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Abstract

In this paper, we investigate refined definitions of random sequences. Classical
definitions have always the shortcome of making use of the notion of algorithm.
We discuss the nature of randomness and different ways of obtaining satisfac-
tory definitions of randomness after reviewing previous attempts at producing
a non-algorithmical definition. We present alternative definitions based on in-
finite time machines and set theory and explain how and why randomness is
strongly linked to strong axioms of infinity.

Keywords: Random, infinite time machines, large cardinals

Résumé

Dans ce papier, nous étudions différentes définitions de la notion de suite
aléatoire. Les définitions classiques ont le défaut d’utiliser la notion d’algo-
rithme. Apres la présentation des tentatives passées de trouver une définition
non-algorithmique, nous discutons de la notion d’aléatoire et envisageons
différentes facons d’obtenir des définitions satisfaisantes. Nous donnons plu-
sieurs définitions basées sur les machines & temps infini et la theorie des en-
sembles et nous expliquons en quoi ’aléatoire est fortement lié au axiomes forts
de l'infini.
Mots-clés: Aléatoire, machines & temps infini, grands cardinaux



ON RANDOMNESS AND INFINITY

GREGORY LAFITTE

INTRODUCTION

Various attempts at outlining, understanding and formalizing randomness have been carried out. One
major approach stems from probability theory and statistics. It is based essentially on statistical properties
such as stability of relative frequencies. Sequences produced by fairly tossing a coin is the core idea of random
sequences. This approach merely describes the properties that should have a random sequence; it does not
provide a definition or notion of randomness.

It should be mentioned that many people in statistics and probability object to thinking of points in a
probability space as being random and prefer to talk of random processes for pickings points instead. (This
viewpoint is the one of H. Rubin as expressed to A.H. Kruse in [11].) We tend to agree totally with this.
It encourages us in thinking that randomness has not much to do with the theory of probabilities apart
from the trivial statistical facts concerning “random objects”. Nevertheless, it is certainly worthwhile to
investigate where random objects appear (e.g. Rado’s graph, randomness in complexity theory, ...) and
find coherent randomness definitions verified by those objects.

The other major approach is of an algorithmic nature. It is sometimes mixed with the previous approach.
This approach is based on wunpredictability. It does provide some way to define randomness but then it
is rather surprising to have algorithms involved since probability theory does not use the notion of algo-
rithm. Is it then possible to find a mathematical definition for random sequences not based on algorithmic
unpredictability?

Durand et al [5] propose such a definition by opting for a randomness whose strong properties are relatively
consistent after showing that it is impossible to get a notion of randomness having provably those properties.
In their definition, they have to take a basis for randomness and use “arithmetical randomness” to be just
that. The algorithmic nature has then not completely disappeared from the definition. Other set-theoretical
approaches are those of A.H. Kruse [11], with the use of an appropriate class theory instead of ZFC, and
M. van Lambalgen [16], adding to ZFC an extra atomic predicate of randomness and some axioms which
govern its use.

What is randomness after all? We could define randomness as the absence of any law. The problem is again
in the fact that we will want (to be able to do something from the definition and not to get an inconsistency)
the avoided laws to be definable in some way and somehow we will come back to some algorithmically-based
definition.

Another way of presenting randomness is the complete independence between any two terms, or even only
between any one term and its predecessors, of a random sequence. Usually some independence is sought
by using some algorithmic method. We propose a method based completely on set-theoretic independence
and its strong (but still unexplained) link with the theory of large cardinals. This has prompted more
and more the author to believe in a strong connection between large cardinality concepts and randomness
occurrences. This idea is somehow also at the basis of M. van Lambalgen’s study in [16] apart from the fact
that van Lambalgen searches for new axioms, giving predicates for randomness, to add to ZFC while we
think the axioms are somewhat already there in the set theory literature.

Let us now proceed to a brief description of the contents of this paper. In the first section, we discuss
classical definitions of randomness through a definition, using games, of Muchnik et al and obtain a simple
characterization of this classic randomness using infinite time Turing machines. This is what we call the
unfeasibility approach.

Received by the editors September 2001.



2 GREGORY LAFITTE

We then continue in section 2 by giving several methods making it possible to introduce some “non
provable” randomness. We present Durand et al’s method, generalize it and also introduce in the same
direction some randomness notions, based on independence from ZFC, using original infinite time machines
tailored to be able to capture all the properties of sets of reals. We call this the unprovability approach.

