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Abstract

We deal with the problem of partitioning and mapping uniform loop nests
onto physical processor arrays. Resource constraints are taken into account:
not only we assume a limited number of available processors, but we also
assume that the communication capabilities of the physical processors are
restricted (in particular, the number of communication links in each di-
rection is bounded). This paper is motivated by the recent work of Chou
and Kung and of Thiele. Our main contributions are a new formulation of
the complex optimization problem to be solved in terms of a single integer
linear programming problem, as well as optimal scheduling algorithms and
complexity results in the case of linear processor arrays.

Keywords: parallelism, SPMD, processor arrays, scheduling, tiles, resource con-
straints

Résumé

Nous étudions dans ce rapport le partitionnement et le placement de nids de
boucles uniformes sur des tableaux de processeurs. Les contraintes liées aux
ressources sont prises en compte: non seulement nous supposons disposer
d’un nombre fini de processeurs, mais également que les capacités de com-
munication des processeurs sont limitées (en particulier, le nombre de liens
de communication dans chaque direction est borné). Les récents travaux
de Chou et Kung et de Thiele sont & 'origine de ce travail. Nos princi-
pales contributions résident dans la reformulation d’un probleme complexe
d’optimisation en un probleme de programmation linéaire, ainsi que dans
des algorithmes d’ordonnancement et des résultats de complexité dans le
cas de tableaux linéaires de processeurs.

Mots-clés: parallélisme, SPMD, tableaux de processeurs, ordonnancement, tuiles,
ressources bornées
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Abstract

We deal with the problem of partitioning and mapping uniform loop nests onto
physical processor arrays. Resource constraints are taken into account: not only
we assume a limited number of available processors, but we also assume that the
communication capabilities of the physical processors are restricted (in particular,
the number of communication links in each direction is bounded). This paper
is motivated by the recent work of Chou and Kung and of Thiele. Our main
contributions are a new formulation of the complex optimization problem to be
solved in terms of a single integer linear programming problem, as well as optimal
scheduling algorithms and complexity results in the case of linear processor arrays.

1 Introduction

In this paper, we deal with the problem of partitioning and mapping uniform loop
nests onto physical processor arrays. Resource constraints are taken into account: not
only we assume a limited number of available processors, but we also assume that the
communication capabilities of the physical processors are restricted (in particular, the
number of communication links in each direction is bounded).

Partitioning (or tiling) uniform loop nest onto processor arrays has motivated a
great amount of research in the last ten years [1, 6, 10, 11, 12, 15, 20, 18, 21, 19, 22, 3]
(this small list is far from bieng exhaustive). Tiling is a widely used technique to
increase the granularity of computations and the locality of data references. When
targeting a SPMD style of programming [10, 18, 20, 21, 3], tiles are usually consid-
ered to be atomic: inter-processor communications only take place at the end of the
processing of each tile. While well-suited to a data-parallel approach, this hypothesis
is unnecessarily restrictive when targeting VLSI processor arrays. Also, most current
distributed-memory machines are capable of performing communications in parallel
with computations. Therefore, it is of great practical importance to study tiling tech-
niques while assuming that communications and computations can overlap within a
tile.



This paper is motivated by the recent work of Chou and Kung [4] and of Thiele
[23]. Chou and Kung [4] have made a major contribution in formulating the prob-
lem of tiling uniform dependence graphs assuming limited resources and computa-
tion/communication overlap. Thiele [23] was the first to introduce Integer Linear Pro-
gramming (ILP) techniques to optimize the scheduling of partitioned algorithms onto
VLSI processor arrays with limited computational resources.

We start from the formulation of the problem by Chou and Kung. We summarize
their approach and we elaborate upon it along two important directions:

o We capture the complex optimization problem to be solved in terms of a single
Integer Linear Programming (ILP) problem. We point out that Chou and Kung
were only able to solve a very restricted instance of the problem that they have
formulated.

o We give optimal scheduling algorithms and complexity results in the case of linear
processor arrays.

The paper is organized as follows: in Section 2 we state the scheduling problem to
be solved. We follow the approach of Chou and Kung and we review the heuristics
that they propose. In Section 3 we derive a new formulation of the problem in terms
of a single ILP problem. We give several examples and briefly discuss some practical
issues to compute the solution. Then in Section 4 we concentrate upon linear processor
arrays. In this particular case, we are able to give an analytical expression for the best
scheduling and we derive optimal algorithms. Finally in Section 5 we summarize our
results and give several perspectives for future work.

2 Problem formulation

The original formulation of the problem is due to Chou and Kung [4]. We introduce it
by working out a small example.

2.1 Scheduling constraints
Consider the following perfect uniform loop nest of depth 2:

for 1, =1 to N; do
for i, =1 to N5 do
a(iy,iz) = fla(iy — 1,49),a(iy, i — 1),a(i; — 1,15+ 1))
endfor
endfor

where f is an arbitrary function. The iteration space is the rectangle Iter = {(¢y,12),1 <
iy < Ny, 1 <4y < Ny}. The dependences vectors are captured in the dependence matrix
10 1
01 -1/

Assume now that this loop nest is to be executed on a 2D-grid of processors of size
M, X Ms. In most practical cases the size of the iteration space (i.e. N; X N, the
number of computation points) is much larger than the size of the processor grid. It
is then needed to partition the iteration space into rectangular tiles and to allocate a
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Figure 1: Iteration space for the example (n; = 4, ny = 3)

whole tile to a single processor. For the sake of simplicity, Chou and Kung assume
the tiles to be rectangular and along the direction indices ¢; and ¢, of the iteration
space Iter (see Figure 1). Let ny X ny be the size of a tile, where Ny = n; x M, and
Ny = ny X My. In Figure 1 we have tiles of size 4 by 3.

The problem is thus resource-constrained as one single processor is responsible for
processing a whole tile of ny X n, computation points. But there are many other possible
limitations to take into account, in particular the number of communication channels
and the fixed topology of the communication network.

Indeed, as stated by Chou and Kung, the physical characteristics of VLSI layout
impress a stringent limitation on the design of array processors. Typically, a 2D-grid
of processors will be interconnected with horizontal and vertical physical channels (and
possibly also diagonal and antidiagonal channels), each of these in limited number. This
means that long distance communications will have to be “routed”, i.e. decomposed
into a sequence of physically possible communications. This also means that several
inter-processor communications which are simultaneously ready to be performed will
compete for the communication resources.

In our example, assume that the interconnection network is that given in Figure 2.
There are four communication channels (or links) going out every processor (or cell):
they are labeled east;, easts, north and south as indicated in the figure.

Each processor is responsible for a whole tile and must execute

e ny X my computations
e as many communications as imposed by the dependence vectors.

