; —
1 2

hik =1, hok — hks = 1 which imply

(8) hki =1 modk and hks=—1 mod k.

Let h’ be the rational integer in [0, k[ such that hh' = —1 mod k. If we put
O = 1/k(k1 + k) and 0y, , = 1/k(ks + k), we get from (2) the equality:

) 0 1
_ 2minh h,k 2wih’ 27w
cm(n) — E e~ Tk / Jm (6 & k2u> 627mwd¢

0<h<k<N
e (—0)
with w = N72 — i¢. If we write J™ :Zm + D, (q) with Dy, (q)
(=1 q
m
Z (£)q", we have ¢, (n) = Zcm(—é)Qg(n) + R, (n) where
>0 —1
23 ’ eg,k 2l
e T o [ st
hh!=—1 mod k 091 k

0<h<k<N

and

0 -
2mwinh h,k 2mwih” _ 2w
Rp(n) = Z ek / Dy, (e k k2w> 2™ p.

hh!=—1 mod k
0<h<k<N

3See [Apo, sec. 5.4] for basic definitions and properties of Farey fractions and [Apo, sec.
5.2] for the explanation of such a splitting.
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For any ¢ > 0, we have

N _ 1
_ 27 ’ E(N+k) 27rl
§ : § : e~ (nh+¢h') / +27mwd¢

1

k=1 hh’:07<1h<[;:od k ~ k(k1+k)
Qe,0(n)
N Ic(NlJrlc) 2t
_ 2mi ’ L 2
+§: E: e k(nh+lh)/ +7rnwd¢
1
k=1 hh’:07<1h<[;:od k T k(N+k)
Qe,1(n)
N k(kl+k) 2 ¢
_2mi / 2 L 12
+§: E: e 7t (nh+en') +7rnwd¢
1
k=1 hh!=—1 mod k k(N +k)
0<h<k
Qe,2(n)
- au+bv . )
We set S(a,b;c) = E 2 (F) here a, b, ¢ are rational integers
1<u,v<c

wv=1 mod ¢

with ¢ > 0: it is a Kloosterman sum and, from [Wei], we know that
(9) |S(a,b;¢)| < (a,b,¢)'*c! P (c)

where (a, b, c) is the g.c.d. of a, b and ¢ and 7(c) denotes the number of positive
divisors of ¢. Thus, for any € > 0, there exists C. > 0 such that

(10) |S(a,b;c)| < Ce(a,b, 0)1/201/2+5.

It is easy to see that S(a, b; ¢) is a real number. In other words, S(—a, —b;¢) =
S(a,b;c). So we have

N 1
E(N+k) 2ﬂ+27mw
Qea(n) = S(n, 1 d¢
k=1 T k(N+Ek)

al 1
:ZS(”,—E;IC)—./ eiilemmw g
v Jo

k=1

where vy denotes the path u € [-1,1] = N2+ k(N+k) We define the paths

Y:iu€[-1,1] — uN +k(N+k) Yo :iu € [~1,1] = —N 2~ (]\if+k) Y3 iU €
[—1 1] — uN"2 — (N+k) and R is the path ypy;y27y3 i.e. the closed rectangular

path, surrounding 0 in the positive sense, with the vertices £N 2 & (N+k)
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Hence, we write

N
_ . 1 +2Tnw
Qea(n) =21y S(n, ~4; If)%/ﬂek2 dw
k=1
1 N 27( 27( 2L
—=Y " S(n, —E;k)</ em+2“"”dw+/ em+2“"“’dw+/ ek2w+2mwdw>.
2 =1 ‘71 P "72 ., \’73 ,

e k2 +27rnw

It is easy to prove that, for all w € v([—1,1]) U ys([—1,1]), <

_ 27l
e8mH2mN " and, for all w € vo([—1,1]), |er2w 72T

< 1. Therefore,

(11) max(|Jy |, |J5]) < 2N 237H2NT and | Jy| < 2/(kN).