Using those notions, we construct in section 3 randomness notions hopefully meeting our goal. We call
this the unknowability approach. Our ultimate randomness notion seems to be unknowably randomness
(randomness definition 3.4) along randomness hierarchies 2.8 or 2.12. Surely, this is the strongest form one
could wish for for a randomness notion since then there is no way (in our base theory ZFC or even in ZFC+ 3
some large cardinal) to connect any one value to the other values of such a random sequence.

NOTATIONS

In this paper, a sequence (as in random sequence) is an infinite binary sequence, i.e. belonging to {0, 1},
which can also be seen as a real, i.e. belonging to R. {0,1}<% is the set of finite sequences, which can also
be seen as N. For any s € {0,1}<%, {0,1}¥ denotes the set of infinite binary sequences that extend s.
For a sequence a, a; denotes the k + 1-th term of the sequence.

1. UNFEASIBILITY-BASED RANDOMNESS

1.1. Algorithmic randomness ... Muchnik et al [15] have given various temptative definitions of ran-
domness and compared them making all the while sure that they verify several properties that everyone
believes a random sequence should verify. It turns out that the two most restrictive definitions of random-
ness are chaotic and unpredictable. The former is based on those sequences whose initial segments’ entropies
grow sufficiently fast. All chaotic sequences turn out to be unpredictable, the truth of the converse is an open
question. Because every other known definition of randomness reduces to the notion of unpredictableness,
we will use it as our base definition and we call it Muchnik randomness.

1.1. Definition. Let a be a sequence, p : {0,1}<¥ — Rt a computable quasi-measure! that we extend to
intervals {0,1}% by having ({0,1}%) = u(s) and C' € Q** called the capital?.

A one-player gambling game is played against the sequence a using the quasi-measure u. We call it a
w-game. At the start of the game, the player has his wallet Wy equal to C. At the k-th move, the player
plays by giving n = n(k) and a guessed value i = i(k) for a, ). As this is a gambling game, he also makes
a bet w = w(k) € Q" such that w(k) < Wi_1.

If the player was incorrect about the guessed value, he loses his bet : Wy, = Wj_1 — w(k). Otherwise

,U'(Qllfi(k))
Wi =W, +w(k)—=——
r e ( ) ,U(Qli(k))
where for j = 0,1,
2A; = {a' € {0,1}" | a'n(k) =j and a'n(l) =apq fori =1,2,...,k -1}

The sequence a is called p-predictable if there is computable winning strategy for winning u-games against
a. Otherwise, it is called p-unpredictable.
a is Muchnik random if it is py-unpredictable for some computable p.

1.2. Theorem. A Muchnik random sequence is Martin-Lof random?.

Proof. See theorem 7.4 in [15]. O

IFor any s € {0,1}<%, u(s) = u(s ~ 0) + p(s ~ 1) and p(e) = 1 where € is the empty sequence.

2Without loss of generality, we can assume C = 1.

3A sequence z € {0,1}* is Martin-Léf random if it avoids all effectively null sets. It is one of the classical definitions of
randomness. Algorithms appear in the word ‘effectively’. For more on Martin-L6f randomness, see [14].
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1.2. ...and infinite time machines. Finite automata on infinite sequences have been introduced by Biichi
in [2] to prove the decidability of the monadic second order theory of (w,<). Biichi automata differ from
finite automata on finite sequences only by its condition of acceptance of a word. A word is accepted by
a Biichi automata if and only if the set of states, through which the automata goes an infinite number of
times during an ezecution (there may be several executions if the automata is nondeterministic), contains at
least a final state. Then Biichi introduced in [3] finite automata that are able to describe transfinite sets of
sequences. Using those automata, he proved the decidability of the monadic second order theory of (a, <),
where « is a countable ordinal. It featured special transitions for limit ordinal stages such that the state
reached at that limit stage £ depends only on previously reached states {s € S | V8 < £ Iy > B ¢(y) = s}.
He modified again the definition, using still other special transitions for particular limit ordinal stages, to
use those automata to prove the decidability of the monadic second order theory of (w;, <). For a survey of
Biichi automata, see [4].