We see in Figure 3 that there are 13 dependence vectors that require an inter-cell
communication (all other dependences are internalized in the cell). These 13 inter-cell
communications will lead to 14 physical communications, as the dependence vector
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Figure 2: Communication network for the example

Figure 3: Inter-cell communications



labeled (*) on the Figure cannot be realized by using a single link but instead requires
a two-step implementation: a first communication using link north then a second one
using either link east (or the other way round).

In the general case the interconnection network is represented by a tuple (L,Q)
where [ is a set of column vectors and @ is a row vector. L = {l,...,ls}, where
l; represents a unique direction of communication links. @ = (¢i,...,qq) represents
the number of communication channels at each direction. In our example we have

L = {east,south,north} = {( (1) ) ( (1) ) ( _01 )} and @ = (2,1,1). FEach inter-

cell communication induced by a dependence vector is then decomposed as an ordered
sequence (si,...,8;,...) where s; belongs to L. Note that

e the same dependence vector can lead to different inter-cell communications. This
is illustrated in Figure 3 with dependence vector 1 which leads either to
the sequence (I3) (north) or to the sequence (I3, 1) (north then east), depending
upon the location of the vector source within the tile

e the order in which the links are used to implement an inter-cell communication
is assumed to be a-priori fixed. Of course this is an arbitrary restriction but it
is required to reduce the number of parameters (in practice sequences will be of
length 2 at most, we can still try several orderings).

How will we schedule the tiles 7 Let 7.5, be the time needed for one computation
(an instance of the statement a(7y,72) = f(a(i;—1,13), a(iy,i2—1),a(i;—1,i5+1))). Let
Teomm D€ the time for one communication over a physical link. There are several realistic
hypotheses that make Chou and Kung’s approach very interesting when targeting a
VLSI processor grid:

Communication/computation overlap. Tiles are not supposed to be atomic (as
opposed to the work presented in [10, 19, 20, 3]). Rather, as soon as a point in
the tile has been computed, we can start to communicate its value to neighboring
tiles.

Cyclic scheduling. We look for a scheduling in which each tile will execute the same
program, up to a translation in time. More precisely, let us assign tile indices
(z,y) to each tile, where 0 < 2 < M; and 0 < 2 < M,. If tile (0,0) starts its
program P at time-step 0, tile (x,y) will start the same program at time-step
Tz + Tyy, where T, and T, are the relative time offsets between processors in
each dimension.

Searching for a cyclic scheduling is the key to a regular design. Of course, the goal
is to minimize the global execution time, and therefore to choose T} and T5 as small
as possible. We formulate the objective function to be minimized more precisely in
Section 3. Beforehand, we express all the constraints to be satisfied in an intuitive
manner.

Let us consider a fixed tile 7 of tile index (z,y). Let (ji,j2) be the indices of the
computation points inside the tile, where 1 < j; <ny =4 and 1 < j, < my = 3. We
have the following relationship between global and local indices of the computation
points: 11 = & X Ny + J1,t2 = ¥ X na + Jo.



Scheduling computations There is a partial ordering between points of the tile: if
both points p and ¢ belong to 7 and if p depends upon ¢, i.e. if p = ¢ + d; for some
dependence vector d; € D, then ¢ must be executed before p. More precisely, let 7,
(resp: t,) be the time-step where execution of point p (resp: ¢) begins. We have the
constraint

ty+ Teate < 1y (1)

Scheduling communications Consider first the case of an inter-cell communication
¢ whose ordered sequence is the singleton (/;). Such a communication can be realized
with the use of a single channel of direction [;. Let ¢ € 7 be the source of the
communication and p € 7’ be the sink. Note that the index (2’,y') of 7" satisfies
to (2/,y) = (z,y)+ If. In our example, if [; corresponds to the direction east, then
I! =(1,0), 2" = 2+ 1 and ¥ = y. This means that point p of 7' is scheduled with
a relative offset T to the same point p of 7. Let t. be the time-step at which the
communication ¢ begins. The scheduling constraints are

tq + Teale S tc
tc ‘I’ Teomm S tp ‘I’ Tl (2)

The first constraint expresses the fact that the communication ¢ cannot start before
the end of the computation of ¢. The second constraint says that execution of point p
in 7’ cannot start before the end of c.

Now consider the case of an inter-cell communication to be decomposed by using
two, say, physical links. In the example, point ¢ of local index (1,4)in 7 is the source
of a communication to point p of local index (3,1) in 77 of tile index (2',y'), with
¢’ =2+ 1and y = y— 1 (see Figure 3: communication marked with (*)). If the fixed
routing order is north then east as before, we label the two physical communications
as ¢y and ¢, (with starting times ¢., and ¢.,) and we have the constraints:

tq + Teale S tcl

tcl ‘I’ Teomm S t02 - TZ (3)
t02 ‘I’ Teomm S tp ‘I’ Tl

Of course, we need to compute the number of physical communications beforehand
and to assign a distinct label (number) to each of them.

Resource constraints All resource constraints remains to be expressed. At most
one point can be executed within 7 at a given time-step. Also, there is only a limited
number of links available in each communication direction. In the simple case 7.4. =
Teomm = 1, we have to say that at most 1 computation and ¢; communications along
direction [; can start at any time-step. In the general case, the condition is more
difficult to state. How to express resource constraints is explained in Section 3.

Objective function The goal is to minimize the total execution time, which is equal
to

(M1 - 1) X |T1| + (M2 - 1) X |T2| + tlast + Tealc (4)

Here, we assume that in the first tile, the first point start execution at time 0 and the
last one at time #;,5;. The expression (M; — 1) X |T}| 4+ (My — 1) x |T5| represents the



time at which the last tile starts execution, and is a good approximation of the total
execution time in practice.

2.2 Chou and Kung’s heuristics

There are many variables and many constraints, therefore Chou and Kung propose
several heuristics to order computations and communications.

Computation ordering If we assumed unlimited computation resources, we could
use Lamport’s hyperplane method to schedule the computations points of the depen-
dence graph. We would search for a linear scheduling vector = such that 7*-d; > 1 for
all dependence vector d; € D. We write this set of constraints as 7 - D > 1. In our
example, let 7° = (7, 72), we obtain the conditions

m > 1, 7 >1, and 7 — w9 > 1.

A possible choice is 7* = (2,1). With Lamport’s hyperplane method, a point p € Iter
is executed at time-step ¢.(p) = 7* - p.