Now, we assume n > 1: thus (n,—¢,k) < n. The inequalities (11) combined
with (10) yield, for any € > 0,

N
Z S(n, =L k)(J1 + J2 + J3) = Og(687r£+27rnN_2n1/2N_1/2+5)

Finally, the residue at 0 of the function z — ea(”%), a being any complex

+oo (2/2)2u+1

number, is I1(2a) where I;(z) = Z is the Bessel function of first
v

_OV!(I/ +1)!
order with purely imaginary argument. Hence,
(12)
27r\/_ 4rv/n —2 _
Qé L Z ( p ) 5(687TE+27rnN nl/ZN 1/2+5).
Then, we give an upper bound for Qo(n). We write
i N —ﬁ 2t
Quoln Z S ) 3 / 7 Lo g
k=1 hh/=—1 mod k j=k1+k _k'Lj

0<h<k

As the fraction (hy + h)/(k1 + k) which is the mediant of the fractions hy/k;
and h/k does not belong to the Farey series of order N, we have k; + k > N.
Thus, we can write

N N+k—1

k(]+1) M+27rnw _ 2w TLh+£h’
Quoln 2:2:/ a6 Y e
k=1j=N+1 hh!=—-1 mod k
0<h<k and N<ky+k<j
Ly

From (8), the restriction on k; means a restriction on A’ : the sum L; is an
incomplete Kloosterman sum. We get from [Hoo, chap. 2, §5] the estimate
Ly = Oc(k'/>+5 (n, k)/2).
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2ml

For ¢ € [_k(]\flJrl)’_k(NlJrk)]’ we have |ek%e 72| < 8TL+2mnN" Therefore,
we get
N N+k—-1
2
Q(O( ): A 87rl+27mN 1/22 Z ( +1)>k_1/2+5
k=1j=N+1 k(i

—0. ( 8r{+2mnN "2 1/2 Z o EN) 0. <687TZ+27rnN_2n1/2N—1/2+5> _

We can prove in the same way that Qga(n) = O (e8™H2mN 2 p1/2 N=1/2+4e),

Combining (12) with the last two equalities, we obtain
(13)

27r\/_ 4mv/nl - _ .
Z ( ) O.(e 8ml+2rn N 2n1/2N 1/2+ ).

We refer the reader to [Rad3, pp. 508-510] for the proof of

(14) Rm(n) — OE(687rm+27rnN—2n1/2N71/2+5)‘

+o0
The only change is the replacement of Zc(ﬁ)e‘”e by Zcm(é)e_ﬂ. We notice
=0

+oo .
Zcm(ﬂ)eﬂ‘ < gm <%> < ebmm

=0
Then, we deduce, from (13) and (14), that, for all n,m > 1,

)

(=1 k=1

that

+ OE(m687rm+27rnN_2n1/2N—1/2+5)‘

If we fix m, n and let N tend to infinity, the remainder term tends to zero. So,
we achieved the following result:

Theorem 5.1. [H. Rademacher| For m, n > 1, we have

)= S i S (1)

+oo 2v-+1
) - nu—_Lv (2/2)
with S(n, —4;k) = E 2 (") and Li(z) = E —
1<u,0<k VZUV!(V +1)!

wv=1 mod k

In fact, Rademacher proved only the case m = 1 but, as we follow step by
step his proof, we chose to credit him with the general case of J™.

Reading carefully the proof we have just done, we can see that, in fact, we
obtained the following more general statement.
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Theorem 5.2. Let f a modular function of weight 0, holomorphic on 9, having
the Fourier expansion

fr) = > a(n)g", withq=e*",

n>—mg

for all T € ©. Then, we have, forn > 1,

o = —4; T™n
a(n) = %Za(—f)\/zz S(n,k & k)Il (4 P) )
=1 k=1

5.2. An estimate of the Fourier coefficients of ;” with an arbitrarily

small error term.
2 S(n, —t: k) , <4m/ne>
1 .

Forn>1,0>1, N >1, weset Ryy(n) = Y -

k=N-+1
We first prove the following result.