In [12], we defined a variant of Biichi automata making it as powerful as infinite time Turing machines as
defined by Hamkins and Lewis in [7]. We will now propose a definition of machines working with infinite time
on reals but with access to transfinite tapes. It borrows ideas from Biichi automata deciding the monadic
second order theory of (w;,<) and W?-automata as studied in [12]. Much of the idea about the use of
stationary® sets is due to Menachem Magidor.

1.3. Definition. Fix a n € N. We will work with time and tapes of cardinality® X,,.

An enhanced tape is a function from wy to {0,1}.

A continuum machine, or c-machine®, is a Turing machine with k£ > 3 separate enhanced tapes, one for
input, k — 2’s for scratch work, and one for output. The scratch and output tapes are filled with zeros at the
beginning of any computation. At non-limit stages, it behaves like a normal Turing machine according to
its transition relation. At limit stages, if the transition says so, the head is plucked from wherever it might
have been racing towards, and placed on top of the first cell. Moreover, it enters a limit state. For a given
cell of the tape, at a limit stage it takes the value of the lim sup of the cell values before the limit.

A c-machine distinguishes different kinds of limit states. At a limit stage, it is in a composition of limit
states

Qoxalx...xan

where each £ is defined as
;= {q € Q| Ja of cofinality w; with {# < a | ¢3 = ¢} stationary in a}
A c-automaton is a c-machine that only reads and never writes.

The output of a c-machine can be considered as a real when considering only the “first” w terms of
the tape. Assuming the very reasonable “2%0 < R_”, with this definition of continuum machines, we can
effectively work on R using and comprehending completely its power, i.e. properties concerning sets of reals.

It is clearly a generalization of infinite time Turing machines” and by the simple techniques used in [12],

has at least the same of power of computation. Hence the following theorem also applies to c-machines.
1.4. Theorem. If r € R is not writable by an infinite time Turing machine, then it is Muchnik random.

Proof. Take r € {0,1}* such that it is not Muchnik random. For every computable measure p, there is thus

a strategy to win the p-game. The strategy is necessarily computable by an infinite time Turing machine.
We translate the strategy in an infinite time Turing machine, that will be able to write r since the strategy

generates winning games. O

Theorem 1.4 is our cornerstone theorem for characterizing simple randomness in terms of machine com-
putability of reals.

45ee definition 2.4.

5For any ordinal o : N, denotes the a-th cardinal and wq is the smallest ordinal of cardinality No. Following von Neumann,
we identify an ordinal 8 with the set of ordinals o < 3.

6cn—machine to indicate that we work on N, .

"An infinite time Turing machine is a c-machine (with k = 3) working with countable tapes and (of course) countable time.
The difference with c-machines is in the limit stages’ behaviour : It is placed in a special unique limit state. For a given cell of
the tape, at a limit stage it takes the value of the lim sup of the cell values before the limit.
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The following theorem is the Lost Melody Theorem of [7]. It shows for our purpose that Muchnik random
reals are not so much random as they can be recognized as such.

1.5. Theorem. There are random reals that are still singleton recognizable by infinite time Turing machines.

Proof. We sketch the proof.

Consider the ordinal stages of repeat-points, that is by which it either halts or repeats, of computations
with a null input. Let § be the supremum of those repeat-points. By the nature of infinite time Turing
machines, § is a countable ordinal in L, Gddel’s class of constructible sets. Let 8y = §, 8, be a countable
ordinal appearing first in Lg,,, (not in Lg,) and 8 = sup,, B,. B is then the smallest ordinal > ¢ such that
Lgy1 | B is countable.

Since Lgy; has a canonical well-ordering, there is some real r € Lgy;, which is least with respect to the
canonical L order, such that r codes 8. r is the real we are looking for.

r is not writable because if it were, then we could solve the halting problem by searching for a real,
appearing at some moment on a tape, that codes an ordinal large enough to see the repeat-point of the
computation in question. Since r codes 3, which is as large as J, r is big enough and so our algorithm
succeeds. And this contradicts the undecidability of the halting problem.

By usual techniques for coding the L,’s, {r} is decidable : given a real, one must verify that it codes an
ordinal, that this ordinal is larger than § and then by the coding techniques, check whether our real really is
the least code in Lq41 for some a and whether « really is the least ordinal above J such that « is countable
in La+1. O

We now have a way of obtaining randomness through the use of infinite time machines. How can we get
stronger notions of randomness, while not excluding reals that are actually random?