Given 7, we have the partial ordering induced by ¢, to schedule the points of a tile.
Using local indices within the tile to identify the points, we have 9 values of ¢, for the
12 points of the tile:

@ | 3 | 4 | 5 ] 6 | 7 1 8 ] 9 [ 10] 11
points | (L) | (1.2) | (1,3) ] (2.2) | (2.3) | (3:2) | (3.3) | (4.2) | (£,3)
(2.1) (3.1) (4,1)

Chou and Kung propose to use ¢, as a total ordering for computation events. They

break ties arbitrarily (for example using a lexicographical criterion). This heuristic
dramatically reduces the search space. Computation points are totally ordered as
P1,D2y s Pnixn,- Let t, be the i-th computation event, i.e. the time at which the
computation of the ¢-th point p; begins. All computation constraints reduce to

tp, + Teate < tp,+17 1 S 1 < ny X Ng.

Indeed, dependences are preserved owing to the choice of 7 with the condition 7*-D > 1.
And resource constraints follow from the total ordering of computations.

Communication ordering Inter-cell communications are decomposed into physical
communications. All physical communications are assigned a distinct label. Commu-
nications along a given direction [; are ordered totally, according to the value ¢ of their
sink p;: the smaller ¢, the more urgent the communication. Ties are broken using source
values. Finally, in case there are more than one channel in direction /; (i.e. ¢ > 2),
links are attributed on in a round-robin fashion (ASAP policy).

Problem solution The above heuristics permit to have a total ordering of the com-
putations, as well as a total ordering of communications along each direction. Let
Nnb.q;c = N1 X Ny be the number of computations and nb.,,,,, be the number of commu-
nications (after having decomposed inter-cell communications into sequences of physi-
cal communications). Therefore, there remains nb,,. variables ¢,, for the computation



events, and nb.ymy, variables ¢, for the communication events. Theses variables are
linked by the scheduling constraints (equations (1),(2) and (3)).

The objective function (equation (4)) has absolute value operators, which is not
allowed by the standard format of ILP problems. But the sign of the T;’s can be
determined with the help of the scheduling vector 7, and the problem is now reduced
to a standard ILP problem.

2.3 Discussion

As already said, the optimization problem to be solved has many variables and many
constraints, hence heuristics are likely to be crucial for deriving a good solution.

We believe that Chou and Kung’s approach can be greatly improved. Indeed, their
approach relies upon a linear scheduling vector 7 that gives a partial ordering for
computations. From this partial ordering a total ordering is induced (ties are broken
arbitrarily). This solution is nice in that it reduces the search space, but it can lead to
poor results as illustrated by the following two simple examples.

Ties breaking Consider a 2d-problem with dependence matrix D = (1) (1) and
assume T.ue = Teomm = 1. A possible scheduling vector is 7 = (1,1). Consider a

2 X 2 tiling with unlimited communication resources (2 links in each direction east and
south are enough). The tile 7 of tile index (0,0) is the first tile to start computing.
We schedule point (1,1) of tile 7 at time-step 1 and point (2,2) of 7 at time-step 4,
because of the partial ordering induced by 7. For points (2,1) and (1,2) of 7, we have
to break ties:

e if we schedule point (1,2) of 7 at time-step 2 (and point (2,1) at time-step 3),
then 77 = 3,15 = 4 and the global computation time is 3(M; — 1) +4(M>—1)+4

¢ if we do the other way round, we obtain as global computation time 4(M; — 1) +
3(M,—-1)+4.

If My > M, the second solution is much better and this cannot be found by the method
presented in [4].

Linear tiles Consider now a unidimensional problem with dependence matrix D =
(3). Tiles are segments of size n (see Figure 4). Assume T.4; = Teomm = 1 and one link

P G = e e g - N § N

Figure 4: Example of linear tiling, n = 5,1 =3

in the direction east (unlimited communication resources) for the sake of simplicity.
The only possible scheduling vectors are positive multiples of 7 = (1), hence Chou and
Kung’s heuristic will always lead to execute points from the left to the right. The offset



for a tile of size n will then be T} = n— 2, while we can achieve much better: we obtain
Ty = [2] 4 2 in Section 4. To get such a result, we have to use non-linear orderings
for scheduling the points of the tile (see Section 4).

3 A solution based upon integer linear programming

We expose the problem formulation for a two dimensional graph, but the extension
to any dimension is immediate. The problem tackled here is close to the well-known
single machine scheduling problem [13, 2]. The differences lie in the cyclicity constraint
and in the communication channel management. The major difficulty is to express
collision constraints: a processor can execute at most a single computation at each
time-step. The same constraint stands for each channel: a channel can perform at most
one communication at a time. In the single machine scheduling problem, computation
points are numbered from 1 to NE _ (using the lexicographic order on their coordinates

for example). An array COM P[1..NE _,1..N? ] of 0 — 1 variables is introduced.

max? max
Computation number ¢ is executed in position j if and only if COM PJi, j] = 1. Deriving
an integer linear problem to solve the single machine scheduling is easy [13]. However, in
our problem, communications and computations neither take the same amount of time
nor compete for the same resources. Thus we cannot limit ourselves to the search of the
order of execution, we must compute the actual starting times of each computation and
of each communication. We describe in this section a technique to express the problem
as an integer linear problem. A similar idea has been introduced by Thiele [23] in a
much restricted framework. We first precisely describe all constraints, then we explain

how to express these constraints using an integer linear programming formulation.

3.1 Constraints of the cyclic two-dimensional problem

Consider a two-dimensional uniform graph of size N; X Nj, each tile is composed of
NP .~ =mny X ny, computation points (in figure 1 for example, N2 = 12). These N? .

points are numbered from 1 to NE . (using the lexicographic order on local indices).

We schedule computations and communications for tile (0, 0), which starts execution
at time 0, and we derive the offsets T} and T5, which respectively correspond to the
starting time of tile (1,0) (east) and of tile (0,1) (south). Then if a tile 7 has (z,y)
for tile index , it starts execution at time Tiz + Thy.

The interconnection network is known statically, It is composed of four kinds of
links: links going east, west, south or north. FEach communication induced by a de-
pendence vector going out of tile (0,0) is decomposed into an ordered list of inter-cell
communications, each of them taking place in one of the four previous directions. The

total number of inter-cell communications is N£ . (in figure 3, N7, = 14). We must:

axr

e schedule the computations so that:

— each computation is executed once and only once
— two computations taking place on the same processor do not overlap

— dependences between computations are respected

¢ schedule (and map onto the links) the communications so that:



— each communication is executed once and only once
— two communications taking place on the same link do not overlap

— dependences between computations and communications are respected

e minimize the total latency, approximated by the expression

(My = 1) x |Ty| + (Ms — 1) x |15

3.1.1 Linear integer problem formulation

We first make the following assumption: we know a priori a constant 7,,,, to bound
the execution time of a tile!. This assumption enables us to consider a “time” vector
of size T),,, whose i-th coordinate is equal to i:

TIME = (0,1,2, ..., T — 1)

We introduce two 0 — 1 variable arrays, COM P for the computations and COM M for
the communications.