Lemma 5.3. For all positive integers £, n, k, we have

|S(n, —€; k)| < 9(n, £, k)2 K3/4,

Proof. Inequality (9) gives |S(n, —£; k)| < k'/?(n, £,k)'/? 7(k). Thus, it remains
to prove that 7(k) < 9%k'/*, which we do following [HW, §18.1]. Let P denote
the set of prime numbers and, for all p € P, let v, denote the p-adic valuation.

k
We have k = HpE,vap(k) As (k) = Hpep(”p(k) + 1), we have to prove —25/4) =
k 1
A (“pg ()];/_4_> < 9. If p > 16, we have p'/* > 2 and then ;51(31(912)4;1 <
p P
k)1 g Hence,

2”13(’9)

7 (k) vp(k) +1
i = 161 BT
pélé

1
Let u, be the function z $;4 for p € P. When p < 16, the respective
p
maxima of the u, over N are uz(5), uz(3), us(2), ur(1), ui1(1) and uy3(1), which
k
implies M <09. O

kl/4 —
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Then, following [Rad5, §121], we get, for £>1, N > 1,

4v/nl
o)

n£1/2 Z i 1/42 27T\/_/k 2v+41

+o00o
|Ren(n)] <9(n, )7 > k=M
k=N+1

Mt vi(v + 1)!
1/22 271' / 21/—1—1 +o0 dz
vi(v + !ty x5/t

1/2 Z 2,/T\/_)2I/+1 1
vi(v + 1)I(2v +1/4) N2v+1/4

47r\/n_
N .

< 36(n, £)/2 N34T, (

Thus, for m, n > 1, (Ny,...,Np) € (N\ {0})™, we have

Ui e 5 m™vn
(15)  em(n) = %Zcm(—f)\/z (Z S(”’I;e’ ), (4 ﬁ) + R&N‘,(n)>
=1 k=1
47r\/77

l
Now, we prove that a slightly weaker version of Theorem 1.1 is a consequence
of this estimate.

with | Ry n, (n)] < 36(n, €)' /2N/41

5.3. Theorem 1.1 as a corollary of estimate (15).

For m, n > 1, we fix Ny =--- = Np,_1 = 1 and N,,, = 2. This gives
m (—1)n—m
cm(n) =27 - I (4my/nm) + Th (2mv/nm) + Ry 2(n)

m—1
2\/—71 Zcm(—ﬁ)\/z <I1 (4%@) + Rg,l(n)>
n /=1
:% (vmI (4my/nm) + R(n))
with

m—1
IR(n)| < 62/m (n,m)"/* I (2mv/nm) + 373 en(=OVE(n, £)"/°1, (m@) .
(=1

For all z € C, we have I1(z) = —% (Hfl)(zz) + H{Q)(zz)) where H{l) and

H{Q) are respectively the first and second Hankel functions * [Wat, §3.6]. As
H{l)(ix) is real for all z > 0 (cf. [Erd, §7.2.2] or [Wat, §7.2, p. 196] ), we know
that I (z) =& (H?) (m)) /2 for x > 0. Following [Wat, Chap. 7|, we establish

43150 called Bessel functions of the third kind.
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an asymptotic expansion of I(z) (where z > 0) with an effective remainder
term.
For all z > 0, we have (see [Wat, p. 168])

oo exp if3 1/2
@, . ]2 € / TP e w\Y
(16) H"(ix) =1 T (2) Jo e "u (1 233) du

where 0 < 8 < w/2. For all p € N\ {0},

1/2 p_l % k
(-8 G ()
k=0
_1 1 1/2— p
+(2)p (i)p/(l 1__
(p— 1! \2x 0
where (), is the Pochhammer symbol defined by ( Jo =1 and (a) = ala+
1)--- (¢ +n —1). We choose (for simplicity) 8 = =n/4. For all t € [0,1]
and u on the half-line [0, c00e™/*), we have ‘1 - —‘ > sin(n/4) = i hence

£l Then, in (16), we replace (1 — —) 1/2 by its expansion

(1-3)

(17) and integrate term-by-term. This gives

p—1 1 3 r
@y ]2 4 (=2), (3) 2 p
Hy”(iw) =1\ —e (kz k!(;x)kkJr 7

2),\2/,
If we write, after Hankel [Han, p. 494],

—L1y (3 3 F=Log _ (97 1 1)2
18 Lk = (_1)k( 2)15!(2)k - k!ll: Eljj)%) - 4kzi!j+ ) )’

we obtained, for all z > 0 and p € N\ {0},

eZL‘

—1
_ — (=DE(LE) v,
(19) I(z) = T (kzo ) + )

with |rp, »| < %|(1,p)|. Notice that this formula does not give a convergent

series expansion. This was done by Hadamard [Had| whose work implies, for all
z >0,

ZL‘

I
IR

l\BI»—A

'y(k+3 235)
T (2) k!(22)F
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where  denotes Legendre’s incomplete Gamma-function defined by v(a,u) =
fo t*teTtdt. As (—%)k <0 for all k£ > 1, we get, in particular, for all z > 0,

GCE

\V2Tx '

Until the end of the section, we assume that n, m € N, nm > 1000
and n > 4mIn’ m.