One way is by fixing some strong requirements for our randomness notion; so strong that there is no
such notion. We then loosen up the conditions by requiring that “the randomness notion satisfies the
requirements” is merely relatively consistent. This is the Durand et al approach. We can actually try to
go on like this and obtain stronger and stronger notions. We will go through this method in the following
section and apply it to other randomness notions than the Durand et al one. The main problem of this
way of obtaining stronger randomness is that it has to be based on another randomness notion and this, of
course, doesn’t help in obtaining a non-algorithmical and independence-based randomness notion.

Another way is by having more powerful infinite time machines. We must however make sure that the
gain in power is really a gain in excluding non-random reals. This will be the second part of the following
section.

2. UNPROVABILITY-BASED RANDOMNESS

2.1. Durand et al. Durand et al in [5] were looking for a non-algorithmically-based randomness definition.
They proposed the following definition.

2.1. Definition. Let z be a infinite binary sequence.

x is Solovay random over L if it avoids any null G5 (countable intersections of open sets) set with a code®
in L. We note py, the predicate for this randomness, and Ry, = {z € {0,1}* | pr(z)}.

x is arithmetically random if it avoids any null arithmetically coded G5 set. We have also the similar
notations p4 and R4.

x is consistently random if x € R4 and if Ry, is of full measure, then z € R;,. We have also the similar
notations pc and Rc¢.

A randomness predicate p is said to be consistent if it verifies the following conditions :

(1): ZFC proves that {z € {0,1}¥ | p(z)} is a full set;

(2): V¥(x), if ZFC proves that {z € {0,1}* | ¥(x)} is null, then ZFC does not prove that there is an
x € {0, 1} satisfying p(z) A ¥(x);

(3): ZFC proves that Vz € {0,1}¥, if p(z), then z is Martin-Lof random.

8C Cw x 2<¥ is a code for a Gs set U C {0,1}¢ if U =, Uin,uyec 10,1}y
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2.2. Theorem. In the Solovay model’, Ry, is a full Gs set and pr, verifies (2)'°.
2.3. Corollary. pc is a consistent randomness.

Proof. pc satisfies obviously (1) and (3) because of theorem 2.2 and of the definition of arithmetical ran-
domness.

In the Solovay model, Ry, is of full measure, so pc(x) = pr(z). Hence pc satisfies (2) O

plain-”

This study prompts a way of obtaining always finer randomness notions.

Take a randomness predicate p and the corresponding set of random sequences R. Set some requirements
(predicates { Py, P», ..., Py}i>2) for the quality of randomness desired. To be able to operate our method, R
has to verify the requirements only in a certain model. Fix an | < k, the new randomness predicate p’ (R')
is the consistent realisation of p on top of some randomness notion ppase, noted ppase” and it is defined by :

p'(z) if and only if # € Rpase and if P(R), then z € R

This is what Durand et al did. We can go even further'! by then defining the following randomness notion
+ ted [
P, NOLEA Ppasey *

pt(z) if and only if € Rpase and if cons(P;(R)), then z € R’

And we can continue like that and obtain'? p*+ (Pbase’t s ), P2 (Pbase’rs)s --.The drawback is that we
don’t know much of the obtained gain in strongness for our randomness notion. We will complement this
idea in the second part of this section.

The Durand et al randomness is based on unprovability on top of common randomness notion. Do we
really still need this arithmetical/computational basis for randomness? We aim at answering this question
in section 3. But first, we look for still stronger randomness notions with a precise measure of the gain.

2.2. More unprovability-based randomness. c-machines have very peculiar properties and we will base
some new randomness notions on them. To reach those notions, we need to introduce some set-theoretical
material.

An uncountable cardinal number & is inaccessible if it is regular and a strong limit cardinal. An immediate
consequence of inaccessibility is that V, the collection of all sets of rank less than k, is a model of ZFC;
another immediate consequence is that k = R, is a fixed point of the aleph sequence. By Gddel’s second
incompleteness theorem, it follows that the existence of inaccessible cardinals is unprovable in ZFC. In fact,
a slightly more involved argument shows that the relative consistency of inaccessible cardinals is unprovable.
Thus the existence of inaccessibles is to ZFC as the existence of an infinite set is to Peano arithmetic. For
that reason, large cardinal axioms are sometimes referred to as strong azioms of infinity.