Computations
The array COM P is used to indicate the starting time of each computation:

COMP[L.N?, . 0.Tpup — 1]

with the rule: COM PJ[i,j] = 1 if and only if the computation of the point 7 in
tile (0,0) begins at step j, and COM P[i,j] = 0 otherwise. Let 7.4. be the time
needed for one computation. The non-collision constraint between computations
is expressed as:

NP e J4+Tcatc—1
Vi, 0< 7 < Taw — Teares »_, . COMP[i,k] <1

i=1 k=j

which says in effect that the sub-matrix COM P[1..N} . 4.5 + Tea. — 1] must
contain at most one “1”7. Thus, in any time interval of 7., steps, at most one
computation starts.

The other constraints on the computations are expressed as follows:
e cach computation starts once and only once:

Vi,j 0<COMP[i,j] <1
Vi YimesT'COMPli,j] =1

!This assumption can be easily eliminated: guess a value for Tinaz; if it leads to an empty solution
set for the linear problem, increase the value; iterate until a solution is found. More efficient methods
to determine a good constant Tynee are given in [23].

10



e If the point 7; depends upon the point ¢, then:

Tfeg[iz] + Teate < Tbeg[ ]

where T, [i] is the starting time of point ¢, expressed by:
Trac—1
Ty, Z COMP[i,j]* TIME[j]= COMP[i,"]" - TIME
j=0
Communications

Expressing the communication constraints is more complicated. However, we use
similar ideas. Because of the cyclicity of the scheduling, we only have to schedule
inter-cell communications going out of a tile (in-going communications are going
out of neighbor cells!). We introduce the 3-dimensional array of 0 — 1 variables:

1..N!

maxr?

COMMIL..N?

maxr?

0. o — 1]

with the rule: COMM]i,j, k] = 1 if and only if the communication number ¢
begins at step k on the link j. The physical links are known statically, and we
assume that they are ordered so that

e links numbered from 1 to N!_,, go east

e links numbered from N!_ ., + 1 to Zvest go west

e links numbered from N!_ .+ 1to N
,+1to N

go south

south

e links numbered from N! N!  go north

sout north mae

The total number of links is N! . There are N, communications to process.

As for the “time” vector, we c0n51der a “link” vector LIN K of size N} which

max?
is used to enumerate all the links,

LINK =(1,2,...,N}! )

max

The direction of each inter-cell communication is recorded in the array

DIR[1..N¢

max? . ]

by storing a 1 in the adequate column (and 0 elsewhere). We obtain the starting
time of communication ¢ by computing the following dot product

aaaaa Nirae
Ty, li Z Z COMMI[i,j, k] x TIME[k]= > COMMI[i,j, |- TIME
ji=1 k=1 j=1

and the number of the link used by the communication ¢ is:

N oo Traz—1 Traz—1
Link[i]= > > COMM][i,j,k]xLINK[j]= Y  COMM]Ii,- k' LINK
j=1 k=0 k=0

11



We must check that each communication begins once and only once, and that
two communications on the same link do not overlap. This gives the following
constraints:

Vi,j,k, 0<COMMIi,j k<1
Vi, i Simeet COMMIUL j, k) =1
Vj,k‘, OSJSernaxv OSkSTmax_Tcommv

S e A Tenn =L COM M7, j,1] < 1

To check that each communication is mapped on a link that goes in the right
direction, we must impose, for each communication ¢, the following condition:

1 Niast

. Nla+1 . . N}
gt east < 4 < Jt. west
DIRG, T | yi ) | < LINK[] < DIRG Y- | g
Nzouth ‘|‘ 1 erlorth

The last set of constraints must ensure that dependences between two commu-
nications and dependences between communications and computations are re-
spected, which can be easily expressed as we have the expression of Tfeg[i] for any
computation ¢ and Ty, [j] for any communication j.

For instance if communication ¢; depends upon communication ¢, (in fact, the
copy of i; coming from the previous tile in the direction of i5), we get the con-

straint:

-T,
T

—1s

15

Ty [i2] + DIRJis, J0-

+ Teomm < bceg [21]

We have a similar set of constraints for dependences between computations and
communications.

Objective function
As already stated, the objective function is approximated by (M; — 1) x |T}] +
(My — 1) x |T3|, which is not a linear expression. Fortunately, we have another
way to express the optimization criteria which amounts to “minimize the total

latency”
min max (zTy + yTs — 2'Th — y'T>)
T1,T5 0 S $7$/ S ]\41
0<y,y <M

We can transform this problem into a single linear problem by using the duality
theorem as explained in [7, 8]:

XiA=X
Ap<b XoA=-X
Ag <b = X120
max X (p— q) X, >0

min (Xl + Xz)b

12



Clearly, our ILP problem formulation is much more powerful than the one of [4]
and will lead to optimal solutions in the two examples given in Section 2.3.

However, a direct solution to our ILP problem is very expensive because many
variables as forced to be integral. We have tried several implementations of integer
linear problem solvers (Ip-solve: Unix public domain routine, PIP [9], Omega [16]) and
we have not been able to solve problems with more than 20 points in each tile (for
example, the ILP problem expressed for the example of Section 2.1 using small two-
dimensional tiles of size 2 x 2 is composed of approximately 1200 unknowns and 2500
equations). This complexity justifies the use of heuristics. It might be more efficient
to try standard branch-and-bound heuristics (as in [23]) than to directly use those
in [4]. Another possibility is to solve first the problem with an unlimited number of
communication links, then to use the computation ordering deduced from the solution
of this problem to apply Chou and Kung’s heuristics.

Also, the complexity of the problem motivates the search for an analytical exact
solution in some particular cases. That is what we propose for linear tiles in the
following section.

4 Scheduling unidimensional graphs

We suppose in this section that we are given a unidimensional uniform dependence
graph, with all dependence vectors going in the same direction east (otherwise, the
graph would not be schedulable). Such a graph may come, for instance, from the single
loop:

DO i=1,N
Afi]=f(A[i-3],A[i-7])
ENDDO

It may also come from a multidimensional nested loop where the computation points
are built from all the inner loops so as to increase granularity.

We want to map this graph onto a unidimensional processor array. Each processor
will be assigned a linear tile of computation points. More precisely, each tile will include
n consecutive computation points of the graph (see figure 4).