(20) Li(z) <

Let p1 = [T;;QJ We have p; > 1 if and only if m > 4.
For all m > 2, we have, from inequality (20),

2 m—1
Sy ::\/—7% 3" 37em(—0)VEen, )21y (47v/nd)
l=p1+1
m—1 3/4
37V2 4
S Z 5 cm(_e) (E) e47r\/ﬂ
l=p1+1

V2 ml/4 ghnvim m—1

2 n3/4 nm

3Ty, (—4) (m€)3/4e4”‘/ﬁ(‘/z_‘/m)
l=p1+1
V2 ml/4 ghmy/nm

= 92 p3/4 nm

m—1
37nm3/26727r\/ﬁ Z cm(_e)e%rl n/m.
{=p1+1

N

S1
If we proceed as in subsection 4.2, we obtain, under the assumptions m > 2 and

(6),

_ 212
Si S 37nm7/2%612ﬂ\/ﬂl/m S 82771nm7/26727r\/n/m‘

The function gy, :  — ze~2"V /™ is decreasing for z > max(1,4mIn’m).
For m <7, as n > 1000/7 > max(1,281n?7),

827T1nm /26 2V < 82771 %, (1070 0)

1
< 82771 -7"%¢; (g) < 0.0051.

For m = 8, we have n > 32In%28 i.e. n > 139 which implies

82771nm /e 2™V r/m — 82771.87/2ne 2"V /8 < 84757504v/2g5(139) < 0.0704.

For m > 9, as n > 4m In® m, we have
82771nm2e= 2TV /™ < 82771m /2 g,,, (4m In? m) = 331084m°/>=47 In? m.
The function z — z%2747 In? z is decreasing for z > exp <L> Hence, if

4r—9/2 |
m>92> (exp (ﬁ)), we get

82771nm ™/ 2e 27V n/m < 331084 - 99/2747 [n2 9 < (0.0321
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Finally, we obtained S < 0.0704 under the assumptions nm > 1000 and
n > 4dmIn’m.
For all m > 4,

Sy = % pzl37cm(—€)\/Z(n,€)1/2I1(47rm)
=1

2 e2mt

n

_ X~ 37V2 17287 <e>3/4 o

(=1

\/5 m1/4 6471—\/% i 1728m 3/4 Amw/n \/Zi m
- 7 W nm Z 37n 62“ (mg) / € f( \/7)
/=1

/

s
dry/n(L—m) An/n(l—m)
from Proposition 4.1 and (20). As ATVR(VIm) _ <e wWm o it
follows that

P1
Sé < 37nm3/21728me—2m/nm Z e27r€(w/n/m—1)‘
/=1
Here again, under the assumptions m > 4 and (6), subsection 4.2 gives (cf. the
estimate of |Laa|)

gl < @nm3/265.51m62ﬂ(%—1)m < 222 (nm)*/? P-5lm—1.38m/nm
=5 -~ 5 nl/2 '
As m > 4, the condition n > 4mIn®m implies \/n > 4/mIn2 > 81n2. Then,
we get
111

/ 3/2,(5.51/4In2-1.38m)y/nm o . 127
2 < Symma (Wm) e =

if nm > 1000.
For m > 1, we have

Sy := 124w,/ % (n,m)Y21, (27/nm)

<62 (%)3/4 2TV _

V2 ml/4 ghmy/mm

2 n3/4 nm

62\/§nm3/26_2wm .

g
4
S3

But S < 62v/2(nm)3/2e 2mVrm < 210780 if nm > 1000.
As (1,1) = 3 and (1,2) = — 13, the expression (19) gives

T3
e 3 rr, 2
21 I(z)= —— (1 - — L
(21) 1(x) o ( Y )

with |77, of < %}P. It follows that

1L m e 31 1
= -2 - 4 =
em() V2 nd/4 ¢ ( 3271 \/nm + nmpn’m>
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with |ppm| < 1})52}4/_ + 81 4+ S5+ S5 < 0.0725 for all m, n € N such that
nm > 1000 and n > 4mIn®m.