Modern larger cardinal theory recognizes a substantial number of large cardinal axioms. Interestingly
enough, these axioms form a linearly ordered scale, on which the relation of a stronger axiom to the weaker
theories is just as described above in the case of inaccessible cardinals and ZFC. This scale of large cardinals
serves as a measure of consistency strength of various set theoretic assumptions.

One of those large cardinals is a weakly compact cardinal and we introduce them now. Every weakly com-
pact is not only inaccessible, but on the scale of large cardinals is also above Mahlo cardinals. Among large
cardinals stronger than weakly compact cardinals and even Woodin and measurable cardinals, supercompact
cardinals are most prominent. Above supercompact and huge cardinals, the scale approaches its end with
the existence of a non-trivial elementary embedding 5 : V), — V), as by a theorem of Kunen, j : V — V is
inconsistent. For more on large cardinals and set theory at large, see [8].

2.4. Definition. Let x be a regular uncountable cardinal. We call a set C' C k closed unbounded in & if

(1) for every sequence ap < a1 < -+ < ag < --- (£ < ) of elements of C, of length v < k, we have
lim¢_,~ o € C (closed);

9Let M be a transitive model of ZFC and let x be an inaccessible cardinal in M. The Solovay model is M[G] where G is
an M-generic ultrafilter on P, the notion of forcing that collapses each A < k onto Ng.
10 Actually, it verifies (2)plaint V¥ (), if {z € {0,1}* | ¥(z)} is null, then there is no € {0,1} satisfying p(z) A ¥ ().
Ly py(R) is relatively consistent (cons(P;(R))), there is a model in which P;(R) is true. Living in this model, we can now
consider taking R’ instead of R in our “then z € R”. And so on...

12)++(z) if and only if # € Rpage and if cons(cons(P;(R))), then 2 € Rt
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(2) for every a < &, there is § > a such that 8 € C' (unbounded).

We say that S C k is stationary in k if SN C # () for every closed unbounded subset C' of k.
A cardinal  is weakly compact if it is uncountable and satisfies the partition property & — (k)2.

Jensen [10] proved the following :

2.5. Theorem. Assuming V = L, a reqular cardinal & is weakly compact if and only if for every stationary
A C &, such that every a € A is of cofinality w, {a | cfla) > w,a < sup A, and AN« is a stationary subset of a} #
0.

Baumgartner [1] studied the question for kK = Xy and obtained a relative consistency result with ZFC+“3
weakly compact cardinal”. Magidor in [13] obtained an equiconsistency result that we use to prove the
following theorem.

2.6. Theorem. There is a ¢ca-machine MM such that the ouput real v of M (on a blank input) is such that
“ #£ 07 is equiconsistent with the existence of a weakly compact cardinal.

Proof. From the study in [6], we can easily construct a ¢y-automaton such that the language recognized by
this automaton is non empty if and only if {a < wy | cf(a) = w; and @ N X is stationary in a} is non empty
for every X C {a < wsy | cf(a) = wp}. We can code this language (or a countable part of it) in a real ¢ such
that v # 0 if and only if the language is not empty. Using Baumgartner’s and Jensen’s results (theorem 2.5),
it is clear that “r # 0” is independent of ZFC.

Using Magidor’s result in [13], in the same manner, we construct a ce-automaton such that “v # 0” is
equiconsistent with the existence of a weakly compact cardinal. |

The first part of theorem 1.5 can be extended!® to general c-machines to give finer randomness definitions.

2.7. Remark. We can also get the other half of theorem 1.5 by using core model theory but we won’t enter
into such troubled waters. It is important to notice that this second part of the theorem tells us that somehow
there will always be some reals non writable by such machines that will not be really random (because they
are singleton recognizable) and that we always need to seek a stronger randomness. This, of course, prompts
the importance of the randomness notions of the last section.

2.8. Randomness notion.
r € {0,1}* is c¢,-random if it is not writable by a c,-machine
2.9. Corollary. cz-randomness is strictly stronger than cs-randomness

Proof. ¢3 can decide and thus write ¢t from theorem 2.6. The nice thing is that the gain in randomness is
quantified by a “J weakly-compact cardinal”. |

Jech and Shelah [9], using supercompact cardinals, generalized Magidor’s result to 8,, and that enables
us to prove the following.

2.10. Theorem. For any n € N, there is a ¢,,-machine M such that the ouput real v of M (on a blank input)
is such that “c # 07 is implied by the existence of n supercompact cardinals.