If we call T} the offset between the starting times of two consecutive tiles, tile z
will begin its computation at time z7}. Thus minimizing the total execution time is
roughly equivalent to minimizing 7T} (if we assume that the number n; of tiles is not
too small compared to n - this is the same approximation as in Section 3.1). This
scheduling problem can (in theory) be solved by using the integer linear programming
formulation shown in the previous section. However, this solution is not satisfactory
because the number of variables grows very quickly as O(n?), and the problem becomes
intractable, unless heuristics are used.

Our goal in this section is to analytically determine the best possible value for
T,. However, we restrict ourselves to the case where communication resources are
unlimited. In the particular case of linear processor arrays, this hypothesis is not
very restrictive, as LT;ZZ;”J links are sufficient to eliminate all delays potentially due to
communications. When targeting VLSI processor arrays, we even would be satisfied
with a single communication link in the likely many cases where the inequality T.omm <

13



Teate holds. This section is organized as follows: first, we introduce some definitions and
preliminary results. Then we solve the problem in the simple case of a single dependence
vector. Finally we generalize to arbitrary unidimensional dependence graphs.

4.1 Definition and preliminary results

Definition 1 A schedule S is a set of starting times for the n points within a tile. A
schedule is valid if:

e there is at most one computation during each time interval of length T.q.
o dependences are respected

The efficiency of a schedule S is given by the period T1(S) which is the elapsed time
between the starting time of a tile and the starting time of the following tile.

First we prove Lemma 1 which allows us to “normalize” the computation time and
the communication time.

Lemma 1 The best schedule for ... = 1 and T.omm = 0 gives an order for executing
the points of a tile which leads to the best schedule for any positive value of T.q. and

TCOWIWI'

Proof: Let S(72,,.,70,...) be the set of valid schedules for 7.4, = 72

caley ' comm cale
T mm- Let Sy € (72,72 ). As dependence vectors all go in the same direction,

we can apply the cut theorem [17] and consider that the communication cost is 0.
We obtain a schedule S, € S(72,.,0) where the points of a tile are executed in the
same order, with 77(.55) = 11(.51) Then we can choose a clock step such that

o

72, = 1. Thus we obtain a schedule S5 € S(1,0) with T}(S3) = D =leemn

cale T

and T.omm =

- 7—coomm‘
cale

Reciprocally, given a schedule S, € S(1,0), it is obvious to derive a valid schedule
Ss € (721378 ) With the same execution ordering and T(Ss) = 72, x T1(54) +

0
7—comm‘
As the two transformations described are non-decreasing functions of T, the opti-

mal schedule in S(72,.,72 ) and in S(1,0) are obtained for the same order. |

For the sake of clarity, we let 7.4, = 1 and T.op, = 0 in the following. Thus we
just have to check that any two execution steps are different and that dependences
are respected. Moreover, we will consider only schedules where all points of a tile are
executed consecutively:

Lemma 2 Gien a valid schedule Sy, there exist a valid schedule Sy such that all points
of a tile are executed consecutively and Ti(S2) < T1(51)

Proof: If there is a “hole” in schedule 5, i.e. no point is scheduled at a given step
whereas some points are scheduled later, then we simply delete the holes and construct
S5 so that points are executed consecutively, with the same order as in 5. Clearly, 55
is a valid schedule and its period is not greater than 75(5). |

14



4.2 A small example

The problem to solve now has two kinds of parameters. First, the number and lengths
of the dependence vectors, second, the size of each tile. It turns out that even the
problem with a single dependence vector is not obvious to solve. Indeed, consider the
problem with one dependence vector of length [ = 3, the size of the tile being n = 7.
We number the points of the tile from 1 to n and we let ¢; be the execution time of
point .

The first obvious valid schedule is the naive schedule: ¢, = ¢. This schedule is
represented on Figure 5. We see that we cannot compute the first point of the second
tile before step 6 thus, for this schedule, T} > 5. In fact we check that T} = 5 leads to
a valid solution. In general, if the period T is chosen so that the [ first points of the
second tile are scheduled correctly , than 7" is a valid period for the schedule (one does
not have to check dependences for all the other points of the second tile).

P P g = g
¢ o o o o e o o o

Figure 5: The naive scheduling

A greedy approach would be the following: if we want to minimize the period, we
should try to start the second tile as soon as possible (assuming we choose to start
the first tile with its first point). To achieve this goal we compute all points in the
dependence path leading to the first point of the second tile as soon as possible. This
is done in Figure 6. We take t; = 2 and t5 = 3 so that the first point of the second tile
can be executed at step 4. But we have to cope with the cyclicity constraint. Indeed,
as we have scheduled the second point of the first tile just after the first point, this
property must remain true in the second tile, thus the second point of the second tile
must be executed at step 5. This is not possible as some dependences are necessarily
violated. Thus 7} = 3 cannot be reached with this strategy.

g = G

Figure 6: A wrong schedule

In fact, we have two problems: one is to find the minimum period that we can find
for a given problem; the other is to find a schedule which achieves this period. In our
example, we shall show that the minimum period is 1} = 4, which is obtained by the
schedule of figure 7.

The last thing to point out is that the respective values of n and [ (if we have one
dependence vector) are not independent. If n Al # 1 2, consider the reduced graph of

*We write ged(u, v) = u A v

15



5%

Figure 7: The optimal schedule

Figure 8 where a single tile is represented: dependences going out of the tile are re-sent
as inputs to the same tile. We have n Al connected components in this reduced graph.
Thus, the cyclicity condition has no impact on the schedule of two points belonging to
distinct connected component. It means exactly that we can independently schedule
each connected component (see Figure 9). The problem is then reduced to scheduling
a smaller tile whose size is relatively prime to the dependence vector length.

1 3 5 2 4 6 7 1 10 20 2 11 21

Figure 8: Connected components when [ An =1 and when [ An =3

g e g

e o e o o o (6 e o o o
1 10 20 2 11 21 3 12 22

Figure 9: Independent schedules for the connected components (I A n = 3)

4.3 Scheduling a linear tile with one dependence vector

Each tile contains n points, and the length of the dependence vector is [. Thanks to
Lemmas 1 and 2 we suppose that 7.,;. = 1 and 7,4, = 0. Also, following the previous
discussion, we can restrict ourselves to the case n Al = 1 without loss of generality.
To simplify notations, we write T instead of T} to denote the period between the
computation of two consecutive tiles.

4.3.1 Casel=2

We begin with a simple case, i.e the length of the dependence vector is 2. The number
n of points in a tile is odd (n = 2k + 1 to fulfill the hypothesis n Al =1).