The result obtained here is slightly weaker than the one proved in the previous
section. But in the case m = 1, Rademacher’s approach leads to a better result
than the one provided by our approach, as we are going to see in the next

section.

6. THE CASE OF j

According to subsection 5.3, we have

o(n) = %Il (4y/m) + R'(n)

1\2;‘_” I, (27v/m) .

From (19) and (20), we get, forn > 1, p > 1,

glmvn Lt 7“ n
(22) c(n) = 2t (Z 87r\/_ ::;E/z)>

k=0

with
|R'(n)| <

where (1,k) is given by (18) and

TIi,p n \/E |(1vp)| —2my/n, p/2
[ P ) S < 2= p/=
()] (nyn)? + 62V2e 2 () + 62v/2¢ n

Note that the maximum over Rt of the function x — 62v/2e~%(2x)" is reached
at £ = p.
For example, if p = 3, we have

V2 105

Irs(n)| = ERTIY +62v/2e72"V7 (/n)? < 0.0003
if n > 10. Hence, for all n > 10, we have
etV 3 15 3-1074
2 = — - o) with |e,] <
(23) )= 5 e ( S2ry/n | 20487°n | © > with fen] < =57

The computation of the first ten c¢(n) (cf. section 8) shows that this remains
true for n > 3.

A careful analysis of section 4 would give a similar result. But, when dealing
with parameter p > 4, we need to get a more precise estimate in Lemma 3.3 to
provide with our approach a result similar to the one obtained from (22).

e47r\/ﬁ
To end this section, we want to check that ¢(n) < ——— for all m > 1 as
\/§n3/4
4dm\/n
claimed in the introduction. The relation (23) implies ¢(n) < ——— for all

\/ﬁn3/4
n > 10. The computation of the first ten ¢(n) shows that this is indeed satisfied
for all n > 1. Note that this result can also be obtained from Theorem 1.1. This

improves the result ¢(n) < 6e*™V™, for n. > 1, given in [Her].
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7. UPPER BOUNDS FOR THE COEFFICIENTS ¢y, (n) WHEN m > 2

We obtained in Proposition 4.1 some general upper bounds for the ¢,,(n) and
2m

1728
4.2 and when nm > 1000 and n > 4mIn®m in Theorem 1.1. Nevertheless,
some cases remain where the bounds ¢, (n) < 1200e*™V™™+7) given in [Mah]
are better than the ones we gave until now. The aim of this section is, first, to
give upper bounds for the ¢,,(n) that improve Mahler’s ones in these remaining
cases and then, to give a general statement providing the best upper bounds
known for the coefficients ¢, (n) when m > 2.

We start by another general estimate.

an improvement of these bounds when —m +1 <n < —

in Proposition

Proposition 7.1. For all m € N*, n € Z, we have

1792 m-+n
em(n) < 27V min) (ﬁ> if —m+1<n<0

= o2
and
cm(n) < edmy/mimn) ifn > 0.
Proof. Let us recall that we have for all y > 0
1/2
cm(n) = 62””3’/ 1/2!]'"7”(:1: + iy)efmmmdx.

We fix y = | —2

m+n
First, we assume that n > 0, Hence, we have y < 1 and Lemma 3.1 gives

T [ m+n m
cm(n) < 2™ man (e27r mo 41728 — 627T>

< 627rn, /s +2my/m(m+n) (1 + (1728 _ 627r)6*27r1 /m;gn>

< etmymimitn) <e2“\/mT+n (1 + (1728 — 2™)e " mT”)) .

Let f : 2z €]0,1] — e 2™(1 + (1728 — €?")e 27/*). The derivative of f is
negative on |0,1]. As lim,_,o+ f(x) = 1, we thus have f(z) < 1 for all z €]0,1].
Consequently, ¢, (n) < ™VmmEn) g ym < gdry/mim+n) gince 4 €10,1].