Proof. In the same way as in theorem 2.6, using the generalization of Magidor’s result by Jech and Shelah,
we can construct for any n € N a suitable ¢,-automaton and obtain the required t. O

2.11. Theorem. The hierarchy of randomness given by the hierarchy of c-machines is strict.
Proof. “In+1 supercompact cardinals” is stronger consistency-wise than “dn supercompact cardinals”. O

We can consider taking those mysterious reals t (of theorems 2.6 and 2.10) as oracles for our c-machines.
We are not sure if there is a gain in randomness doing this.
But one can still do as in the first part of this section and define for any m € N :

2.12. Randomness notion. p Ai“r"n using as the P; requirement: “d n supercompact cardinals”

or perhaps more interestingly, p., "%, using as the P, requirement: “A n supercompact cardinals”.

13by replacing in the proof each occurrence of the Ly’s by Vi 's.
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The advantage of the latter notion is that we are guaranteed, with the randomness base p4, not to put
aside any real that should be considered as random.

2.13. Remark. Note that pa”~+1 is a stronger notion than pa%.

3. UNKNOWABILITY-BASED RANDOMNESS

The previous randomness notions still lack the unknowability (using independence from ZFC) that we are
looking for.

We propose a hierarchy of randomness definitions based on the results of the previous section using the
large cardinal empirical hierarchy.

3.1. Randomness notion. A real r € {0,1}¥ is a large cardinal random real if there is a c-machine 9 with
metamathematical'* ouput ¢ such that in ZFC, “the ouput real of 9t is non zero” is equiconsistent with the
existence of a large cardinal.

It is clearly quite, and perhaps too, restrictive but at least the notion is really of the “unknowable” nature
and is not based on algorithmic notions. It has also the advantage of relying on the only well-understood
notion of “objects beyond ZFC”, i.e. large cardinals.

Using the “unknowable” method, the most natural definition seems to be

3.2. Randomness notion. Each bit is unknowable from the previous ones : ¢ € {0,1}* is increasingly
unknowably random if there is countable family of propositions {Q;};en such that

Vn €N, @, isindependent of ZFC + /\ Qi
i<n
and

) 1 if Qi is true,
Y= 0 otherwise.

It is not an effective definition but it can be in part realized using c-machines : let @; be “t; is null”,
where t; is the problematic real for ¢;-machines in theorem 2.10.
We can propose a variant of this definition by requiring that

Vn € N, @, is independent of ZFC + /\ Qi
but we don’t know of any realization of such a strong definition.
From our different hierarchies of randomness of the previous section, we can define an unknowable ran-
domness by using generic sets.

3.3. Definition. Let (P,<,1) be a partial order.

(1) DCPis densein Piff Vp e P3g < pgq € D.
(2) G CPisa filter in P iff
(a) Vp,ge GIre Gr <pAr <gq,
(b) Vpe GVqePg<p—q€QG.
(3) G is P-generic on D iff G is a filter on P and for all P-dense D € D, D NG # 0.

The existence of a generic set for a particular partial order IP is not necessarily trivial. Nevertheless there
is a much studied proposition that guarantees us (if, of course, we suppose it to hold) that most of the
generic sets that we consider exists. It is called Martin’s Axiom and it is independent of ZFC. See [8] for
more on this.

Fix a strict randomness hierarchy {p};en ({RF }ien) from the previous section. Take for partial order P
the set C {0,1}* of infinite binary random sequences (somewhere in our fixed randomness hierarchy) with
the order < :

p < q iff p > ¢ and there is ¢ > 0 such that p [w\jo,....i-1}= ¢

where p is the smallest n such that p € RZ.

M¢he truth about the ouput of 9.
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3.4. Randomness notion. Fix a hierarchy of randomness notions whose strictness is according to the
hierarchy of some large cardinals. ¢ € {0,1}* is unknowably random along this hierarchy if ¢ is the union'®
of a (P, <), my, ., ~generic set.

If we take for example the randomness hierarchy definition 2.8, by the previous randomness definition,
we obtain random sequences where each bit is unknowable from the other ones in the strong sense that the
hierarchy is strict because of the supposed strictness of the hierarchy of the large cardinals used. It thus has
the advantage of being in compliance with classical notions of randomness while making sure it verifies our
“unknowability” requirement.
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15By definition of <, all the infinite sequences are mutually compatible. There is a sequence that contains all of them, called
the union.