16



Theorem 1 Forn =2k +1,k> 0 and | = 2, the optimal scheduling has a period T,
of:

3n—1
T"“:[ 1 1

Remark Remember that in Theorem 1 we assume 7., = 1 and .., = 0. Using
Lemma 1, we obtain

3n—1
Topt = ’VT-‘ Teale + Teomm

in the general case.

Tile z Tile z + 1
tlzo/\/\ /\//T\
X X X X : : X X X X X
gT—fE%ix/// \\\\v/éﬁjT\\d
>n—T >n—1 >n

Figure 10: n =2k + 1,1 =2

Proof The first computed point in the tile is the first or the second, i.e t; = 0 or
to = 0. We first suppose that ¢; = 0. The last point to be computed is the ultimate or
the pen-ultimate point, i.e t,_y =n—1ort, = n — 1 (we see that all the points can
be executed consecutively). If t,_; = n — 1, the computation of the second tile begins
at least at step n and 7" > n. It is not a good solution (not faster that if all the points
were computed sequentially). We consider the second case, t, = n — 1 (see Figure 10.)

t, = n—1 and there is a dependence between the last point of a tile and the second
point of the next tile, so

The first point of the second tile is computed at step T'. There is a dependence between

the pen-ultimate point of the first tile and the first point of the second tile so, ¢,_; +1 <
T There are ”2;3 arcs in the dependence path to go from the second point of the tile

to the pen-ultimate one, hence

-3
t2+1+n2 < T (6)
Inequalities 1 and 2 give us:
n—-T < T-1-232
2T > n4+1+252
T > 3n—1

17



If t; = 0, with a similar demonstration, we obtain:

3n+1
To> ol

3n—1
4

T is, at best, equal to [22=1]. If we can find a solution with 7' = [22=4], it will be

an optimal scheduling.

Example of a solution with 7' = [3n4—1w

o for jeven, ¢; = [3n71] — 2=l

e for j odd,

j—1

—ifj< 2([3”4_1—‘ +1)—n,t; = 5=
_ 1f] > 2([3714—1“ n 1) —n, tj _ Jj+n=2

s

The first point of the first tile is executed at step t; = 0, the first point of the
second one is executed at step 7. Starting from 7' (first point of the next tile), dates
of execution are decremented backwards the path dependence, they are incremented
from 0 to n— 1 along the other path dependence in taking into account that some dates
have already been used. For an example of such a solution, see Figure 11.

Figure 11: Example of optimal scheduling for n = 9 and [ = 2

By construction, all dependences inside the tiles are respected.

t,=n—1
o4 T = 2et] _ at
T L
ty+T > t,

Besides,
bh+T > 1,4
All dependences are respected. Thus, the solution is feasible and it is an optimal

solution.
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4.3.2 Casel>3

We consider now tiles of n points and with one dependence vector of length [, n Al = 1.
We suppose n = Ip+ k, k,p integers and 0 < k < [0. Assuming that n Al = 1,
there is only one connected component in the reduced graph but, inside each tile, the
dependence paths define [ components. As n and [ are relatively prime, the components
are not independent and during the transition from a tile to the next, there is a change
of connected component. We call X, , X,,, ..., X;, the different components. The indices
11,19, ...,2; are chosen in such a such a way that:

o X, is the component whose first point is the first point executed in the tile

o during the transition from a tile to the next, there is a dependence from the last
point of X;, to the first point of X;,, from the last point of X, to the first point
of X ., from the last point of X;, to the first point of X, .

ESR IR
)(Z'1 — Xil . —> Xi2 — )(Z'1

See Figure 12 when n = 5 and [ = 3.

6 o 0 6 o e 5 o e 6 e o 5 e o

o

® First component (X, )
@ Second conponent (X;,)
O Third conponent (X;,)

Figure 12: Components for n =5 and [ = 3

The length of a component can be p— 1 or p according to the value of k (there are
k components of length p, the others are of length p — 1). In the case of Figure 12,
there are two components of length p and one of length p — 1.

We define the [-tuple (A1, As, ..., ;) so that A; = 1 if the length of the component
X;, is p, and 0 if its length is p — 1,i.e A; = | X;,| — (p — 1).

We define the values (t1,1]), (t1,)),..,(tj, ;) 5...,(f1,1]) s0 that the first point of the
component X;; is executed at step #; in the first tile and its last point at step ¢}.

Lemma 3 We have the following inequalities between the beginning and the finishing
dates of the connected components:

Vi<j;<l-1,
(4) g St+T-1
(17) o 2L+ -1+
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Proof (i) During the transition from a tile to the next there is a dependence between
the last point of the component X, and the first point of the component X;, (X, ,
Xi;). The last point of the component X;, , of tile z is executed at #},, + 2T and the
first point of the component X, of tile 2 4+ 1 at ¢; + (z+ 1)T so,

—

g ol <t; +(x+1)T =1

Thus (i) is demonstrated.

(ii) The length of the component X; is p — 1+ A;. There are at least p — 1 4 A;
tops between the execution of the first point of the component X;, and the execution
of the last point. This gives (ii). |

We want to find lower bounds for 7. Let X;, be the component which contains the
last point executed in a tile.

Iff7é 17Xif _>Xif_1 - —>X22 —>XZ'1. tl IO, t} =n-—1.

With Lemma 3, we have:

n—1< <t +T—1
tia+(p—D 4+ <t <tpo+T-1

L+ (p—1)+ A < ty Sty +T -1
b+(p-1)+ A < & <7T-1

Summing up all previous inequalities, we obtain:

(f=DT > n—1+(f=2p+ XI5 N
+f- k_1+2f:_21 As
T > 22p + =
T > 2+ k—1+z_:l:2 X

Hence, if f # 1, we obtain T > 2p.
In the same way, if f = 1, i.e the same component X; contains the first and the
last point executed in a tile, we obtain:

IT > (- pt kA
L Ak
We want to improve this bound and to show that even when f = 1 (the same

component begins and finishes) we have a lower bound in 2p for 7.