Then, we assume —m +1 < n < 0. We have y > 1. We get from Lemma 3.1

(n) < ™Vt (62”\/ min + 1728 — e%)m

Cm >

< e2rV/m(man) (1 + (1728 — e2M)e 27 m’-’in)m.

m

m
We study (1 + (1728 — 627r)6727r m+n) when n + m is fixed. Therefore, we

—\ T
study g : ¢ € [m + n,+oo[—> (1 + (1728 — €27)e 2TV m) . The derivative
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627r

_ iy 1728\ ™"
of g is nonpositive on [m + n,+00]. Hence, g(z) < g(m +n) = It

follows that

— 627r

m-+n
cm(n) < e2my/ m(m+n) <17ﬁ> .
m-+n
Note that 2™V m(m+n) <@> < etmv/m(mn) n

627r

In(1728)
2T

et In(1728)

am,

+24/2 — = 2.617.... We have, for 0 < n <

2™ 1728 < e47r\/m(m+n)‘

Moreover, for —m + 1 < n < 0, the bounds given in Propositions 4.1 and 4.2
are smaller than those from Proposition 7.1.

We collect the upper bounds that we obtained for the ¢y, (n) with m > 2 in
the following assertion.

Corollary 7.2. For oll m € N, m > 2, we have

e27r
[ ] for—m—i—lgng—mm,
-n \" m n
< (1728 — €)™t ;
em(n) < e) (m—i—n) (m—i—n) ’
2
o for —m1728 <n < am,

em(n) < e2™1728™;

e for am < mn < max (%,Zhn,ln?m),

Cm (n) < e47r\/m(m+n) .

7

e for n > max (%,477111&2 m),

1 m'/4 3 1 0.055
<« £ myvmm (1 _ )
em(n) < V2 nd/4 § < 32w \/nm T m )

These upper bounds improve Mahler’s ones [Mah]. The reader should also
keep in mind the exact expression given in Theorem 5.1 and the estimate of
subsection 5.2.

8. SOME NUMERICAL EXPERIMENTS

First, we deal with the case mm = 1. In Table 1, we compare the first ten
values of ¢(n) with the bounds obtained from (23) : for n > 1, let

Min(n) elmv/n 3 15 3.10%
m = —— - - -
" \V/2n3/4 32my/n 204872n n3/2
and
Maj(n) elmvn 3 15 N 3.104
aj(n) = ——— - -
) V234 32m/n 204872n | ndl2
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For 2 € R, | x| denotes the largest integer less than or equal to 2 and [2] denotes

the smallest integer greater than or equal to z.

Nicolas Brisebarre and Georges Philibert

n c(n) c¢(n) — [Min(n)] | [Maj(n)] — c(n)
1 196884 382 —261
2 21493760 —217 4876
3 864299970 52342 49232
4 20245856256 582090 959653
5 333202640600 7600670 10525532
6 4252023300096 71384200 104367475
7 44656994071935 601906544 861509359
8 401490886656000 4409439269 6351251025
9| 3176440229784420 29283637831 42019206145
10 | 22567393309593600 177496731279 254801748021
TABLE 1

Then, we assume m > 2 and we want to check if the condition n > 4m In®m
is necessary in Theorem 1.1 and, in case of a negative answer, if the condition (6)
is sufficient. It is easy to see that the condition nm > 1000 is stronger than the
condition n > 4m In?m if and only if m < 7. Hence, we only examine the case

7n<£%hmuj28—e%)0n—1»>2

for m > 2. In Table 2, nyiy(m) denotes the least rational integer such that
¢m(n) satisfies the result of Theorem 1.1 for all n > nuyin(m). For m €
{30, 35,40,45,50}, because of a lack of memory of our computer, we can only
give a lower bound for nmin(m) (we believe that these bounds are indeed the
correct values). We see in this table that, for none of the values of m considered,
condition 7 > 4m In® m is a necessary one and condition (6) is a sufficient one.

m > 8. We put, from condition (6), f(m)

m | [f(m)] | [4m1n” m] | nmin(m)
8 17 139 60
9 20 174 71
10 22 213 83
11 25 253 95
15 36 441 146
20 51 718 215
25 67 1037 290
30 84 1389 | > 369
35 100 1770 | > 451
40 118 2178 | > 537
45 135 2609 | > 625
50 153 3061 | > 716

TABLE 2
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The GP programs used and tables of ¢(n) and ¢, (n) computed can be ob-
tained from the web page http://www.ens-lyon.fr/"nbriseba/fuji.html.
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