Lemma 4 If the same component X;, contains the first and the last executed point in
a tile, we have the following inequalities:

V2<5<,

nt (== (=j+ DT+ h <t
ne (= D -T)+ i A <

INIA
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Proof By induction on j.
<t +T-1<T—1,t,<th—(p—1)— Ay <T —p—A,. For the upper bounds,
the inequalities are true for j=2. Assuming that they are satisfied for j, because of

Lemma 3:
iy < (j—)(T-p)- Zz' 2/\"|'T_1
iy < JT=p)+p-1- i= i=2 Ai
t]+1 S ](T )—I_p_l ZZA_(p_l)_Aj+1
tin < J(T—p)— I

The upper inequalities are satisfied for j+1.

t>t-T+1>n-T,t,>2t,+p—1+XN2>2n—-T1T+p— 14+ A. For the lower
bounds, the inequalities are true for j=1. Assuming that they are true for j+1, because
of Lemma 3

n=1+(=p-T)+ i N—T+1
n+(l—j)p—(l—j+1)T+z;2j+1A
"+(l—j)P—(l—j+1)T+Z;i:j+1/\z’+(l’—1)+/\j
n_1"‘(l_j‘|‘1)(P_T)‘|‘Ei:j/\i‘|‘(P_1)

VIV IV IV

The lower inequalities are satisfied for j. [ |

Lemma 5 Assuming that the same component begins and finishes, if there exists j such
Ai—hy

E+ ’_2 A
that #; > 11, then T > 2p + “F2umt=

Proof Assuming 3j/t; >t ,,:

The inequalities of the previous lemma as satisfied and we have:

iy > n=14+({=j)p- T)+E—]+1
t§+1 > Ip+k-1+(1-7)p- T)—I_Z—]-I-l
thyy > 2lp+k—1-jp+ T - lT—I—Z_H_1
and
i < G-I =-p)+p-1-I5 A
$0,
QZp—I—k—l—jp-l-jT—lT-l-Zi:jH/\ < jT—jp—T'+p+p—1—ZZf;§Ai
Ap+k—IT+ 5 A < p-T-YI5N
20— Dp+k+ s A — A < (=0T
T > op 4 Hlamho

Lemma 6 Assuming that for any j, 1 < j <1—1 we have t; <1, then

T>2p—1
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Proof We assume that V1 <j </[-— 1,t} < t}+1 and T < 2p— 1.
We call (uy,us, ..., u;—1) the number of points of the components (X;,, X,,, ..., X;,_,)
executed between ¢; and ¢]_,.

[ < 4o +T -1
4 > tl‘|‘P—1+/\l+Zi;iui
ty > htp-l+N+Tliw-T+1
ti—tien < T—p-N—YiCiu
T <2p—1 then,
=t < p=1-XN-Tiu
=ty 2 p—14+ Ny —wy
50,
p—1-N=YiTtw > p—1+4+Ao—w,
Zij Ui < A=A
So, Zij u; = 0 and uy = uy = ... = u;_» = 0 (see Figure 13)
Uy
il — — 1 Uy
9 -
>p—1
+Al_1 — U4 Ui
il—Z —— Ur_1
o1 L
Ug
U —
Ly ts 1 1 ooty 1
t
Figure 13: T > 2p—1
=ty 2 p—1+ A1 —wy
t;—tl Z p—l—l—/\,—l—ul_l
So, adding the two inequalities, we obtain:
U=t 22p =2+ N+ Ny
Besides,



So,
> 2p—24+ N+ N
T > 2p—1

Theorem 2 Forl > 3 and nAl = 1, T is asymptotically equal to 2|%|. More precisely,
we have:

n n
2|7 L

J-1<T <22 +2

Proof We see that in any case, T" > 2p — 1. If we can find a feasible solution with
T = 2p + 2, the theorem will be proven.

The cyclic algorithm The [ components are numbered in such a way that X; —
X, — X, — ... — X, — X;,. Our strategy is the following: the first com-
ponent X; is wholly executed, then the second, ..., etc until the {**. The second tile
begins after T = |2%2] + 2 tops.

In these conditions, we have:

tiIIO t;lzp—l—l-Al
ti2:p+A1 t;2:2p—1+A1+A2
t, = (i~ Dp+ SZi t,=gp— 1+ i\

i, =(=2p+ I Nt =(-Dp—1+321 N\
=1 —1p+ it A to=lp—14+i N\

If we fix T' = |2%] + 2, we obtain a feasible solution. By construction, inside each
tile, the dependences are respected. Besides,

i = G-2p+ 2T
< t+T -1

So, during the transition from a tile to the next, the dependences are also respected. All
the constraints are respected and this algorithm gives a feasible solution with T = 2p+2.

4.4 Scheduling a linear tile with several dependence vectors

Consider now a linear tile but with several dependence vectors.
We first demonstrate a preliminary technical lemma that will useful in the following.

Lemma 7 Let l,,[, be two integers verifying I, < I, and Iy Al = 1:
forany n, n > (I, — 1)(lz — 1), there exist two non negative integers u and v such
that n = lhu + lyw.
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Proof Let m be an integer between 1 and [; — 1, let us divide mly by [;:
leIqmll‘l'va 1§Tm§ll_1

rm 7 0 because [; Al, = 1 and the r,, are all different otherwise by difference there
would be a contradiction too with the condition [} A l; = 1.
Tm > 0 s0,
Gmli < mly
Im < %lz
Im < 12

Let us consider the interval [ = [({; — 1)({s — 1),(l; — 1)l — 1]. I contains {; — 1
consecutive integers. Each integer in I can be written (I; — 1)(ls — 1)+ r,, — 1 with all
the 7, for 1 <m <, — 1 (the r,, are distinct integers between 1 and [} — 1, [; — 1 is
the length of the interval).

(Lh-Dl-D+rn—-1 = LlL-0L-1 + T
= Lbb-4L-1 4+ ml-gq,k
(lo—1—=¢gu)li + (m—=1)
>0 >0

All the numbers in I can be written under the form wl; + vl, with « > 0 and » > 0.
It is also true for the number (I, — 1)l5. So, we have [; consecutive numbers that can be
written under the form ul; + vl with « > 0 and » > 0. It is also true for all numbers
greater than these [; numbers. [

Theorem 3 Consider a linear tile with two dependence vectors of length 1y and [,
verifying Iy Aly = 1. Then, T is asymptotically equal to the number of points of the
tile:

lim — =1

n—co 1
Proof A point must be executed after its predecessors along all dependence paths.
If two points p; and p, are distant from a length d greater than (I, — 1)({; — 1), we
see with the previous lemma that there is a dependence between p, and p; (d can be
written uly + vly, w > 0, v > 0). Let us consider the point executed at 7" in the second
tile, it depends on at least n — (I; — 1)({s — 1) + 1 point in the previous tile so,

T>n— (L —1)(lb—1)+1

Besides
T<n
$0,
lim — =1.
n—oo N
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..?.K/ﬁ ./&/ﬁ\../x\...f\....

0 1 2 4 5 7T 8 10 11 13 14 13 14 15 16

Figure 14: Example of scheduling with two vectors of length {; =3, [, =4

Tile 2 __

 Tile x +1

Figure 15: Example: [, = 6,1, =9, n = 31

For an example of scheduling with two dependence vectors {y, ls with [ Al, = 1,
see Figure 14.

This result basically says that the problem is inherently sequential with two depen-
dence vectors whose lengths are relatively prime.

Theorem 4 Consider a linear tile with n points and two dependence vectors of size 1y,
ly such that ly Nls =d, d# 1 and n ANd=1. Then,

(1) if d =2, T is asymptotically equal to 3n/4,

(1) if d > 3 T is asymptotically equal to 2n/d.

Proof Since [} Al; = d, as in the case with one dependence vector, there are d com-

ponents in the path defined by the dependence vectors. As n A d = 1, the components

are not independent and during the transition from a tile to the next there is a change

of component. We define the two integers [} and I, such as I{ = {;/d and I = I, /d.
We consider now the two following problems:

Problem 1 We consider tiles of n points with one uniform vector of length d. We see
from Theorems 1 and 2 that optimal values for the period T} are the following:
e if d =2, T) asymptotically equal to 3/4n,
e if d > 3, T, asymptotically equal to 2n/d.
[ Aly = d, there exist two integers ky and ks such that [} = ky+d and [, = kaxd. So,

problem 1 is equivalent to our scheduling problem (n points and two dependence
vectors) but with some additional dependences, and therefore 7" > T)
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Problem 2 We consider tiles of n/ = n — (I; — 1)(ls — 1) — maxz(l, ;) points and with
one uniform dependence vector of length d. As for problem 1, we see that the
optimal values for the period T, are the following;:

o ifd=2 Ty~ 3/4n' =~ 3/4n 3,
o ifd>3, Ty~ 2n/d=~2n/d.

We saw (Lemma 7) that the first point of a component in the basic problem depends
on all the n — (I} — 1)(I5 — 1) + 1 first points in the previous component. Problem 2 is
equivalent to our scheduling problem but with less points and with less dependences.
So, we have T < T5.

T, <T <T,. Besides, T} and T, have the same asymptotic behavior:

o ifd=2T ~3/4n,Ty = 3/4n = T = 3/4n,
o ifd>3,T =2n/d,Ty=2n/d = T ~ 2n/d,

Theorem 5 Consider a linear tile with n points and two dependence vectors of size [
and ly, L Nls =d and n Nd =d', d # 1. Then, the optimal scheduling is obtained for:

(i) ifd=d, T =n/d,
(i) ifd/d =2, T~ 2
(i) ifd/d >3, T =2n/d

Proof The problem is equivalent to d’ separate problems with n’ = n/d’ points and
two dependence vectors of length If =1, /d', l5 = L,/d. , NI, =d/d, n’ Nd/d=1.

(i) If d = d’, the result is given by Theorem 3. T~ n' = n/d.

(ii) and (iii) The result is given by Theorem 4. If d/d' = 2, T ~ 3/4n’ = 22, If

4d’
dfd >3, T~ 35 =2n/d.

Generalization to the case of m dependence vectors Lemma 7 can be gener-
alized to the case of m integers and so, the previous theorems can be generalized to m
dependence vectors.

Lemma 8 Let us consider m integers (11, ls, ...1,,) such that ged(ly,1s,...1,,) = 1. Then,
there exists an integer A such that for any n > A, there exist m non negative integers
Qay, Qa, ..., ,, such that:

n = 041[1 + O[zlz + ...+ Oémlm

n

®Throughout, we write f(n) & g(n) if lim,_ o % =1
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Proof By induction on m. The lemma is true for m = 2 (Lemma 7). Let us assume
that the lemma is true for m > 2 and prove that it is also true for m + 1.

Let us consider m + 1 integers 1,15, ..., pn, lmy1 such as ged(ly, s, ..l lnyr) = 1.
ged(ly, s, ..0y) = pso ged(ly/p,ls/p,..L./p) = 1.

The lemma is true for m integers so, there exists an integer A such that for any
n>A, n=aoali/p+adls/p+ ...+ anl,/p with a; > 0.

ged(ly,lay ..y lpy1) = 1 50 p and [,,1, are relatively prime.

There exists an integer A’ such that for any n > A’, n = ap + Bl With a > 0
and 3 > 0.

Consider n > Axp+ A, n = A*p+ m with m > A’. So I(«, ) such that
m=ap+Ppwitha>0and §>0. n=Axp+a*xp+ Bl =(A+a)xp+ Bl
But, 3(ay, g, ..., ) such A+ a = oyl /p+asls/p+ ... + anln/pso, n = arly + asls +
e bl + Blyq with a; > 0 and § > 0. [ |

Theorem 6 Generalization: all previous theorems can be generalized to a tile with m
dependence vectors, i.e: Consider a tile of n points with m dependence vectors of size

li, ls, ...y U, ged(ly,ls, .. 1y) = d and ged(n,d) = d',
(i) ifd=d, T ~n/d,
(i) if d/d =2 T ~ 22

4d’)

(34i) if djd’ >3, T ~ 2n/d.

Proof With Lemma 8, all the previous demonstrations can be easily transposed to
the case of m dependence vectors. [ |

5 Summary and Future Work

Tiling is a quite powerful technique to increase granularity and data locality. The
atomicity constraint used by researchers targeting DMPC computers [10, 18, 20, 21, 3]
has a great impact upon the simplicity of SPMD code generation. However, such a
constraint imposes two restrictions:

e tiles cannot depend upon each other, which restricts the search space for valid
schedulings

o the capability of modern DMPC computers to overlap communications and com-
putations of modern DMPC is not taken advantage of

We believe that removing the atomicity constraint can lead to very interesting perspec-
tives, in particular when targeting VLSI processor arrays (see [14] in this respect). The
work of Chou and Kung [4] opens new directions for scheduling tiled processor arrays
while assuming limited computation and communication resources. Qur main contri-
bution in this paper is to have given a formulation of the problem in terms of an ILP
problem which takes all constraints into account. Clearly, the size of this ILP problem
makes the use of heuristics unavoidable, but the choice of these heuristics can rely upon
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the new ILP formulation that leaves the whole solution space open for searching. On
the contrary, Chou and Kung’s heuristics, while very simple, imposes very restrictive
limitations, as shown by the examples given in the paper.

One possibly better heuristic would be first to solve the problem with an unlimited
number of links (which is much simpler) so as to derive an initial ordering in the tile
and to apply Chou and Kung technique. Another possible solution would be to apply
classical linear programming heuristics (like branch and bound for example) to our ILP
problem. Anyway, comparing and evaluating heuristics is an interesting direction for
future research.

From a theoretical point of view, it would be very interesting to extend the analytical
solution given in the case of unidimensional tiles to arbitrary dimensions, as well as
to propose optimal algorithms for the general case. However, scheduling problems are
known to be difficult [5], and that of multidimensional tiles with limited resources is
very challenging !
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